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ABSTRACT. In this work we consider optical flow on evolving Riemannian 2-
manifolds which can be parametrised from the 2-sphere. Our main motivation
is to estimate cell motion in time-lapse volumetric microscopy images depicting
fluorescently labelled cells of a live zebrafish embryo. We exploit the fact that
the recorded cells float on the surface of the embryo and allow for the extraction
of an image sequence together with a sphere-like surface. We solve the resulting
variational problem by means of a Galerkin method based on vector spherical
harmonics and present numerical results computed from the aforementioned
microscopy data.

1. Introduction. Motion estimation is a fundamental problem in image analysis
and computer vision. An important task within is optical flow computation. It is
concerned with the inference of a vector field which describes the displacements of
brightness patterns, such as moving objects, in a sequence of images. Ever since the
seminal work of Horn and Schunck [18] a variety of reliable and efficient methods
have been proposed and successfully applied in a wide number of fields.

Primarily, optical flow is computed in the plane. However, it is readily generalised
to non-Euclidean settings allowing, for instance, for cell motion analysis in time-
lapse microscopy data. It has been only recently that high-resolution observations
of biological model organisms such as the zebrafish became possible. Despite its
importance for tissue and organ formation, little is known about cell migration and
proliferation patterns during the zebrafish’s early embryonic development [1, 34].
Fluorescence microscopy nowadays allows to record time-lapse images on the scale
of single cells, see e.g. [20, 28, 34]. In view of increasing spatial as well as tem-
poral resolutions producing vast amounts of data, manual analysis through visual
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inspection by humans is impracticable. Automated cell motion estimation there-
fore is key to large-scale analysis of such data. Optical flow computation delivers
necessary quantitative methods and leads to insights into the underlying cellular
mechanisms and the dynamic behaviour of cells. See, for example, [2, 29, 33, 34]
and the references therein.

The primary biological motivation for this work is the desire to analyse cell
motion in a living zebrafish during early embryogenesis. The data at hand depict
endodermal cells expressing a green fluorescent protein. By virtue of laser-scanning
microscopy, (volumetric time-lapse) 4D images of these labelled cells can be recorded
without capturing the background. It is known that endodermal cells float on a so-
called monolayer during early embryonic development meaning that they do not
stack on top of each other [39]. Figure 1 depicts two frames of the captured sequence,
containing only the upper hemisphere of the animal embryo. Observe the salient
formation of the cells and the noise present in the images. More precisely, one can
see the nuclei of cells forming a round surface in a single layer. For more details on
the microscopy data we refer to Sec. 5.1.

Recent efforts which aim at efficient motion estimation in such highly-sparse mi-
croscopy data regard this layer of cells as a two-dimensional surface and consider
only the restriction—or a suitable projection—of the volumetric data to this pre-
scribed geometry, see e.g. [23, 24, 34]. As a result, the spatial dimension of the data
reduces by one, while simultaneously preserving the essential information.

In Schmid et al. [34], the geometry of choice is the static round sphere. Con-
ceptually, we build upon this approach, however, address a concern raised in this
article. In particular, in this article they acknowledge the need for more accurate
shape representations, as the spherical model can suffer from inaccuracies. See,
for instance, Fig. 1, the presumed surface in Fig. 2, and also the discussion in [34,
Suppl. Inf.].

During early zebrafish development the initially spherical yolk undergoes deform-
ation as endodermal cells converge towards the dorsal midline and the embryonic
axis forms, see [21, Figs. 11 and 15] and Fig. 1. The major goal of this article is to
address the following points. First, we allow for radial deviations from the perfect
sphere and thereby effectively reduce errors from projections. Second, we model the
layer of cells as an evolving surface, meaning that this surface reflects changes in the
geometry as the embryo develops over time. Third, we estimate cell motion directly
on the moving surface in contrast to computing it in—possibly distorting—map
projections.

In what follows, we model the embryo of a zebrafish during its early development
as a sphere-like surface. It is topologically diffeomorphic to the 2-sphere S? and most
commonly defined as the set of points

{p(x)r: x € S?}.

The function j : S? — (0,00) can be thought of as a radial deformation of S? and
will have a dependence on time in the present paper. As a consequence, changes
in the embryo’s geometry are attributed accordingly, albeit valid only during early
stages of its development as cells tend to cluster subsequently. The main intention
of this work is to conceive cell motion only on this moving 2-dimensional mani-
fold. Figure 2 depicts two frames of the surface together with images obtained by
projecting the volumetric microscopy data in Fig. 1 onto the sphere-like geometry.
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FIGURE 1. Frames 140 (left) and 141 (right) of the volumetric
zebrafish microscopy images recorded during early embryogenesis.
The sequence contains a total number of 151 frames recorded at
time intervals of 120s. Fluorescence response is indicated by blue
colour and is proportional to the observed intensity. The embryonic
axis of the animal forms around the clearly visible dent. All dimen-
sions are in micrometer (pm).

In this work we model the data as a time-dependent non-negative function f . Its
value directly corresponds to the fluorescence response of the observed cells. For
a fixed time instant ¢ € [0, 7], the domain of f is presumed to be a closed surface
M; C R3. We assume that this surface can be parametrised by a smooth radial
map from the 2-sphere. The temporal evolution of the data f can then be tracked
by solving an optical flow problem on this moving surface or, more conveniently, an
equivalent problem on the round sphere.

Traditionally, the starting point for optical flow is the assumption of constant
brightness: a point moving along a trajectory does not change its intensity over
time. On a moving domain M = {M,;}; one equivalently seeks, for every time
t € [0,T], a tangent vector field ¥ that solves a generalised optical flow equation

N F+Vmf =0 (1)

at every point z € M, where f is the image sequence living on M. Here, for a fixed
time ¢, V¢ denotes the (spatial) surface gradient, dot the standard inner product,
and dy f an appropriate temporal derivative.

The optical flow problem is ill-posed meaning that equation (1) is not uniquely
solvable. A common approach to deal with non-uniqueness is Tikhonov regularisa-
tion, which consists of computing a minimiser of

Ea(¥) =D, f) + aR(¥).
The first term of the sum is usually the squared L? norm of the left-hand side of (1)

and, in the present article, the second term will be an H' Sobolev norm.

1.1. Contributions. The primary concern of this article is optical flow computa-
tion on evolving 2-dimensional Riemannian manifolds which can be parametrised
from the sphere. Motivated by the aforementioned zebrafish microscopy data we
consider closed surfaces for which the mapping

(t,x) = p(t,2)r, =€ 8? (2)
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FIGURE 2. Depicted are frames no. 140 (left) and 141 (right) of the
processed zebrafish microscopy sequence. Top and bottom row dif-
fer by a rotation of 180 degrees around the x3-axis. All dimensions
are in micrometer (um).

is a diffeomorphism between the 2-sphere and M; for every time t € [0,T]. As a
prototypical example we restrict ourselves to radially parametrised surfaces as they
suit quite naturally to the given data.

The contributions of this work are as follows. First, we give a variational formu-
lation of optical flow on 2-dimensional closed Riemannian manifolds. We assume
a dependence on time and speak of evolving surfaces. The main idea is to solve
the problem by a Galerkin method in a finite-dimensional subspace of an appro-
priate (vectorial) Sobolev space. We take advantage of the fact that tangential
vector spherical harmonics form a complete orthonormal system for L?(S?% TS?).
The sought vector field is thus uniquely determined when expanded in terms of the
pushforward—by means of the differential of (2)—of these functions. From that we
arrive at a minimisation problem over R™, where n is the dimension of the finite-
dimensional space, and state the optimality conditions. They can be written purely
in terms of spherical quantities and solved on the 2-sphere. To this end, we use a
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standard polyhedral approximation and locally interpolate spherical functions by
piecewise quadratic polynomials. For numerical integration we employ appropriate
quadrature rules on the approximated sphere.

Second, to obtain the smooth sphere-like surface, which is described by the
map (2), from the observed microscopy data, we formulate another variational
problem on the sphere. The problem is essentially surface interpolation with H?
Sobolev seminorm regularisation. Approximate cell centres serve as sample points
of the surface. In particular, our microscopy data are supported only on the up-
per hemisphere, see Figs. 1 and 2. Scalar spherical harmonics are the appropriate
choice for the numerical solution of the surface fitting problem, as they provide
great flexibility with respect to the chosen space H?.

Finally, we present numerical experiments on the basis of the mentioned cell
microscopy data of a live zebrafish. To this end we compute an approximation of
the sphere-shaped embryo and obtain a sequence of images living on this moving
surface. Eventually, we solve for the optical flow and present the results in a visually
adequate manner.

1.2. Related Work. The first variational formulation of optical flow is commonly
attributed to Horn and Schunck [18]. They attempted to compute a displacement
field in R? by minimising a Tikhonov-regularised energy functional. It favours
spatially regular vector fields by penalising the squared H' Sobolev seminorm. For
introductory material on the subject we refer to [4, 5] and to [40] for a survey on
various optical flow functionals. Well-posedness of the aforementioned energy was
first shown by Schnorr [35]. Moreover, there the problem was extended to irregular
planar domains and solved by means of finite elements.

Weickert and Schnorr [42] considered a spatio-temporal model by extending the
domain to R? x [0,7]. It additionally favours temporal regularity of the solution
by including first derivatives with respect to time. Such models are of particular
interest whenever trajectories are to be computed from the optical flow field. A
unifying framework including several spatial as well as temporal regularisers was
proposed in [41]. For the purpose of evaluation and flow field visualisation a frame-
work was created by Baker et al. [6].

