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INFLUENCE OF DIMENSION ON THE CONVERGENCE OF LEVEL-SETS IN
TOTAL VARIATION REGULARIZATION *

Jost A. IGLESIAS' AND GWENAEL MERCIER 2

Abstract. We extend some recent results on the Hausdorff convergence of level-sets for total variation
regularized linear inverse problems. Dimensions higher than two and measurements in Banach spaces
are considered. We investigate the relation between the dimension and the assumed integrability of
the solution that makes such an extension possible. We also give some counterexamples of practical
application scenarios where the natural choice of fidelity term makes such a convergence fail.

Résumé. Nous étendons des résultats récents sur la convergence Hausdorff des lignes de niveau pour
des problémes inverses linéaires régularisés avec la variation totale. Nous étudions la nécessaire relation
entre la dimension de l'espace ambiant et I’hypothese d’intégrabilité de la solution qui rend cette
extension possible. Nous donnons aussi des contre exemples d’applications ou le choix naturel de
l’attache aux données fait échouer ce mode de convergence.
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1. INTRODUCTION

In a few recent papers, several results have been shown linking the source condition for convex regularization
introduced in [18] to the convergence in Hausdorff distance of level-sets of total variation regularized solutions of
inverse problems, as the amount of noise and the regularisation parameter vanish simultaneously. Such a mode
of convergence, although seldom used, is of particular interest in the context of recovery of piecewise constant
coefficients as well as in the processing of images composed mainly of objects separated by clear boundaries.
In these situations, Hausdorff convergence of level-sets can be seen as uniform convergence of the geometrical
objects appearing in the data.

To be more specific, in [20] such a convergence is obtained for the denoising problem in the entire plane with
L2 fidelity term, and in [24] the authors extend the result to bounded domains and to general linear inverse
problems. These results have two common features. First, they are written in a Hilbert space framework,
allowing to easily study the convergence of dual solutions. Second, the analysis is performed in the plane where
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this Hilbert framework corresponds to the optimal scaling where weak regularity for level-sets as well as good
behavior at infinity can be proved, both of them being related to equi-integrability of these dual solutions locally
or at infinity.

In [16], similar results are obtained in the setting of imperfect forward models, with measurements in L>°
and where an L' norm term is added to the regularization. There, it is assumed that the operators are bounded
from L! in a bounded domain (¢ = 1 in the notation below), a case that we do not treat since then boundedness
in (L1)* = L directly implies equi-integrability in L? for any p.

Our aim is to extend this type of result to different choice of integrability and measurements made in more
general Banach spaces. We will see that this extension requires some particular choices of these ingredients,
and present some positive results as well as counterexamples.

More precisely, we study convergence, as the positive regularization parameter o and the noise w simultane-
ously vanish, of level-sets of minimizers of

1
inf 7||Au - f + w”({/ =+ OéTV(’LL), (Pa,w)
u€L1(Q) O

with ¢, > 1 and Q C RY, d > 1. We assume ¢ < d/(d — 1), which implies that the conjugate exponent
qd =4q/(qg—1) > d. Here A : L%(Q) — Y is linear bounded, where Y is a locally uniformly convex Banach
space, with dual Y* which is also assumed to be uniformly convex and with modulus of uniform convexity of
power type 7 < o/, where ¢/ = o /(0 — 1) (see Definition 1.1 and Proposition 1.6). The power o > 1 allows for
natural choices of data term depending on the space Y, beyond the case of Hilbert space where o = 2.

1.1. Preliminaries
A few results on geometry of Banach spaces.
We begin by making precise our requirements for the measurement space Y.

Definition 1.1. Let ¢ : Y — R be a convex function. We say that ¢ is locally uniformly convez if for any
f €Y, there exists a nondecreasing real function h£ > 0 such that for every g € Y with g # f and 0 <t < 1,

S ((L—t)f +1tg)) < (L—t)o(f) + to(g) — t(1 —t)nd (If — gllv) - (1)

The function ¢ is called (globally) uniformly convex [13, Chapter 5.3] if there exists a nondecreasing hy > 0
such that for all f #g €Y and 0 <t < 1 we have

(L =t)f +1t9)) < (L =0)¢(f) +td(g) —t(1 = )hg (If —gllv) - (2)

Furthermore, if two functions hg, he satisfy (2), then the function s — max(hg(s), he(s)) does too, so there is

a largest such function that we denote by J, and call the modulus of uniform convexity of ¢. If §4(c) > Ce?

for some C' > 0, p > 1 and all € > 0, we say that this modulus of uniform convexity is of power type p.
Moreover, the function ¢ is said to be strictly convexr when for all f,g € Y with f # g and 0 < ¢t < 1 we have

¢ (L =t)f +1g9)) < (1 =1)o(f) + t(9). (3)

Clearly, uniform convexity is stronger than local uniform convexity, which in turn implies strict convexity.