Recently, generalisations to non-Euclidean domains have gained increasing atten-
tion. In [19] and [37] optical flow was considered in a spherical setting. Lefévre and
Baillet [27] adapted the Horn-Schunck functional to surfaces embedded in R3. Fol-
lowing Schnorr [35], they proved well-posedness of their formulation and employed
a finite element method for solving the discrete problem on a triangle mesh. With
an application to cell motion analysis, Kirisits et al. [22, 24] recently considered op-
tical flow on evolving surfaces with boundary. They generalised the spatio-temporal
model in [42] to a non-Euclidean and dynamic setting. Eventually, the problem was
tackled numerically by solving the corresponding Euler-Lagrange equations in the
coordinate domain. Similarly, Bauer et al. [7] studied optical flow on time-varying
domains, with and without spatial boundary. They proposed a treatment on sur-
faces parametrised by product manifolds, constructed an appropriate Riemannian
metric, and proved well-posedness of their formulation.

In Kirisits et al. [23], the authors considered various decomposition models for
optical flow on the 2-sphere. The proposed functionals were solved by means of
projection to a finite-dimensional space spanned by vector spherical harmonics.
Concerning projection methods, Schuster and Weickert [36] solved the optical flow
problem in R? solely based on regularisation by discretisation.
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Regarding sphere-like surfaces and spherical harmonics expansion of closed sur-
faces we refer to [32] and the references therein.

Finally, let us mention [2, 29, 33, 34], where optical flow was employed for the
analysis of cell motion in microscopy data. In particular, in Schmid et al. [34] the
embryo of a zebrafish was modelled as a round sphere and motion of endodermal
cells computed in map projections.

The remainder of this article is structured as follows. In Sec. 2, we formally
introduce evolving sphere-like surfaces, recall the definition of vectorial Sobolev
spaces on manifolds, and discuss both scalar and vector spherical harmonics on
the 2-sphere. Section 3 is dedicated to optical flow on evolving surfaces and our
variational formulation. In Sec. 4 we discuss the numerical solution. In particular,
we propose to solve the resulting energy in a finite-dimensional subspace and rewrite
the optimality conditions to be defined solely on the 2-sphere. Moreover, we show
how to fit a sphere-like surface to the labelled cells in the microscopy data. Finally,
in Sec. 5, we solve for the optical flow field and visualise the results. The appendix
contains deferred material.

2. Notation and Background.

2.1. Sphere-Like Surfaces. Let
S?={zecR®: ||z| =1}

be the 2-sphere embedded in the 3-dimensional Euclidean space. The norm of R",
n = {2,3}, is denoted by ||z|| = v/z - x. We denote by
x:QCR? 5 R3 (3)
a smooth (local) parametrisation of S mapping coordinates ¢ = (£1,62)T € Q to
points z = (z!,22,23)" € §2.
Furthermore, let I := [0,T] C R denote a time interval and let M = {M;};cs be
a family of closed smooth 2-manifolds M; C R3. Each My, t € I, is assumed to be

regular and oriented by the outward unit normal field N(¢,2) € R3, 2 € M,. We
assume that M (locally) admits a smooth parametrisation of the form

yiIx Q=R (4,664 plt,x(61,€%))x(¢, €%) € My, (4)
where j: I x 8% — (0,00), and call M an evolving sphere-like surface.

We denote by f: M — R a smooth function on the moving surface. Its coordin-
ate representation f : I x € — R and its corresponding spherical representation
f:Ix82% =R are given by

F(8,6) = f(t,x(€) = f(t,y(t,€)). (5)
As a notational convention we indicate functions living on S? with a tilde and
functions on M with a hat, respectively. Their corresponding coordinate version is
treated without special indication.

For convenience, we define a smooth (spatial) extension of f to R3\ {0} by

Fito) = F (0 (175 ) ) (6)

which is constant along radial lines. The extension f (t,-) is chosen such that it
coincides with f(t,-) on S? and with f (t,-) on My, respectively. For functions such
as p(t,-) in (4) which are only introduced on S2, the extension is well-defined by
considering M; = S?, that is, p(¢,-) = 1 for all t € I. Note that, while f(t,-) is
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FIGURE 3. Schematic illustration of a cut through the surfaces S
and M, intersecting the origin. In addition, we show a radial line
along which the extension f(t,-) is constant. The surface normals
are shown in grey.

constant in the direction of the surface normal of S2, it is in general not constant
in the direction of the surface normal of M;. We point at Fig. 3 illustrating the
setting.

Similarly, for a vector-valued function ¥ : M — R? the extension to R3 \ {0}
is defined component-wise and for all times ¢ € I, and is denoted by v. As a
notational convention, boldface letters are used to denote vector fields. Moreover,
we distinguish between lower and upper case boldface letters. The former identify
tangent vector fields and their extensions to R3 \ {0} whereas the latter indicate
general vector fields in R3, with the exception of the parametrisations x and y. At
this point let us refer to Tab. 1 at the end of this section containing a summary of
the notation.

For a differentiable function f : I x Q2 — R, we write 0;f as an abbreviation for
the partial derivative of f with respect to ¢'. That is, Ve f = (O1f,02f) ", where
Vg is the gradient of R2.

The tangent plane at a point y(t,§) € M, is denoted by Ty ¢)M; and the tan-
gent bundle by TM,; = {{y(t, O x TygeM:: € € Q} The orthogonal projector
onto the tangent plane T, M, at x € M, t € I, is given by

Par(t,z) = 1d — N(t, 2)N(t,z) T e RS,

In particular if M; = S2, that is p in (4) is identically one for all ¢ € I, the outward
unit normal and the orthogonal projector are given by N and Pg2, respectively.

In what follows, we define spatial differential operators. As they are identical
to those on static surfaces we consider time ¢ € I arbitrary but fixed. Then, the
surface gradient of f, as given in (5), is defined by

Vmf =PmVesf € R®, (7)

where Vgs denotes the usual gradient of the embedding space and f is the extension
from (6). Let us stress that it is independent of the chosen extension, see e.g. [13,
p. 389].

We emphasise that, in particular, if M; = S2 for all ¢ € I it follows that

VRsz P32VR3f+ (Id — P52)VR3f.
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The last term of the sum on the right hand side is the normal derivative of f, which
according to the definition of the extension in (6) vanishes. Thus,

V52f = Pge VR3f = Vgs f (8)
For convenience let us observe that, by taking 9;f in (5), we arrive at
Oif(t,€) = Vs f(£,x(€)) - 0x(€) = V2 f(£,%(€)) - 9x(¢) (9)

due to the chain rule and the projection onto the tangent plane Tx(5)82.
_ Analogously to the surface gradient we define the spherical Laplace-Beltrami of
f:Ix8% = Ras

Ag2f = —Apsf, (10)
where Ags is the standard Laplacian of R3.
The set
{81Y(t7£)532}’(t7£)} g Rda (11)

where y is the parametrisation defined in (4), forms a basis of the tangent space
Ty(t,6)M; at y(t,€). Its elements form the gradient matrix Dy, which is derived as
follows.

Let p be the extension of §: I x §? — (0, 0) according to (6). Then, y from (4)
can be rewritten as

y(t,€) = p(t,x(£))x(¢).
By the chain rule,

0y (t,€) = (Vrsp(t,x(€)) - 0ix(€))x(€) + p(t, x(€))dix(£).
Using (8) and the fact that p equals § on S? gives
3Zy = (VSZﬁ . &x)x + ﬁ@ix,

where we have omitted the arguments (¢, ) and (&) for better readability. Whenever
convenient and no confusion will arise we will continue to do so.
By applying (9) backwards and the fact that p(¢,x(£)) = p(§) we have shown

Dy = (31}’ 52)’)

= ((alp)x (82p)x) + pDX c Ri’>><27 (12)

where Dx = (01x, 02x) is the gradient matrix associated with x.

Provided that x is a regular parametrisation it is straightforward to show that
also y is regular. By computing Lagrange’s identity one has 01y x Jsy # 0 proving
that the columns of Dy are linearly independent or, in other words, that y indeed
is regular. We highlight that (19) below is in fact Lagrange’s identity.

As a consequence, we can uniquely represent a tangent vector ¥ € Ty(tf)Mt as
V= 25:1 v'0;y, where v = (v',v?)T € R? is its coordinate representation, see e.g.
[26, Prop. 3.15]. We call v® the components of ¥.

In the sequel we will use Einstein summation convention. We sum over every
index letter that appears exactly twice in an expression, once as a sub- and once as
a superscript. For instance, we write ¥ = v*0;y for the sake of brevity.

We underline that the coordinate basis (11) is not orthogonal in general. We
will, however, require an orthonormal frame {&;(¢, ), &x(¢,£)} of the tangent space
Ty(t,eyM; from this section on. In the coordinate basis it reads

él‘ = agﬁjy, (13)
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where az I xQ =R, 4, j={1,2}, are functions obtained from the Gram-Schmidt
process.

Combining (5) and (9) with the expressions derived for Dx and Dy we can
conveniently state that

Vief = Dx'"Vg:f and Vgz f = Dy 'V f. (14)
Let us derive the following useful generalisation of £9) For a tangent vector

¥ =v'0;x € T,8?, x € S2, the directional derivative of f along ¥ at z is
Vs2f~ -V = VSzf . UiaiX = (DXTVSQ f) -V = VR2f -V = Uiaif, (15)

where the third equality follows from the first equation in (14). Analogously, for
Vv =0v'0;y € T, M, with z € M; and t € I, one can derive

Vaf ¥ =0';f. (16)

As soon as we have established the relation between ¥ and ¥ it will conveniently
allow us to switch between (15) and (16).

Moreover, the coordinate representation of the surface gradient (8) is derived as
follows. Let us start out with the first equation in (14). By writing Vg2 f in the
coordinate basis, that is Vg2 f = Dxv for some v, we obtain from (14)

Vge f = Dx " Dxv.
Multiplying with (Dx Dx)~! from the left yields
(Dx"Dx) Vg f = v.
Thus,
Vs2f = Dxv = Dx(Dx ' Dx) " 'Vgaf. (17)
Furthermore, let ¢ € I be fixed and let f (t,-) : My — R. The surface integral of
fis
| Fami= [ oy e (18)
My Q
where Jy is the Jacobian of y. According to Theorem 3 in [11, p. 88], it is given by
(Jy)? = det(Dy ' Dy)
and by using (12) yields
(Jy)? = p* ((01p)?ax - Dox + (02p)*O1x - Dr1x (19)
+p? (01 - 01%) (02X - Dax) — 201 pDap(D1% - Dax) — p2(D1% - Dox)? )

Note that x-x = 1 and thus, terms of the form 9;x-x vanish. By the differentiability
of x, ones has

0i(x-x) =0.

Therefore, 0;x - x = 0, meaning that tangential and normal vectors are orthogonal.
We emphasise that Dy " Dy is commonly referred to as Riemannian metric. It is
positive definite and thus, (Jy(t,£))? > 0 for all (¢,£) € I x Q.

The parametrisations x and y defined in (3) and (4), respectively, suggest the
straightforward construction of a smooth map é(t,-) : S> — M. It is given by the
composition (y ox~1)(¢,), that is

o(t,x) : x— pt,x)x.
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The differential Dg(t, z) : T,S? — T4 )My of  is a linear map and is given by
Do(t,x) = p(t, x)Id + xVs2p(t, ) T € R3S, (20)

It follows from a direct calculation akin to the derivation of Dy in (12).
Let us exhibit the action of D¢(t,x), for x = x(§) and ¢t € I, onto a tangent
vector v = v'9;x € T,S%. We have
Do(t,z)(¥) =
(s

t,x)v +x(Vs2p(t, z) - ¥)

m

)

bz

A
(
(

)
t, 2)¥ 4+ 20 9;p(€)
t, 2)v'0ix + xv'0;p(€) (21)
( (t,2)0ix + 20;p(£))

(g)via¢Y(f)~
2)T

=p
v

In other words, the components (v!,v are preserved whenever a tangent vector
is mapped from S§? to M, via the differential (20).

As a matter of fact, given a tangent vector field ¥ = v?09;x on S2, the differential
D¢ gives rise to a unique tangent vector field ¥ = v'd;y on M, see [26, Chapter
8]. Whenever we use ¥ and ¥ in the sequel we refer to their unique identification
via the differential (20) and call ¥ the pushforward of ¥. At this point, the reader
might find it helpful to have a look at Fig. 5.

With the above definitions at hand we are able to relate the surface integral (18)
to an integral on S? via a change of variables. The key is to compute a meaningful
surface element as |det(D¢)| is the magnitude of the change of the volume element.
The following lemma provides the required form.

Lemma 2.1. Let x : [0, 7] x [0,27) — R3 be the standard parametrisation of S,
(€1, 5 (siné! cos €2, sin &l sin €2, cos €1) T
and let f: M =R and p: I x 82 — (0,00) be as above. Then, fort € I,

faso= [ ipV Vsl + 72 ds”
52

Proof. Let us denote by &;(£) and &(¢) the orthogonal unit vectors on S? in dir-
ection of ¢! and &2, respectively, which are obtained by normalising the coordinate
basis {01x(€), 92x(§)}. That is,

M,

9ox(§)

&1(6) = 01x(8) and &5() = T

(22)

Moreover, a straightforward calculation gives

Dx Dx = (O sin? ¢!

and thus, the surface gradient of p in spherical coordinates (17) is given by

Vs2p(t,x(§)) = 01p(§) 01x(§) + 02p(§) 0ax(€)

(22)

=0ip(§) &1(§) +

where we have replaced the coordinate basis with the orthonormal basis.

2 61
f L oup(6) 8:(6),

sin &
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Using Dx " Dx in (19), the Jacobian Jy can be written as
(Jy)* = p*((91p)* sin® €' + (92p)* + p*sin )
= p*((0p)® + sini i (02p)? + p*) sin® ¢!
— (V527 + 7) sin? €.
Here, we have omitted the argument (¢,x(£)) of Vszp. Then, the integral turns out

to be
R 27 T
fth:/ / JJy dé
M 0 0
21 T
— [ 10VINsidl + Fsing? de
0 0
B /5 FoV/ IV s2pl? + 72 dS?,

where the last equation follows from (18) if M; = 8?2, the fact that sin&! > 0, and

Jx = y/det(DxT Dx) = sin¢’.

The concepts introduced above, and further properties thereof, may be found in
any standard differential geometry book. For instance, in [9, 10, 25, 26].

O

2.2. Vectorial Sobolev Spaces on Manifolds. We briefly introduce the ap-
propriate function spaces required for the variational optical flow formulation on
Riemannian manifolds. Again, let us consider time ¢ € I arbitrary but fixed and
recall that, for a tangent vector field ¥(¢,-) on M,, the component-wise radially
constant extension of ¥ is denoted by ¥, cf. (6).

We denote by Va¥(t,x) the covariant derivative of ¥ at © € M, along the
direction of a tangent vector @i € T, M;. It is defined as the tangential part of the
usual directional derivative of the extension v along @ in the embedding space, that
is,

Va¥(t, z) = (Ppm Ve V(1)) (¢, 2) (23)
and in matrix-vector form reads
VRsﬁl(t x)T
VaV(t,z) = Pp(t,2) | Vesv?(t,2) " | G
Vrs v (t,x) "

It is a linear operator V¥(t,z) : T, M; — T, M; and its Hilbert-Schmidt norm
is given by
2

1ot 2)3 = S IV6,9(t,2)]1, (24)
i=1
where {&1, &2} denotes the orthonormal basis of the tangent space T, My, cf. (13).
We stress that (24) is invariant with respect to the chosen parametrisation.
For each t € I, we define the Sobolev space H'(M;, T M,) as the completion of
the space of vector fields C*° (M, TM,) with respect to the norm

19 I (wypn,) = /M IV9(t,2)13 dM., (25)
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where the surface integral is defined in (18). Let us emphasise that (25) is indeed a
norm whenever M, is diffeomorphic to the 2-sphere. The reason is that, by virtue
of the Hairy Ball Theorem, there is no covariantly constant tangent vector field but
¥ =0, see e.g. [17, p. 125]. From now on we will omit the arguments (¢, z) inside
norms for the sake of simplicity whenever clear from the context.

Alternatively, one can define Sobolev spaces of vector fields such that each com-
ponent of a vector field originates from a scalar Sobolev space. See, for instance,
Lefévre and Baillet [27]. On the 2-sphere, however, they are typically introduced
by means of the spherical Laplace-Beltrami operator, see e.g. [30, Chapter 6.2] and
Sec. 2.3 for the scalar counterpart. For a thorough treatment of Sobolev spaces on
Riemannian manifolds we refer to the books [14, 38].

2.3. Spherical Harmonics. We denote by Harm,, the space of homogeneous har-
monic polynomials of degree n € Ng = {0,1,2,...} with their domain restricted to
S2. Its dimension is

dim(Harm,,) = 2n + 1.
An element Y,, € Harm,, n € Ny, is called a (scalar) spherical harmonic. Tt is an
infinitely often differentiable eigenfunction of the Laplace-Beltrami operator Agz,
defined in (10), with corresponding eigenvalue

An =n(n+1).

We refer to Theorem 5.6 and Lemma 5.8 in [30, Sec. 5.1] for detailed proofs of the
previous statements.
The set

{ij:nGNo,j:l,...,QnJrl} (26)

is a complete orthonormal system of L?(S?) with respect to the inner product
(-,-)12(s2) on S8?. In further consequence, for a function f € L?(S?), we have the
Fourier series representation
oo 2n+1
= Z Z (fs Yo )r2(s2)Yn.gs
n=0 j=1
Again, we refer to [30, Sec. 5.1] for the proofs, in particular to Theorem 5.25. In
the present article we employ fully normalised spherical harmonics. For the explicit
construction see [30, Sec. 5.2].
Moreover, the norm of L?(S?) is readily stated in terms of the coefficients in the
above expansion via Parseval’s identity
1f1172(s2) = Z(f Vo) 2 (s2)-
n,j
For an arbitrary real number s € R, we define the Sobolev space H*(S?) as the
completion of all C*°(8?) functions with respect to the norm

11752y = 1Az + 12 fllfagszy = D+ 1°(F, V) asey.
n.j

We stress that, by (10), Ag>f = —Ags f and we have \,, > 0 for all n € Ny yielding
a sound definition. Accordingly, for s € R, we define the H® seminorm of order s
by

|3 (s2) = = [|AZ>FI3 (82) = ZA (Y i)i2(s2): (27)
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Now that the space L?(S?) is endowed with a basis, we can proceed to define an
orthonormal system for square integrable tangent vector fields on the sphere. This
will immediately allow us to treat vector-valued problems consistently.