The main quantitative result about uniformly convex functions that we will use is the following uniform
monotonicity inequality for subgradients:

Lemma 1.2. Let ¢ : Y — R be a convex function with modulus of uniform convexity o4, and denote by
00(f) C Y* the subgradient of ¢ at f. Then, if vy € 0¢(f) and vy € 0¢(g) we have the uniform monotonicity
inequality

(05 =g £ =) vy = 205 (I —glly) (4)
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Proof. Since vy € 0¢(f) we can write for each 0 <t <1

O) + (g, 10— F)iyeyy SO + 1o = 1)) = 6((1 = 1) + 1) 5
< (L=1D)6(F) +t6(g) — 1 = D35(1f — gliv),

or
Er, 9= Pyey, < 10(9) = t6(F) — H(1 = 35(1f = glly),
in which we can divide by ¢ and take the limit as ¢ — 0 to obtain

8(9) > 0(F) + (5, 9~ F) oy vy + Ss(1F — gllv). (6)
Similarly, for v, we get

B > 6(0) + (tgr £ — gy + 061 — gllv), ™)
and using (6) in (7) we get (4). O

The uniform convexity notions of Definition 1.1 give rise to analogous ones for Banach spaces through their
norms [26, Def. 5.3.2, Thm. 5.2.5]:

Definition 1.3. A Banach space Y is said locally uniformly convex (resp. (globally) uniformly convex, strictly
convex) if (1) (resp. (2), (3)) hold for f, g belonging to the unit sphere and ¢ is the norm of Y. The modulus
of uniform convexity of Y is the corresponding J. for such points.

The uniform convexity of Y and Y* that we assume is arguably not a strong restriction, since it is satisfied
by many natural spaces arising in the study of inverse problems for physical models (see [15, Prop. 11.12] for
quotients, [2, Thm. 3.9 and Thm. 3.12] for duals of Sobolev spaces, [36, Example 2.47] for the power types
and [23] for the precise moduli of LP).

Proposition 1.4. Let 1 < p < oo, p' =p/(p—1) and Q C RY an open set.

o The space of sequences £P is uniformly convex, and in consequence so is the dual space o'

e The space LP(Q) is also uniformly convez, as is the dual L' ().

e Sobolev spaces WFP(Q). Since they can be isometrically embedded in LP(Q;RN) for some N, they are
uniformly conver. The representation theorem for (W5P(Q))* as a subspace of LP (Q;RN) implies that
it is also uniformly convex. Similarly, W’S’p(Q) and its dual W—F?' () are also uniformly convez.

e The modulus of uniform convexity of the canonical norms of these spaces are of power type max(p,2)
or max(p’,2), respectively.

o Quotients of uniformly convex spaces by closed subspaces are again uniformly convex.

Example 1.5. While not apparent in the previous list, the uniform convexity of Y and of Y* are independent
of each other. As a simple example, consider R? with the norm defined for (z,y) € R? by

Iz, y)lle = sup{A > 0| (A\z, Ay) € C}
induced (all norms in R? are of this form, see [32, Thm. 15.2]) by the closed convex symmetric set
Ci={(z,9) [¥(z) +¢(y) <1},
where ¢ is the Huber function of parameter 1/2 defined by
YR — RTU{0}

L if |t] <
Lt -1) if ¢ >
2 4

N D=
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FIGURE 1. The unit ball C' of Example 1.5 and its polar C°, the unit ball of the dual space.
The duality between uniform convexity and uniform smoothness also brings some intuition on
uniform convexity of Y* being required for differentiability of | - [|%-.

Now, the corresponding dual norm is induced [32, Thm. 15.1] by the polar set C° of C defined by
C°={(z,9) |3z +gy < 1forally € C},

so we can denote it by || - ||co. In view of the definition of C°, it is easy to convince oneself that || - ||ce is
uniformly convex; roughly, the influence of the rounded corners of C' will prevent the facets of C° from being
completely flat, see Figure 1. However, || - ||¢ is clearly not uniformly convex. In fact, for norms in a Banach
space the dual property to uniform convexity is uniform smoothness (in the sense that the limit defining the
Fréchet derivative exists uniformly in the point and direction taken) [13, Prop. 5.1.18 and Cor. 5.1.21] and since
Y. € CL, || - ||o is uniformly smooth, which implies uniform convexity of || - ||co.

Since we consider Fenchel duality for the minimization problem (P, ,,), we will need the duality mapping of

Y, that is defined as
j:Y—>Y”®

1
s (3118 @
where, as before, 0 denotes the subgradient. Note that j is one-homogeneous. We make use of the following

topological properties of Y and its dual (for the proofs, see [13, Ex 5.3.11, Thm. 5.4.6], [36, Cor. 2.43], [15, Thm.
3.31] [37, Prop. 32.22] and [26, Thm. 5.3.7]).

(8)

Proposition 1.6. Let Y be a Banach space. Then

o IfY is uniformly convex, the function || - ||} is uniformly convex on bounded sets for any p > 1. If
additionally the modulus of uniform convexity of the norm of Y is of power type T, then || - |5 is globally
uniformly convex for allp > 7 .

e Fvery uniformly convex Banach space is also reflexive, by the Milman-Pettis theorem.

o If Y™ is strictly converx, the duality mapping j is single valued and the map %H |13 is Gateauz dif-
ferentiable on Y \ {0} with derivative j. If Y* is locally uniformly convez, then it is in fact Fréchet
differentiable. Moreover, if Y is also locally uniformly convez, j is invertible with inverse the duality
mapping of Y* .

o IfY islocally uniformly convez, it has the Radon-Riesz property, that is if y, — y is a weakly convergence
sequence in' Y and if ||yn|ly — llylly, then the convergence is strong.

Perimeters and curvatures in a nonsmooth framework.

In the rest of the article, we deal with convergence in the Hausdorff distance of the level-sets of minimizers
of (Py,w). Let us define this mode of convergence:
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Definition 1.7. Let E and F' two subsets of €). The Hausdorfl distance between E and F' is defined as

d(E, F) = max {Sup d(z, F), sup d(y, E)}

reER yeF
= max { sup inf |z —y|, sup inf |z —y|p.
rcE YEF yeF reE

If £, is a sequence of subsets of {2, we say that E,, Hausdorff converges to F' whenever dy(E,,, F') — 0.

The minimizers of (P,,.,) belong to the space of functions of bounded variation, which has a strong relation
with properties of their level-sets:

Definition 1.8. A function u € L _(R%) is said to be of bounded variation (or belonging to BV(R?)) if its

loc
distributional derivative is a Radon measure with finite mass, which we denote by TV (u). Equivalently, when

TV (u) := [Du|(R?) = sup {/ udivz de
R

d

z € CPRY; RY), ||zl (ray < 1} < +00. (9)

We say that a set E is of finite perimeter if its characteristic function 1g is of bounded variation. In that
case the perimeter is defined as
Per(E) := TV(1g).
Conversely, we can recover the total variation of a function v € BV(R?) with compact support from the
perimeter of its level-sets through the coarea formula [5, Thm. 3.40]

TV(u) = /00 Per({u > s})ds = /00 Per({u < s})ds. (10)

— 00 — 00

The main geometric tool used in the rest of the article is the isoperimetric inequality for sets of finite perimeter
in R (see [25, Thm. 14.1], for example):

Proposition 1.9. Let E C R? be a set of finite perimeter with |E| < +oo. Then we have