Let Y, € Harm, be a scalar spherical harmonic of degree n € Ny. Any vector

field ¥ : S2 — R3 that can be written in the form ¥ = 7/, where

i) = YaN,
§ = Vs,
= v$2f/n X N7

is called a wvector spherical harmonic of degree n and type i, cf. [12, Definition 5.2].
Recall that N is the outward unit normal to S2.

By definition, y% ) is a normal field whereas ygl ) and y( ) are tangent vector fields.

Consequently, the latter are called tangential vector spherical harmonics. Note that,
by means of the Hairy-Ball Theorem, no tangential vector spherical harmonics of
degree zero exist.

In further consequence, let us denote by L?(S%,TS?) the space of square integ-
rable tangent vector fields on S? equipped with the inner product

(T, V) r2(s2,782) = / i vdS2
32

Here, dS? denotes the usual spherical surface measure, see also Lemma 2.1.
Since (26) is an orthonormal set for L?(S?), the set

{yS)J neN,j:l,...,Qn—i—l,i:Q,S}, (28)

is an orthonormal system for L?(S?,TS?), where we have defined
5’5123 =\, 2V sV, 5, (20)

F = 2\ V2V sV, x N,

for orthonormalisation purpose, see [12, Sec. 5.2]. Thus, every vector field v €
L?(8?,T8?) can be written uniquely as

oo 2n+1

3
o _ ZZ Z v ynj L2(82, TSQ)yE“L)J
i=2 n=1

We refer to the books [12, 30] for further details on the subject. Table 1 contains
a summary of notation used in the sequel.

3. Optical Flow on Evolving Surfaces.

3.1. Generalised Optical Flow. Optical flow models are typically based on the
assumption of constant brightness. Given a sequence of (planar) images
fIXxQCRxR> =R

such that f € C1(I x ), it assumes that the intensity f(t,v(t,&)) stays constant
over time when moving along a trajectory v(-,&) : I — Q starting at £ € Q. In
other words, in the planar setting, we have

C 6 A00) = 0f + VT Oy =0,



14 OPTICAL FLOW ON EVOLVING SPHERE-LIKE SURFACES

Q coordinate domain

I time interval

S? 2-sphere

M family of sphere-like surfaces M
T,S? tangent plane at z € S

Ty M, tangent plane at y € M,

N, N outward unit normals to S? and M
X,y parametrisations of S2 and M

Dx, Dy gradient matrix of x and y

{01x,0ox}  basis for T'S?
{01y, D2y}  Dasis for TM

{&1,82} orthonormal basis for T'M,

\Y% surface velocity of M

é,D¢ smooth map from S? to M and its differential

1, f  f scalar function on S?, M, and their coordinate version
Vs2f, VMf surface gradient on S? and M,

v,V, v tangent vector fields on S2?, M, and their coordinate version
VaV covariant derivative of ¥ along direction @ on M,

f,v radially constant extensions of f and ¥ to R?\ {0}

Y, scalar spherical harmonic of degree n and order j

yfj)] vector spherical harmonic of degree n, order j, and type i
y,j)J pushforward of yﬁj)] via the differential D¢

TABLE 1. Summary of notation used throughout the paper.

which is termed optical flow equation and must hold for all £ € Q and all ¢ € I. For
the sake of consistency, we denote by 9; the partial and by d/dt the total derivative
with respect to time.

It is possible to generalise the idea to a non-Euclidean setting where the image
lives on a, potentially moving, manifold. To this end, let us be given an evolving
surface

M= ({t} x M) CR?
ter
specified by a parametrisation y : I x 8 — R3 as in (4) together with a function f ,
its domain being M. For a time ¢ € I,

f(t, ) : Mt — R
is then an image on the surface. Adapting the above idea of constant brightness to
the new setting requires that, along a smooth trajectory v(-,z) : t — (¢, x) € My
that starts at © € M and always stays on the surface, we must have

[t 2) = f(0, z). (30)

However, in order to proceed as above one needs to define a meaningful derivative
with respect to time.

One possibility, which is pursued in [22, 24], is to consider derivatives along

trajectories following the moving surface. Let y be as above and let 0,y = V be

the surface velocity, its domain being (J,c;({t} x M;) C R*. We emphasise that

V is in general not tangent to My, t € I, and hence in our notation denoted by a
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FIGURE 4. Illustration of trajectories through the evolving surface.
Their corresponding velocities are shown in grey.

boldface capital letter. Then,

o d -
de(to, {E()) = &f(m y(tv 5)) (31)
t=to
is the time derivative of f at z¢ = y(to, &) along the parametrisation y(-,&). As a
consequence, one can deduce that

Ay f=dNf+Vuf-V
holds, where dtN f(to, o) is the time derivative of f in normal direction. It is defined
analogously to (31) albeit following a trajectory g through xzy € My, for which
Oy (to, wo) is orthogonal to Ty, My, .
From that one can immediately formulate the above idea of constant bright-

ness (30) along v. To this end, we define by M = 0¢y the velocity of a point
moving along the trajectory v and demand that

a1 f = dNf+Vauf ML =0 (32)
must hold. Equation (32) is a generalised optical flow equation. In Fig. 4 we
sketch the various trajectories through the evolving surface and their corresponding
velocities.

Since we are, however, interested in a coordinate representation of -y, we define
a family of trajectories 8 : I x £ — € such that

7(t7 Y(()» 5)) = Y(tu B(tv 5))

holds for all ¢t € I and all £ € €. In other words, we want the composition of 8 with
y, and v to coincide. By taking the total derivative d/dt on both sides of the above
equation we get
Oy = Oy + 0,80y .
Let us denote v := 0,3'0;y and recall that O,y = V is the surface velocity. The
above relation states that the total velocity M = 0y along a level line of constant
intensity is
M=V+% (33)

and V is a tangential velocity relative to the prescribed surface velocity V.

Solving the generalised optical flow equation (32), however, is inconvenient as g
and, in further consequence, d,lfl is unknown or hard to estimate. Nevertheless, one
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can relate (32) and (33), as shown in [24, Lemma 2], and arrive at the parametrised
optical flow equation

&Y f+Vuf-v=0. (34)
Solving for the optical flow then means finding a (time-varying) vector field ¥ that
is tangent to the surface at all times and satisfies the above equation at every point
x € M on the moving surface.

Let us conclude this subsection with the following remarks. In general, there
exist infinitely many parametrisations y for a given evolving surface M. Never-
theless, the solution ¥ to the optical flow problem is independent of the choice
of the parametrisation. See also [7, Sec. 3] regarding invariance with respect to
reparametrisations.

The actual surface velocity \Y% might be unknown or cannot be estimated from
the data, as it is the case in this work. As a remedy we propose to decompose the
total motion M into a presumed velocity V and a tangential component ¥ relative
to it. Ideally, V is chosen so that it is consistent with M. We refer to [24] for a
detailed discussion.

Moreover, we stress that the sought tangent vector field ¥ depends on the chosen
V and should be interpreted with care. However, it is reasonable to assume that the
total motion M is close to the true velocity of a cell. The actual trajectories v can
be reconstructed by finding the integral curves of (33). For this precise approach
we point the reader to [24].

3.2. Variational Formulation. The optical flow equation (34) derived above is
underdetermined and, in general, a unique solution is not ensured. A common
technique to deal with non-uniqueness is Tikhonov regularisation, where one finds
a minimiser of R
14y F 4+ YVl - 9720y + aR(D).

Here, R(¥) is a regularisation functional and « > 0 a regularisation parameter, bal-
ancing the two terms. The first term is typically referred to as data term whereas the
second is called smoothness term. The latter enforces uniqueness and incorporates
prior knowledge about favoured solutions.

A common choice for R(¥) is the squared H' Sobolev seminorm, involving first
derivatives with respect to space and time. It favours spatial as well as temporal
regularity and is of particular interest when trying to estimate trajectories of objects,
albeit computationally more demanding. See, for example [24, 42] and [7].

Alternatively, one can omit temporal regularisation leading to a regulariser of
the form

R() = / 190t W01 oty sy s

which is equivalent to solving for each time instant separately. It resembles the
original formulation in [18] and its extension to 2-manifolds [27]. In the present
article we follow this approach and attempt in finding the unique minimiser ¥ €
TM; of the energy

Ea(¥) = dY F+ Vol - ¥l72 a0y + 970 0, 1t (35)

for each time instant ¢ € I separately. Superimposing temporal regularisation
however is straightforward, see [24, Sec. 2.2.2], but not considered here.

4. Numerical Solution.
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R? TS? - TM;
Dx Do(t,-)
Yp Vo Vp

FIGURE 5. Commutative diagram relating spaces 2, S?, and M.,
and tangent vector fields. We highlight that y, is the coordinate
representation, see Sec. 2.1, of a particular tangential vector spher-

ical harmonic ¥, and ¥, is its uniquely identified tangent vector
field on M.