Per(E Per(B(0, 1 -
erilij > 04, where O4 := er(i(o,dl) = d|B(0, 1)|$ =dT Per(B(0, 1))%, (11)
B B,

and equality holds if and only if |[EAB(x,7)| = 0 for some x € R and r > 0.
We will also use extensively the notion of variational (mean) curvature, defined as follows:
Definition 1.10. Let E be a subset of R? with finite perimeter. E is said to have variational mean curvature

x if E minimizes the functional

F|—>Per(F)—/ K.
F

There is no uniqueness of the variational curvatures of a set. In fact, one can show that if k is a variational
mean curvature for E, then for f > 0in E and f < 0in R%\ E, x + f is also a variational mean curvature for
E. Nevertheless, in [9], specific variational curvatures with particular desirable properties are introduced. Let
us briefly sketch their construction:

Proposition 1.11 ( [9, Thm. 2.1]). Let E be of finite perimeter in R? and for A > 0, h € LY(R?) with h > 0
and E) be a minimizer of

F|—>Per(F)—/\/ h (12)
F
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among ' C E. Then, for A < p, Ex C E, up to a set of Lebesgue measure zero. That allows to define, for
T € F,
kg(x) :=1inf{\(zx) >0 | x € E\}. (13)

One can similarly define kg outside E by stating
kg(z) = —kpa\g(T) forz € R\ E.

As built, kg is a variational mean curvature for E. It minimizes the L*(R?) norm among variational curvatures,
with ||'L‘3E||L1(]Rd) = QPGT(E) .

Remark 1.12. The appearance of the density h € L!(R?) is required for £z to be well defined, since otherwise
the functionals (12) would not be bounded below. Unfortunately, the curvatures obtained are not independent
of h, even if their L'(R%)-norm is optimal for each h. However, if E is bounded we are allowed to choose
h(z) =1 for all z in E or even in its convex envelope. The curvature obtained for such an h minimizes all the
LP(F) norms for 1 < p < 400, and its values on E are uniquely defined by this minimizing property [9, Thm.
3.2]. Consequently, there is a canonical choice for the variational curvature kg inside E, and in the rest of the
article we will use specific values of these variational curvatures only inside their corresponding sets.

Example 1.13. Following Proposition 1.11 with h(z) = 1, r)(x) + led Iga\ B(o,r) (), the ball B(0, R) in R¢
has a curvature
i |
k() R B(0,R) () 2] R4\ B(0,R) (7).
We can show this by noting that for A > 0, a minimizer of F' — Per(F) — A F| among F' C B(0,R) is 0 for
A < 4 and B(0, R) for A > 4. Similarly, minimizers of

F +— Per(F) —)\/ h(z)dz
F

1
among F' D B(0,R) are B(0,r) with r = (ﬁ) “" | which taking into account h as in (13) gives the second

part of k.

For further information about functions of bounded variation and sets of finite perimeter, see [5,25]. An
overview on variational curvatures and their interplay with the regularity of 9E can be found in [22].

1.2. Organization of the paper

We first present an example of noisy data for total variation denoising in the three-dimensional space in
which the level-sets of the regularized solutions do not converge in Hausdorff distance to those of the noiseless
data, regardless of the parameter choice used.

Motivated by this example, we study the existence and convergence of minimizers of the regularized problem
(Pa,w) while keeping the dimension and integrability as general as possible. We compute then the dual problem
and find that in the noiseless case its solutions strongly converge under the assumption of the standard source
condition, and then study the effect of the noise by proving a quantitative stability estimate for these dual
solutions.

Next, we see how the convergence of the dual solution and a parameter choice inequality arising from the
stability estimate imply uniform weak regularity on the level-sets of the primal minimizers. Under the assump-
tion of their compact support, this regularity makes equivalent the strong convergence of the primal minimizers
in L' and the Hausdorff convergence of their level-sets.

We then explore whether this compact support can be derived from the problem itself. This turns out to be
only possible for the exponent appearing in the Sobolev embedding of the space of bounded variation functions
in the whole d-dimensional space.
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Finally, we see how the previous analysis allows us to obtain analogous results in reasonable bounded domains,
with Dirichlet or Neumann boundary conditions.

2. THE DIMENSION MATTERS: ROF DENOISING IN 3D

We begin by justifying the need of generality in our formulation by showing through a counterexample that
convergence of level-sets of minimizers of (P,,.,) does not necessarily hold when A = Id, ¢ = ¢ = 2 and
d = 3. This corresponds to an straightforward extension to three dimensions of the Rudin-Osher-Fatemi (ROF)
denoising model [34], a choice that has been made in some works, for example [11].

We recall that the level-set {u > s} of value s of the ROF solution « for some data f minimizes the functional

E — aPer(E) — /Ef — s, (14)

which can be easily proved using the coarea formula (10).

The functions in our counterexample will be linear combinations of characteristic functions of two balls, so
we begin by showing that in some situations the three-dimensional ROF problem can be solved explicitly for
such data.

Lemma 2.1. Assume that f is of the form

f = CllB(O,rl) + 6213(370,1"2)7

with ¢1,co > 0 as well as r1,79 > 0. Then there is a constant D (depending on r1,72) such that if |xg| > D the
level-sets Eg := {u > s} of ROF denoising satisfy Es C B(0,71) U B(xg,r2) for each s = 0.

Proof. Without loss of generality, we may assume that o = 1, the other cases being obtained by rescaling of f
and s.

First, using the symmetry of revolution of the problem along the axis defined by the origin and x¢ and its
strict convexity, we have that the unique solution of the ROF problem also possesses this symmetry, implying
that each E has the same symmetry.

Then we notice that because f —s € L.> we may apply regularity theorems for A-minimizers of the perimeter
[25, Thm. 26.3] to obtain that the boundaries E; are in fact C1® surfaces for a@ < 1/2.

On the other hand, since F; minimize (14) we have that Es must be contained (up to a set of measure zero)
in Ey. Indeed, by minimality of each set, we have

Per(E;) — / f—s < Per(EsNEy) — / f—s, and
E, E

<NFo (15)
Per(Ey) — f < Per(E; U Ey) — / f.
Eo E.UE,
Summing these inequalities, using the inequality (see [25, Lem. 12.22])
Per(E; N Ey) + Per(E; U Ey) < Per(Es) + Per(Ey) (16)

and linearity of the integrals, we end up with s|Fs \ Ep| < 0, so that |E;s \ Eyg] = 0. Combining with this fact
with the regularity, we only need to prove the claim for Ey.

Moreover, since connected components of Ey are also minimizers of (14), we may also assume that Fy is
connected. We can distinguish three cases: FEy could intersect neither B(0,r1) nor B(zg,r32), one of them, or
both.

The first case cannot happen, since if Ej is nonempty, it must intersect either B(0,r1) or B(zg,r2). To prove
this claim, assume otherwise and notice that since Ey minimizes (14), it admits f as a variational curvature.
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Since f > 0 and f = 0 on Ey by assumption, we would have that Ey also admits the zero function as a
variational curvature, making it an absolute minimizer of perimeter in R3, which can only be the empty set or
the whole R3.

For the second case we have that if Ey intersects one of the balls (assumed to be B(0,71) without loss of
generality) but not the other, then it must contain the whole B(0,r1). To prove this, we note that by the
computation in Example 1.13, B(0,r1) admits an optimal variational curvature such that

3 Per(B(0,r7)
KB(O,Tl)lB(O,Tl) = 7113(0,7‘1) = |B(O, T1)| 13(0,7‘1)'
As before, we can use optimality to write
Per(B(0,71)) — / KB(0,r) < Per(B(0,r1) N Ey) — / KB(0,r), and
B(Orrl) B(O,Tl)ﬂEo

Per(Eo) — f g Per(B(O,rl) U Eo) - / f,
Ey B(O,’I‘l)UEo

which leads to

(= 2) 1B0.r0) \ Bol <0,

™
so as long as ¢; > 3/ry, we have that B(0,71) C Ey. We are left with the case ¢; < 3/r1, for which we will need
the isoperimetric inequality (11) that can be written as

1/3
3

Per(Ey) = Per(B(0,79)), with ro = <4|E0|> ) (18)
T

with equality only when Ej is a ball of radius rg. Now, if |Eg| > |B(0,71)| (or equivalently ro > r1) then we
must have B(0,71) C Ey, since otherwise we would have

Per(Fy) — : f > Per(B(0,79)) — ¢1|B(0,71)| = Per(B(0, 7)) — /B(O )fa

contradicting minimality of Eq in (14). If on the other hand r1 > ro, we obtain

Per(Ey) — / f =Per(Ey) — c1|Eo N B(0,71)]
Eq
2 Per(B(O,ro)) — Cl|Eo|

3
> Per(B(0,r0)) — T—1|E0\

3 /4
T S
o " (37’(’7’0)

= 47 <1 - TO) > 0,
T1

(19)

and this computation contradicts minimality of Ejy, since it implies that it has strictly higher energy in (14)
than the empty set.