4.1. Finite-dimensional Projection. For the subsequent discussion we let ¢t €
be arbitrary but fixed and assume to be given a parametrisation y(¢,) : @ — M,
as defined in (4). We defer the question of how to find it to Sec. 4.3. Moreover,
for notational convenience, we relabel the set of tangential vector spherical har-
monics (28) using a single index letter p € N. For instance, for the expansion of
a tangent vector field on S? we simply write @1 = Zp upyp, where u, € R are the
coefficients.
We intend to approximate the solution of the problem

min Ea(V

YEHY (M, TMy) a( )
in a finite-dimensional subspace U C H'(M;, TM;), where &, is defined in (35).
We define this space as

U = span{y, : p € Ju},
where Jiy C N is a finite index set and ¥, is the pushforward of a particular vector
spherical harmonic ¥, via the differential D¢, see (20). Figure 5 gives a descriptive
view of the relation between the introduced spaces and tangent vector fields.
The sought vector field is then uniquely expanded as

v=> 9 (36)
pEJu

with v, € R, p € Jy, being the coefficients. Minimisation of functional (35) results
in a finite-dimensional optimisation problem over RI“«!. Plugging ansatz (36) into
(35) and writing out definition (25) of the Sobolev H'(M;, T M;) norm gives

&®) = [ (@54 Y wnVauf 50) +al S 0 9,l3) dMi (1)
M pEJu pEJu

By applying the definition of the Hilbert-Schmidt norm (24), using linearity of
the covariant derivative V4V with respect to ¥, and the definition of the norm of
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R3 we obtain the representation

2
v Z Upyp”g = Z” Z vpvéiyp||2

peJuy =1 peJy

- 22:( S 0 Veds S quéiyq)

=1 peJu q€Ju

2
= Z Z UpVq (Véiyp ) véig’q>
i=1 p,qeJy
for the regularisation term.

The optimality conditions for the discrete minimisation problem (37) are ob-
tained by taking 0&,/0v, = 0, for all p € Jy, and are given by

2
Z Uq/ ((va : yp) (va : }A’q) + QZ(véiyp : véiyq)) dM,
g€y M i=1 (38)

= _/ de(va'}A’p) dMy, pe Ju.
My

In matrix form they read
(A4 aD)v =1b,

)T € RIVul is the vector of unknowns. The entries of the

where v = (v1,...,v),
matrix A = (apq)pq are

Apq = /M (VMf'S’p) (VM]E‘S’q) dMy,

the entries of the matrix D = (dpq)pq associated with the regularisation term are
given by
2
do= [ (Ve Vo) .
ti=1

and the entries of the vector b = (b,), are
b= = [ A8 (T F 9,) M
t

4.2. Rewriting the Optimality Conditions. Even tough directly solving the
derived optimality conditions (38) is perfectly legitimate, we take a different ap-
proach. The goal of this section is to rewrite the optimality conditions in terms
of quantities defined on the 2-sphere, thereby allowing a more general treatment.
On the one hand, we want to deal with all surfaces M, for all ¢t € I in a uni-
fied manner and, on the other hand, we aim at evaluating (38) numerically on the
(approximated) sphere without having to deal with multiple charts, see e.g. [9].
The following is a straight-forward generalisation of [24, Lemma 2].

Lemma 4.1. Consider time t € I arbitrary but fized. Let ¥ = v'0;x and ¥ = v'0;y
be two tangent vector fields on S8? and My, respectively, such that they are related via
the differential (20). Then, the parametrised optical flow equation (34) is equivalent
to

8tf+ V52f~~ff =0.
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Proof. According to the definitions (31) and (5), we have
o d .
d -
==t
& Fe.x(©)

= atf(tvx(g))
and it remains to show the identity
Vamf ¥=Vsf 7,

where we have omitted the arguments (t,y(¢,£)) on the left and (¢,x(£)) on the
right hand side, respectively. It follows directly from the coordinate representation
of the directional derivatives (15) and (16). O

In order to give coordinate expressions for the terms in (38) arising from the
regularisation term we locally choose an orthonormal frame {&(,&),8&2(¢, &)} of
the tangent space, see (13). As a consequence, the sought tangent vector field ¥
can be written as

v = w'e; (39)
for some components (w',w?)T. The reason for expressing the unknown in an
orthonormal frame, rather than the coordinate frame, is to simplify matters with
regard to the Hilbert-Schmidt norm (24) of the covariant derivative.

However, the chosen Galerkin method expands the unknown ¥ in terms of the
pushfoward of vector fields which are defined on the 2-sphere, cf. (36). We necessar-
ily need to establish the relation between the intended form (39) and the expression
in terms of the coordinate frame.

Lemma 4.2. Again, let t € I be arbitrary but fized and let G = u'0;x be a tangent
vector field on S2. Then, for a tangent vector field ¥ = w'&; on M;, we have
¢ = Do(1) if and only if w' = (a~1)iu’.
Proof. (<) First, note that o (a~!); = §,,. Expanding ¥ gives

v=w'e; = wiagﬁjy = (a_l)fgueagajy = w/d;y = Dg(i),

where we have used (21), cf. also Fig. 5.
(=) Suppose ¥ = D¢(i1). Let us take the inner product with &; on both sides.
For the left hand side we have

\Af~éi:wjéj~éi:wj5ﬂ:wz.

For the right hand side we first observe that, by inversion of the matrix « in (13),
it holds that 0;y = (Oé_l)gé[. Then,

Do(i) - & = u‘dyy - &;
=u'(a™1)j8; - &
= u'(a™")] 5
= (a™);
and we conclude that w’ = u*(a~1)} as required. O

With the above relation at hand we obtain the following form.
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Lemma 4.3. Lett € I and let G = u'0;y and ¥ = v'0;y be two tangent vector
fields on My. Then, we have

Ve, - Ve, ¥ = E D;u’ D;v’,

j=1
where
Dl = af@k((a_l)%‘ué) + (@ Ykt i5={1,2},
and D;v? are defined accordingly.

fgk denote the Christoffel symbols with regard to the orthonormal frame {&;, &>}
and are defined as

Ve.r =17,8;. (40)

We refer to [24, Lemma 3] for their derivation.

Proof. First let us show that, for &t = w’/&; as in (39), it holds that
Vélfl = Diujéj.
By the product rule for the covariant derivative (23),
Véiwjéj = éjVéi w! + ’LUjVéiéj. (41)
Consider the first term of the sum and let &; be represented in the coordinate basis
as in (13). Then,
Véiwj = valyakywj.
Linearity of the lower argument of the covariant derivative with respect to C*°(My)
functions, cf. (16), yields
Va’?{)kywj - afvakywj
and by realising that Vg, yw’ is just the directional derivative (16) along dyy we
obtain
Vo yw! = aFopw’.

Moreover, in the second term of the sum in (41) we use definition (40). Thus,
by summing up all terms in (41) we obtain

A

cwles = (oFf J ATy
Ve, w&; = (afdpw’ +w*T))e;.

Applying the previous lemma gives coefficients D;u? and D;v’ in the intended form.
Finally, it remains to observe that

Véiﬁ . Véi(} = Diujéj . Dﬂ)]éj
2
= E DiUJDﬂ}],
j=1

since by definition &; - &; = d;;. O

Finally, by combining Lemmas 2.1, 4.1, and 4.3 we are able to express the op-
timality conditions (38) in terms of integrals on the 2-sphere. Thus, we arrive at
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the optimality conditions

2
Z Vq /32 ((VS2]ES}P) (v82f-5’q) —+ « Z Dzyg;Dzy;) ﬁ ||V82ﬁ||2 +p~2 d82

q€Ju 3,j=1

== [ 0f(Vsef-3,) VISP + 7St pe .
(42)
where p+/||Vs2p||? + 52 arises from the Jacobian (19), see also Lemma 2.1.

The entries of the matrices A, D and of the vector b, respectively, are then given
by

pg = /5 (Vs f - 50)(Vs2f-54) pVIVs2pl? + 72 dS, (43)
2 . .
g = /5 >_ DiypDiyy i/ [Vs2lP + 72 ds?, (44)

ij=1
and

bp = - /3 0uf (Va2 f-5p) VI Vs2ll? + 52 dS*. (45)

4.3. Surface Parametrisation. In order to actually compute the above optim-
ality conditions it remains to determine the radius g : I x 8% — (0,00) in the
presumed parametrisation (4). Again, we continue the discussion for one particular
but fixed time t € I and drop the argument whenever convenient.

Estimating p(t,-) : 82 — (0,00) is closely related to surface interpolation from
scattered data. Given noisy data 5° and a parameter 5 > 0, it amounts to finding
the unique minimiser of the functional

F5(p) =117 = 1122 (s2) + BlolTr(s2), (46)

where s > 0 is a sufficiently large real number, cf. definition (27). The first term
penalises deviation from the observed data whereas the second term enforces spatial
regularity of the solution.

In practice, however, N > 0 evaluations {p°(x;) : ; € S}, are given at pair-
wise distinct points on the 2-sphere. In our particular application these correspond
to taking the norm in R? of pairwise distinct sampling points lying on the sphere-like
surface M;:

P2 (z:) = ||z, i e R3\ {0}, i=1,...,N, (47)

where Z; = x;/||z;|| is the radial projection onto S?. We again point the reader to
Fig. 3.

Furthermore, before turning to the numerical solution of (46), let us briefly dis-
cuss the regularity requirements. In [7], the authors demand twice continuous dif-
ferentiability for both the manifold M, and the map y(¢, -) to obtain well-posedness
of the optical flow problem. By definition of the parametrisation (4) we require that
p(t,-) € C*(S?). As a consequence of Theorem 2.7 in [15, Chapter 2.6] regarding
Sobolev embeddings, the space H*(S?) for s > 3 is the appropriate choice, i.e.
H*(8?) C C?(8?).