Therefore, we end up with B(0,71) C Ey but Eg N B(xg,72) = . We must in fact have Ey = B(0,7), since
otherwise the isoperimetric inequality (18) would imply that B(0, r1) has a smaller perimeter than Fy and, since

f}EO\B(O,rl) = 0, also strictly lower energy in (14).
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Finally we are left with the third case, in which Ej is connected and intersects both balls. Using the symmetry
and regularity, we have that 9Eq \ (0B(0,7r1) U dB(z0,72)) contains a minimal surface (of class C1%, as before)
which is bounded by circles contained on planes orthogonal to zy and of radius less than or equal to r; and
ro respectively. In fact, Schauder regularity theorems for elliptic equations can be used to obtain that this
surface is C* [25, Thm. 27.3]. We can then conclude that this situation is impossible by applying classical
results on necessary conditions for the existence of minimal surfaces bounded by planar curves (circles, in this
case) [28,29]. O

Remark 2.2. The articles [28,29] are likely the first in the direction of understanding from which distance
D any minimal surface spanning two orthogonal circles of radii 71 and ro cannot be connected, providing
D < 3max(rq,r2), while the more recent [33] improves the bound to D < 2max(ry,72).

Remark 2.3. A closer examination of the arguments above shows that we have actually proved that each
connected component of Ey equals either B(0,r1) or B(xg,72). In fact, the arguments used for components
that only intersect one ball also extend to components of E, with s > 0 by just replacing ¢; by ¢; — s, so that
in fact each connected component of E, equals either B(0,71) or B(xzg, ).

Remark 2.4. In fact, Lemma 2.1 can be proved without making use of the strong C'“ regularity. After
developing the weak regularity tools that it requires, we will present in Section 5 a self-contained proof of this
lemma, with the only price to pay being a worse control on D.

Example 2.5. Assume that Q C R? is bounded. In this situation, we consider denoising of the function
J =1p(o,1) and a family of perturbations

Wy := CnlB(ag,r,)s With 2o = (3,0,0) and 7, < 1.
4r 2.3

Notice that ||wy||Lz = (?cnrn)l/? By Lemma 2.1 and Remark 2.3 we can compute the solution of (Py, )
explicitly in this case, which will necessarily be of the form

Up = bnlB(O,l) + SnlB(mo,rn)v

+ +
b, = (1 — San> , and s, = (cn — San> .
2 2ry,

The goal is then to show that there is a choice of ¢, and 7, such that |Jw,||r2 goes to zero fast enough, but for
which s,, does not vanish, so the perturbation appears in the level sets of the denoised function.

In [24] Hausdorff convergence of level-sets was proved under the condition ||w., || 2/a, < C. In the limit
case a, = Cllwy||L2, then it suffices to choose 7, = 1/n and ¢, = n, in which case we have ||w,| L2 = C/v/n,
an, = C/+/n, and s, =n — Cy/n, as required.

One could think that by applying more aggressive regularization (a case still covered in the condition
lwnl|L2/am < C) convergence of level-sets could be restored. In fact, this is not the case. To see this, as-
sume that we are given a strictly increasing function f(¢) < ¢, with f(0) = 0. Then we can choose

and optimality provides

2

2 1 1

ap=—, cp = ———5 +1, andrn:f() .
) "

With this choice, we have ¢, > n+ 1 and s,, = 1, preventing convergence of the level-sets corresponding to
values less than one. Furthermore, if n is large enough so that 1/n+ f(1/n) < \/3/(47) we also have

2
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Since f was arbitrary among sublinear functions, the resulting sequences w,, ‘defeat’ any sensible parameter
choice rule based on the L? norm used in the data term.

In the sequel we will see that convergence can be restored for domains of any dimension, if the error is
measured in an adequate LY space with g # 2.

3. CONVERGENCE OF PRIMAL AND DUAL SOLUTIONS

We start by studying existence of minimizers for (P, ) and their convergence, the dual problem, and
convergence of the corresponding dual solutions.

Proposition 3.1. Assume there is at least one solution uy of Au = f with TV (ug) < 400, and that either
qg=4d/(d—1) or Q is bounded. Then the problem (Pu ) possesses at least one minimizer. If A is injective, the
MINIMIzZer 1S Unique.

In addition, if oy, — 0 and w, € Y are such that ||wy||§ /o is bounded, and if u, are minimizers of

. 1 -
uelLI}Jf&Q) ;HAU - f =+ wn”Y + O‘nTV(u)a

then we have (up to possibly taking a subsequence) the weak convergence u, — u' in Ld/(d_l)(Q), where u' is
a solution of Au = f of minimal total variation among such solutions. Furthermore, if ¢ < d/(d — 1), we also
have u,, — u' in the (strong) LL (RY) topology.

loc

Proof. For the existence statement, let (uz) be a minimizing sequence. Since u; € L?(RY), we have that
ur € Li _(R?), so the Sobolev inequality for BV functions [5, Thm. 3.47] provides us with constants c¢; such

loc

that

ke = crll g2y oy < CTV (un),
and we must have ¢, = 0 since up € LY(RY). The u; being a minimizing sequence, TV (uz) is bounded so
using a standard compactness result in BV [5, Thm. 3.23] and the Banach-Alaoglu theorem we obtain that wuy,
converges (up to possibly taking a subsequence) weakly in L% (¢~ (R?) and strongly in L} (R?) to some limit
u € LA/ (Rd).

If g =4d/(d—1), since A: L1(Q) — Y is bounded linear, Auy, also converges weakly to Au in Y. Lower
semicontinuity of the norm with respect to weak convergence, and of the total variation with respect to strong
L .(R%) convergence [5, Remark 3.5] imply that u realizes the infimal value in (P,,.,), and we obtain that u is
a solution of (Py ).

If on the contrary ¢ < d/(d — 1), we cannot conclude that u € LI(Q) unless |Q2] < 400, in which case
lullLa) < |Q|l/q_(d_l)/d||uHLd/<d71>(Q) < +oo. This kind of inequality also provides boundedness of u, in
L9(Q2) and therefore the convergence of Auy to Au.

The proof of uniqueness, using injectivity of A and strict convexity of the data term, follows entirely along
the lines of the L? case treated in [24, Prop. 1].

Existence of u! is covered in [35, Thm. 3.25]. Since u,, € LI(R) and ||w,||{ /., is bounded implies TV (u,)
is also bounded, we have that |[uy|a/@-1) is again bounded [5, Thm. 3.47], giving weak convergence of a
subsequence. The strong convergence statement relies on compact embeddings for BV along similar lines, and
a proof can be found in [1, Thm. 5.1]. O

Remark 3.2. For the counterexample of Section 2, we have that 2 = ¢ > d/(d — 1) = 3/2. Existence of
solutions can still be proven by the above straightforward methods, but only because A is the identity, so that
the data term provides a bound in L9.
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Proposition 3.3. The Fenchel dual problem of (Pa..), writes, for a > 0,
1
ao—1 o
sup  (p, fHw) iy yy — THp”Y*v (Da,w)
A*pedTV(0)
where 1/o+1/0" = 1. Moreover, strong duality holds, the mazimizer po w 0f (Daw) is unique, and the following

optimality condition holds:
Vayw = A" Daw € 0TV (Ug ). (20)

Here, the subgradient is understood to be with respect to the <LQ(Q), LY (Q)) pairing, so that 9TV (0) C LY (Q).
Proof. By the assumptions on Y, we have that the duality mapping j defined in (8) is single valued and invertible

with inverse the duality mapping of Y*, and that the map %|| - [|# is Gateaux differentiable with derivative j.
Defining the functional

G:Y—-R
1
— —|lg — g
9= —llg = (f +w)l¥,
its conjugate is
1
G*(p) = sup (p, vy — —llg = (f +w)|¥,
(p) g@lﬂp Dy~ ollg = (F+w)ly

and by the Gateaux differentiability we may take a directional derivative in direction A € Y to find that at a
purported maximum point gg,