Numerically, we approximate the solution of the problem

W Fe(3
S 5(p)
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by considering a finite-dimensional subspace @ C H*(S?) and point evaluations (47).
In contrast to above, the space

0= span{f’p :pe o},

where Jg C Ny again is an index set, is spanned by scalar spherical harmonics. The
sought function is expanded as
p= Z PpYp,

p€Jo

where the unknowns are the coefficients p, € R, for p € Jg. Plugging into (46),
applying definition (27), and taking 0F/0pp, for all p € Jg, gives the optimality
conditions

N N
> p (Z ffp(fi)fffz(fi)) + B\ pp = Y _||zillVp(2), p € Jo (48)
=1

q€Jo i=1
Denoting by o0 = (p1, ... ,p|.]g|)T € RIV2l the vector of unknown coefficients, the
equations (48) can be written in matrix-vector form as
(L+pBM)e=c,

The entries of the matrix L = (l,q)pq are
N ~ ~
g = 3 V(@) V().
i=1

the matrix M = diag(A§,..., /\fng) is a diagonal matrix, and

N
cp = Y |lzillYy(@:).
i=1

4.4. Numerical Approximation. Let us finally discuss the numerical solution of
the optimality conditions (42). In particular, one needs to (approximately) evaluate
the integrals (43), (44), and (45). Even though integrals on the 2-sphere can be
computed exactly and quadrature rules exist up to a certain degree, see e.g. [3, 16],
we instead prefer to use a triangulation together with an appropriate quadrature.
The reason is that numerical quadrature on the sphere would have to be of rather
high degree to reproduce small details and features of the data, contrary to the
chosen quadrature, which can easily be refined up to the desired precision. Finally
let us mention that, for a more accurate evaluation of the integrals, one can intro-
duce an intermediate (radial) map from the polyhedron to geodesic triangles. See
e.g. [16, Sec. 7.2].

We use a polyhedral approximation S = (V, T) of the 2-sphere S2. It is defined
by aset V = {v1,...,0,} C S8? of vertices and a set T = {T1,..., T} CV XV XV
of triangular faces. Each triangle is most easily parametrised using barycentric
coordinates, see e.g. [8, Chapter 5]. We associate with each triangle T; € T a tuple
(41,142,13) identifying the corresponding vertices (v;,, v, , v, ), which are arranged in
clockwise order. The parametrisation (3) then reads

x;(€) = vi, + & (viy —viy) + ¥ (viy — viy)
with
Q={¢cR*: ¢ c[0,1] and €2 € [0,1 — €]},
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FIGURE 6. Ilustration of a triangular face (filled gray) intersecting
the sphere S§? at the vertices (hollow circles). The six nodal points
consist of the vertices of the triangle together the edge midpoints
(filled black dots). The approximated sphere-like surface is shown
by the hatched gray area. A radial line passing through the vertex
v; is shown. The hollow circle indicates the intersection with S?2
at which f(v;) in (49) is taken. f itself, as described in Sec. 5.2, is
assigned by taking the maximum image intensity along the drawn
radial line between the two cross marks.

which is referred to as the reference triangle. The gradient matrix of 7; is then
simply

DXZ‘ = (81)(1‘ 82XZ‘) = (’Ui3 — Uiy Vi, — 1}1'1) .
The surface normal is constant on 7; and is denoted by N;.

We approximate all functions on S? by corresponding functions on the polyhed-
ron S?. A continuous function f: 8% — R is replaced by its piecewise polynomial
interpolation fj, : 82 — R on §2. We define it as

Np

Ful) =3 Fw)2s(). (49)

Here, {¢;} are N;, = 6 quadratic shape functions forming a nodal basis together
with nodal points {v;} C S? and f is the usual radially constant extension, cf. (6)
in Sec. 2.1. In other words, fh is both a radial projection from the 2-sphere to the
polyhedron 87 and to piecewise quadratic functions. Note that the shape functions
are defined on the triangular faces T;. Whenever a function f has a dependence on
time we simply compute its approximation f, separately for all times ¢t € I. We
point the reader to Fig. 6 for a figurative illustration.

In further consequence, the fully normalised scalar spherical harmonics, which
were introduced in (26), are substituted with their corresponding approximations
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on §?. For Y € Harm,,, n € Ny , we have
Np
Yi() =Y Y (0;)%5(). (50)
j=1
We chose piecewise quadratic approximations for Y so that we can adequately
apply V s? and obtain piecewise linear vector fields. Accordingly, we define approx-

imations of the vector spherical harmonics, introduced in (29), as follows.

Proposition 1. Let Y € Harm,,, n € N. The piecewise linear interpolations of the
corresponding tangential vector spherical harmonics on a triangular face T; € T are

Np,
72 (x,(€)) = A; /2 Z?(Uj)vsi%(xi(f))’ (51)
~(3) AN
$i (€)= G DY (07) (305 (001x:(8) — o (0xi(6)-  (52)

Their derivation is deferred to the appendix.

Without loss of generality, let f,(0,-) and f,(1,-) be the approximations of the
data f at two subsequent frames. We define the derivative with respect to time by
the forward difference

Ocfn(+) = fr(1,-) = fu(0,).
Moreover, we replace the surface gradient V2 f of a function on 82 with its counter-
part Vg2 fn on 82, which is computed according to (17). The function j is obtained
by solving (48) and, for numerical computations, is further replaced with its piece-
wise quadratic interpolation pp as in (49). Coefficients af are computed by the
Gram-Schmidt process at the nodal points. For numerical computations piecewise
quadratic approximations, as defined in (49), are used.

Finally, for the calculation of the integrals we employ the standard quadrature
on triangulated spheres, see e.g. [3, 16]. Let & = (1/3,1/3)T be the centroid of the
reference triangle ). Then, we approximate the spherical integral over a function
f: 8% = R on the 2-sphere by

m
[ Fast~ [ st~ 3 Imiae))
h

i=1
5. Experiments.

5.1. Microscopy Data. The present data consist of volumetric time-lapse (4-
dimensional) images of a live zebrafish embryo during the gastrula period. These
videos were recorded approximately five to ten hours after fertilisation by means of
confocal laser-scanning microscopy and feature endodermal cells expressing a green
fluorescence protein. As a consequence, these labelled cells are recorded without
background and allow for a separate treatment. We refer the reader to [21] for many
illustrations and a detailed discussion of the zebrafish’s developmental process. Re-
garding the imaging techniques used during data acquisition we refer to [28] and
for the treatment of the specimen we point the reader to [31].

The crucial feature of endodermal cells is the fact that they form a so-called
monolayer during early morphogenesis, see [39]. Essentially, it means that the
labelled cells do not sit on top of each other but float side by side forming an
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artificial sphere-shaped layer. It can be regarded as a surface and allows for the
straightforward extraction of an image sequence. Clearly, this surface is subject to
geometric approximations. For instance, in [23, 34] it is assumed an ideal sphere,
whereas in [7] and [24] only a fraction of the data is considered and modelled as a
moving manifold and a height field, respectively, both possessing a boundary.

The recorded data features a cuboid region of approximately 860 x 860 x 320 pm3
of the animal hemisphere. The spatial resolution is 512 x 512 x 44 voxels and the
recorded image intensities are in the range {0, ...,255}. Our sequence contains 151
images with a temporal interval of 120s. For the further discussion, we denote the
data by

f5 c {07 e 255}151X512><512><44.

5.2. Preprocessing and Surface Data Acquisition. Let us briefly discuss the
preprocessing steps required to obtain an image sequence together with the evolving
surface. We limit our consideration to two consecutive frames and denote the re-
spective volumetric data by f$ and f7.

For each frame, the approximate surface is found by minimising the functional
(46) with approximate cell centres acting as sample points. They appear as local
maxima in image intensity and are readily located by Gaussian filtering followed by
plain thresholding. However, beforehand the points are centred around the origin
by fitting a sphere to the cell centres of the first frame and subsequently subtracting
the spherical centre.

The triangle mesh S7 is obtained by iterative refinement of an icosahedron that
is inscribed in the 2-sphere, see e.g. [8, Chapter 1.3.3]. Every refinement step halves
the edge lengths by connecting the edge midpoints and projecting them to the unit
sphere. Consequentially, every triangular face is split into four smaller triangles and
the total number of faces after k € Ny subdivisions is 20 - 4. In our case, k = 7
refinements are required to resolve the data adequately.

It remains to discuss the acquisition of the approximations f;(0,-) and f,(1,-)
on the polyhedron. For a frame j € {0, 1}, we define the value at a nodal point
v; € 8 in (49) via the projection

fGyvi) = max f2(cpn(j,vi)vi),
c€[l—e,1+4¢]

where € > 0 is chosen sufficiently large. ff denotes the piecewise linear extension
of fj‘S to R?, which is necessary for gridded data. The above projection within the
narrow band
(1 = &)pn(d; vi)vi, (L + €)pn (4, vi)vi]

corrects for small deviations of the cells from the fitted surface. Again, we refer
to Fig. 6 for illustration. Finally, all intensities are scaled to the interval [0, 1].
Figure 2 shows two frames of the extracted image sequence defined on the sphere-
like evolving surface. Figure 7 depicts the same matter but in a top view. For better
illustration we have added an artificial mesh. Its radius has been widened by one
percent.

5.3. Visualisation of Results. We employ the standard flow colour-coding [6]
for the visualisation of the computed vector fields. Its purpose is to create a colour
image by assigning every vector a colour from a pre-defined colour disk. The colour
associated is determined by a vector’s angle and its length.
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FIGURE 7. Frames no. 140 (left) and 141 (right) of the processed
image sequence in a top view. The embryo’s body axis is oriented
from bottom left to top right.

However, it was originally defined for planar vector fields and requires adaptation
to our particular purpose of tangent vector field visualisation. To this end, we
follow the idea developed in [23] by first projecting each vector to the plane and
then rescaling its length. Let us denote by P,s : (z',22,2%)7 — (2!,22,0)7 the
orthogonal projector of R? onto the x'-z2-plane. For a tangent vector field ¥ we
apply the colour-coding to the planar vector field

It is constructed so that the length of individual vectors is preserved. Subsequently,
the obtained colour image is mapped back onto the surface. Clearly, in the above
construction, one has to distinguish the cases where 23 > 0 and 2 < 0. Moreover,
P,s is required to be injective in either case.

The radius R of the colour disk is chosen to be equal to the longest vector in the
respective vector field we attempt to visualise. Table 2 lists all values of R for the
different figures in this section. In Fig. 9 we show a colour-coded tangent vector
field together with the colour disk.

For simplicity reasons, for image functions as well as surfaces we plot their piece-
wise linear approximations. Moreover, the visualised vector fields are evaluated at
the centroids and result in piecewise constant colour-coded images.

5.4. Results. We performed several experiments on said zebrafish microscopy data.
In order to obtain an approximation of the evolving surface, we minimised func-
tional (46) by solving the optimality conditions (48). As mentioned in Sec. 5.2,
approximate cell centres serve as input. The parameter of the Sobolev space H*(S)
was chosen as s = 3 + €, where € = 2.2204 - 10716 is the machine precision, cf. also
the discussion regarding theoretical requirements in Sec. 4.3. The regularisation
parameter was set to 3 = 10~* and the finite-dimensional subspace was chosen as

Q:span{f/n,j:nzo,...,3o,j:1,...,2n+1}.
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9a) 9(b) 9(c) 9(d)
10(a) 10(b) 10(c) 10(d) 11(a) 11(c) 11(d) 12(a) 12(b) 12(c) 12(d)
R 892 4.62 290 2.19 12.07 2.90 12.02 9.23 4.87 2.92 2.10

TABLE 2. Radii R of the colour disks used for colour-coded visu-
alisation of tangent vector fields.

Figures

In the second step, we computed a minimiser of functional (35) as outlined in
Sec. 4.4. Here, the finite-dimensional subspace was chosen as

uzspan{yﬁffj;n:17...,50,j:1,...,2n+1,z‘:2,3}.

The linear systems resulting from optimality conditions (42) and (48) were solved
by means of the General Minimal Residual Method (GMRES) using an Intel Xeon
E5-1620 3.6 GHz workstation equipped with 128 GB RAM. Solutions to (42) and
(48) converged within 1000 and 100 iterations, respectively, to a relative residual
of 1072. The overall runtime was dominated by the evaluation of the integrals
(43), (44), and (45). In our Matlab implementation it amounts to several hours.
However, the resulting linear system can typically be solved within seconds. Both
implementation and data are available on our website.!

Figures 8 portrays a minimising function of Fp for frames 140 and 141 of the
image sequence. The resulting surface is depicted in Fig. 2 and in Fig. 7. Clearly,
it reflects the geometry appropriately and contains the desired cell features, cf. also
the unprocessed microscopy data in Fig. 1.

In a second step we solved for minimisers of &, for different values of the regular-
isation parameter o. The tangent vector field is visualised as discussed in Sec. 5.3.
Note that in all figures the colour disk has been scaled for better illustration. In
Fig. 9, we illustrate tangent vector fields by means of the colour-coding obtained
fora =1072,a =107, @« =1, and a = 10. In Fig. 10 the same results are shown
but in a top view.

As the central theme of this article is cell motion estimation of fluorescently
labelled cells, we also computed their total motion. Recall from (33) in Sec. 3.1
that it is given by M =V + Vv, where V denotes the surface velocity and ¥ the
optical flow, respectively. By our choice of the parametrisation (4) of the evolving
surface its velocity is given by

V = 8ty = (9tﬁx.

Figure 11 depicts the surface velocity V in the usual colour-coding and the signed
norm, i.e. sign(8,5)||V|, indicating radial expansions and contractions. Moreover,
we visualise the optical flow for one particular value of o and the total motion M.

For comparison, we chose to compute the optical flow on the static round sphere.
As this geometry is just a special case of the proposed framework it amounts to
finding p constant in time and space by choosing

Q= span{Yn)j n=20,j= 1}.

Note that for static surfaces the surface velocity V vanishes, that is, M = .
Moreover, we highlight that for computing the optical flow on the static sphere a
more efficient approach was proposed in [23]. However, since in this article a norm

Ihttp://wuw.csc.univie.ac.at
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FIGURE 8. Function pj obtained by minimising Fg for frames 140
(left column) and 141 (right column). Colour corresponds to the
radius (um) of the fitted surface. The top row depicts S7 in a top
view.

equivalent to the Hilbert-Schmidt norm (24) is used, we prefer to compare with the
same definition and the same regularisation parameters. Figure 12 visualises the
optical flow computed for the static spherical geometry with the same regularisation
parameters as in Fig. 10.

6. Conclusion. With the goal of efficient cell motion analysis we considered optical
flow on evolving surfaces. As a prototypical example we restricted ourselves to
surfaces parametrised from the round sphere and showed that 4D microscopy data
of a living zebrafish embryo can be faithfully represented in this way. In contrast
to previous works, where only a section of the embryo or a spherical approximation
was considered, our approach fully attributes the geometry and models the embryo
as a closed surface of genus zero. The resulting energy functional was solved by
means of a Galerkin method based on vector spherical harmonics. Moreover, the
parametrisation of the moving sphere-like surface was obtained from the data by
solving a surface interpolation problem. Scalar spherical harmonics expansion allows
to easily meet the smoothness requirements of the surface. Finally, we conducted
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FIGURE 9. Tangent vector field minimising &£,. Depicted is the
colour-coded optical flow field computed between frames 140 and
141 for different values of a. The bottom row differs from the top
view by a rotation of 180 degrees around the z3-axis. From left to
right: a) a =1072,b) a =107, ¢) a =1, and d) a = 10.

several experiments based on said microscopy data. Our results show that cell
motion can be indicated reasonably well by the proposed approach.
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Appendix. It remains to give the calculations regarding the piecewise linear ap-
proximations of vector spherical harmonics on S7. Both equations in Prop. 1 follow
directly by expanding the definitions of the tangential vector spherical harmon-
ics (29). For the fist identity, that is (51), we have

Ny
52 = A2V = A2 S V() Ve
j=1

The second identity, that is (52), follows from the fact that

<~ 81X,» X 82Xi
2Ty = 0 x x|, Ny = S22
‘ | | X 2% | |61Xi X 82Xi|
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by application of the vector triple product rule, yielding

i = A Ve T x K
81){1‘ X 82)(1'

=\ V2V, x —— 2T
" S’Zl h X |81Xi X 82Xi|

= o ((V‘gZYh . ngi)alxi — (Vs}zbffh . alxi)(?gxi),
from the definition of the interpolation (50) of Yy, and the directional derivative (9)
on the triangular face, that is
Ny,

VSﬁ?h . 8kxi = Z Y(’Uj)ak(pj.

j=1



300 300
150 150

0 0
-150 -150
-3004 a -300

(1

(2]
(3]
(4]

(5]

(6]
(7
(8]
(9

OPTICAL FLOW ON EVOLVING SPHERE-LIKE SURFACES 31

T T T T T T T T T T T
-300 -150 0 150 300 -300 -150 0 150 300

300 300
.
A
150 150
0 - 0]
-150- y -150
y ‘ |
-300 \ﬂ -300 \)
T T T T T T T T T T
-300 -150 0 150 300 -300 -150 0 150 300

FIGURE 11. From left to right, top to bottom: a) colour-coded
surface velocity V, b) signed norm sign(8,5)|| V||, ¢) optical flow ¥
for @ = 1, and d) total motion M = V+%. Values are computed for
the interval between frames 140 and 141. All surfaces are depicted
in a top view.

References

F. Amat, W. Lemon, D. P. Mossing, K. McDole, Y. Wan, K. Branson, E. W. Myers, and P. J.
Keller. Fast, accurate reconstruction of cell lineages from large-scale fluorescence microscopy
data. Nat. Meth., 11(9):951-958, 2014.

F. Amat, E. W. Myers, and P. J. Keller. Fast and robust optical flow for time-lapse microscopy
using super-voxels. Bioinformatics, 29(3):373-380, 2013.

K. Atkinson and W. Han. Spherical Harmonics and Approximations on the Unit Sphere: An
Introduction, volume 2044 of Lecture Notes in Mathematics. Springer, Heidelberg, 2012.

G. Aubert, R. Deriche, and P. Kornprobst. Computing optical flow via variational techniques.
SIAM J. Appl. Math., 60:156-182, 1999.

G. Aubert and P. Kornprobst. Mathematical problems in image processing, volume 147 of
Applied Mathematical Sciences. Springer, New York, 2 edition, 2006. Partial differential equa-
tions and the calculus of variations, With a foreword by Olivier Faugeras.

S. Baker, D. Scharstein, J. P. Lewis, S. Roth, M. J. Black, and R. Szeliski. A database and
evaluation methodology for optical flow. Int. J. Comput. Vision, 92(1):1-31, November 2011.
M. Bauer, M. Grasmair, and C. Kirisits. Optical flow on moving manifolds. SIAM J. Imaging
Sciences, 8(1):484-512, 2015.

M. Botsch, L. Kobbelt, M. Pauly, P. Alliez, and B. Lévy. Polygon Mesh Processing. A K
Peters, 2010.

M. P. do Carmo. Differential Geometry of Curves and Surfaces. Prentice-Hall, 1976.



32 OPTICAL FLOW ON EVOLVING SPHERE-LIKE SURFACES

300?
150-§
-150%

-300

-300  -150 0

300

-
-

150 1
-150

-300

300
150%
-1502

-300

300

150

-150

-300

-300

-150 0 150 300

. v

-300  -150 0

150

300

-300

-150 0 150 300

FIGURE 12. Top view of the optical flow field computed on a static
spherical geometry. The same values of « as in Fig. 10 were used.

[10] M. P. do Carmo. Riemannian Geometry. Birkhduser, 1992.

[11] L. C. Evans and R. F. Gariepy. Measure theory and fine properties of functions. Studies in
Advanced Mathematics. CRC Press, Boca Raton, FL, 1992.

[12] W. Freeden and M. Schreiner. Spherical functions of mathematical geosciences. A scalar,
vectorial, and tensorial setup. Berlin: Springer, 2009.

[13] D. Gilbarg and N. Trudinger. Elliptic Partial Differential Equations of Second Order. Classics
in Mathematics. Springer Verlag, Berlin, 2001. Reprint of the 1998 edition.

[14] E. Hebey. Sobolev Spaces on Riemannian Manifolds, volume 1635 of Lecture Notes in Math-

ematics. SV, Berlin, 1996.

[15] E. Hebey. Nonlinear analysis on manifolds: Sobolev spaces and inequalities. Courant Lecture
Notes in Mathematics. New York University, Courant Institute of Mathematical Sciences,
New York; American Mathematical Society, Providence, RI, 1999.

[16] K. Hesse, I. H. Sloan, and R. S. Womersley. Numerical integration on the sphere. In
W. Freeden, M. Z. Nashed, and T. Sonar, editors, Handbook of Geomathematics, pages 1187—

1219. Springer, 2010.

[17] M. W. Hirsch. Differential topology, volume 33 of Graduate Texts in Mathematics. Springer-

Verlag, New York, 1994.

[18] B. K. P. Horn and B. G. Schunck. Determining optical flow. Artificial Intelligence, 17:185-203,

1981.



19]

20]
(21]

(22]

23]
[24]
[25]
[26]
27)

(28]

29]

(30]

(31]

(32]

33]

34]

(35]
(36]

(37)

(38]
(39]

[40]

OPTICAL FLOW ON EVOLVING SPHERE-LIKE SURFACES 33

A. Imiya, H. Sugaya, A. Torii, and Y. Mochizuki. Variational analysis of spherical images. In
A. Gagalowicz and W. Philips, editors, Computer Analysis of Images and Patterns, volume
3691 of Lecture Notes in Computer Science, pages 104—111. Springer Berlin, Heidelberg, 2005.
P. J. Keller. Imaging morphogenesis: Technological advances and biological insights. Science,
340(6137), 2013.

C. B. Kimmel, W. W. Ballard, S. R. Kimmel, B. Ullmann, and T. F. Schilling. Stages of
embryonic development of the zebrafish. Devel. Dyn., 203(3):253-310, 1995.

C. Kirisits, L. F. Lang, and O. Scherzer. Optical flow on evolving surfaces with an application
to the analysis of 4D microscopy data. In A. Kuijper, K. Bredies, T. Pock, and H. Bischof,
editors, SSVM’13: Proceedings of the fourth International Conference on Scale Space and
Variational Methods in Computer Vision, volume 7893 of Lecture Notes in Computer Science,
pages 246—257, Berlin, Heidelberg, 2013. Springer-Verlag.

C. Kirisits, L. F. Lang, and O. Scherzer. Decomposition of optical flow on the sphere. GEM.
Int. J. Geomath., 5(1):117-141, 2014.

C. Kirisits, L. F. Lang, and O. Scherzer. Optical flow on evolving surfaces with space and
time regularisation. J. Math. Imaging Vision, 52(1):55-70, 2015.

J. M. Lee. Riemannian manifolds, volume 176 of Graduate Texts in Mathematics. Springer-
Verlag, New York, 1997. An introduction to curvature.

J. M. Lee. Introduction to Smooth Manifolds, volume 218 of Graduate Texts in Mathematics.
Springer, New York, 2 edition, 2013.

J. Lefevre and S. Baillet. Optical flow and advection on 2-Riemannian manifolds: A common
framework. IEEE Trans. Pattern Anal. Mach. Intell., 30(6):1081-1092, June 2008.

S. G. Megason and S. E. Fraser. Digitizing life at the level of the cell: high-performance laser-
scanning microscopy and image analysis for in toto imaging of development. Mech. Dev.,
120(11):1407-1420, 2003.

C. Melani, M. Campana, B. Lombardot, B. Rizzi, F. Veronesi, C. Zanella, P. Bourgine,
K. Mikula, N. Peyriéras, and A. Sarti. Cells tracking in a live zebrafish embryo. In Proceed-
ings of the 29th Annual International Conference of the IEEE Engineering in Medicine and
Biology Society (EMBS 2007), pages 1631—1634, 2007.

V. Michel. Lectures on constructive approximation. Fourier, spline, and wavelet methods on
the real line, the sphere, and the ball. New York, NY: Birkhéuser, 2013.

T. Mizoguchi, H. Verkade, J. K. Heath, A. Kuroiwa, and Y. Kikuchi. Sdfl/Cxcr4 signaling
controls the dorsal migration of endodermal cells during zebrafish gastrulation. Development,
135(15):2521-2529, 2008.

M. A. Penna and K. A. Dines. A simple method for fitting sphere-like surfaces. IEEE Trans.
Pattern Anal. Mach. Intell., 29(9):1673-1678, September 2007.

P. Quelhas, A. M. Mendonga, and A. Campilho. Optical flow based arabidopsis thaliana root
meristem cell division detection. In A. Campilho and M. Kamel, editors, Image Analysis and
Recognition, volume 6112 of Lecture Notes in Computer Science, pages 217-226. Springer
Berlin Heidelberg, 2010.

B. Schmid, G. Shah, N. Scherf, M. Weber, K. Thierbach, C. Campos Pérez, I. Roeder, P. Aan-
stad, and J. Huisken. High-speed panoramic light-sheet microscopy reveals global endodermal
cell dynamics. Nat. Commun., 4:2207, 2013.

Ch. Schnérr. Determining optical flow for irregular domains by minimizing quadratic func-
tionals of a certain class. Int. J. Comput. Vision, 6:25-38, 1991.

T. Schuster and J. Weickert. On the application of projection methods for computing optical
flow fields. Inverse Probl. Imaging, 1(4):673-690, 2007.

A. Torii, A. Imiya, H. Sugaya, and Y. Mochizuki. Optical Flow Computation for Compound
Eyes: Variational Analysis of Omni-Directional Views. In M. De Gregorio, V. Di Maio,
M. Frucci, and C. Musio, editors, Brain, Vision, and Artificial Intelligence, volume 3704
of Lecture Notes in Computer Science, pages 527—-536. Springer Berlin, Heidelberg, 2005.

H. Triebel. Theory of function spaces. II, volume 84 of Monographs in Mathematics.
Birkhauser Verlag, Basel, 1992.

R. M. Warga and C. Niisslein-Volhard. Origin and development of the zebrafish endoderm.
Development, 126(4):827-838, February 1999.

J. Weickert, A. Bruhn, T. Brox, and N. Papenberg. A survey on variational optic flow methods
for small displacements. In O. Scherzer, editor, Mathematical Models for Registration and
Applications to Medical Imaging, volume 10 of Mathematics in Industry, pages 103-136.
Springer, Berlin Heidelberg, 2006.



34 OPTICAL FLOW ON EVOLVING SPHERE-LIKE SURFACES

[41] J. Weickert and Ch. Schnérr. A theoretical framework for convex regularizers in PDE-based
computation of image motion. Int. J. Comput. Vision, 45(3):245-264, 2001.

[42] J. Weickert and Ch. Schnorr. Variational optic flow computation with a spatio-temporal
smoothness constraint. J. Math. Imaging Vision, 14:245-255, 2001.

Received xxxx 20xx; revised xxxx 20xx.

E-mail address: lukas.lang@ricam.oeaw.ac.at
E-mail address: otmar.scherzer@univie.ac.at


mailto:lukas.lang@ricam.oeaw.ac.at 
mailto:otmar.scherzer@univie.ac.at

	1. Introduction
	1.1. Contributions
	1.2. Related Work

	2. Notation and Background
	2.1. Sphere-Like Surfaces
	2.2. Vectorial Sobolev Spaces on Manifolds
	2.3. Spherical Harmonics

	3. Optical Flow on Evolving Surfaces
	3.1. Generalised Optical Flow
	3.2. Variational Formulation

	4. Numerical Solution
	4.1. Finite-dimensional Projection
	4.2. Rewriting the Optimality Conditions
	4.3. Surface Parametrisation
	4.4. Numerical Approximation

	5. Experiments
	5.1. Microscopy Data
	5.2. Preprocessing and Surface Data Acquisition
	5.3. Visualisation of Results
	5.4. Results

	6. Conclusion
	Acknowledgments
	Appendix
	References