0, Wy = oo = (F + @52 (G (g0 = (F +w), B) =0,

or, since h was arbitrary,

p=~llgo — (F +wl§ (o0 — (F +w)),

from which we get, computing norms on both sides and taking into account

17(g0 = (f + W)y~ = llgo = (f + w)lly,

that 1 o,
p=—(allplly-) "5 (90 = (f +w)),
and inverting j we end up with
go = (f +w) + a7 o= 5~ (p).
Since Y is assumed uniformly convex, the function to be maximized was strictly concave and differentiable

and go provides the only solution. With it we can compute, taking into account that || =*(p)|ly = ||p|ly- and

<p> j_l(p)>(y*7y) = HPH%’*’

1 2-242 1 /
P, 90— (f+w)yey)y=a7Tlply-" ~ =a71|pl5-,

ag

1 1 1 =g _
—lgo — (f + 0§ = = a7 T pl5= 57 )
Y
- 1 2-9 4 o
= —qo-1" ot
pu ||10HY
1

—a7T||p|[¥
o p Y *»
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so that finally

* 1 1 o
G () = (. 1+ )+ (1= 1) g

The rest follows by Fenchel duality in a general pair of Banach spaces [14, Thm. 4.4.3, p. 136] applied to the
choices (in their notation) X = L%(Q) and Y, f(-) = TV(-), ¢ = G and A as above. The functional TV*
is computed in [24, Thm. 1], resulting in the indicator function of dTV(0). Uniqueness holds because by the
assumptions on Y*, we have that || - |§. is strictly convex. O

Following the scheme laid out in [20,24] for the convergence of level-sets, we now prove strong convergence
of the dual maximizers corresponding to noiseless data. It relies on the following source condition:

R(A*)NOTV(ul) # 0, (21)

where R(A*) denotes the range of the adjoint operator A*.

Proposition 3.4. Assume that the source condition (21) holds. Then there is a unique mazimizer poo of the
problem

sup (p, f>(y*,y)
A*pedTV(0)

and with minimal Y* norm. Furthermore, in the absence of noise (w = 0) the sequence pqo of mazimizers of
the dual problem (Dq,.) converges strongly in Y™* to it.

Proof. The existence of pg o follows along the same steps as the Hilbert space case treated in [24, Lem. 2], while
uniqueness is a consequence of the strict convexity of Y* (and therefore of powers of its norm).
By optimality in their corresponding maximization problems, we have

1 1

oo—1 o o—1 o
<pa,o, f>(y*’y) - THPQ,O”Y* = <p0,07 f>(y*’y) - THP0,0HYM (22)
and
<p0,07 f>(y*,y) 2 <p0¢,0a f>(y*7y)- (23)

Summing these inequalities we obtain ||paolly+ < [|po,olly+. Since Y* is uniformly convex, it is also reflexive
and the sequence p,,o can be assumed [15, Cor. 3.30] (up to taking a subsequence) to converge weakly in Y*
to some limit p*. Furthermore A*p* € 9TV(0) by weak closedness of subgradients in Banach spaces [21, Cor.
I.5.1, p. 21]. Passing to the limit in both inequalities we obtain

(p*, f>(y*’y) - <p0,07 f>(y*,y)a

so that p* is a maximizer of p — (p, f>(y* yy over p such that A*p € 9TV(0). Using (22) and weak lower
semicontinuity of the norm we get that

[P*[ly+ < liminf [|pa,olly+ < [[Poolly=- (24)
This implies that p* is of Y* minimal norm, and since | - [|. is strictly convex, such a minimizer is unique and
we must have p* = pg ¢ and the whole sequence p, ¢ converging to it. Moreover, since Y* has the Radon-Riesz
property, (24) implies that the convergence is in fact strong in Y™*. O

In the sequel, we will need stability estimates for solutions of the dual problem (Dg ), so that p, . can be
related to p.,0, which was just proved to converge strongly. In the simple case where ¢ = 2 and Y is a Hilbert
space H, the maximization to be performed corresponds to

+w
swp 2 (5 ZE) i, (25)
H

pEH
A*pedTV(0)
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which after adding the constant term —||(f + w)/a||% has the same maximizers as the problem

2 2
f+w f+w . f+w
eI L BT e T R e IR (26)
A*pedTV (0) " H A*pedTV (0) H

which is solved by computing the projection of (f + w)/« onto the convex set
{pe H|A*p € OTV(0)}.

Convexity of the set implies that this projection is nonexpansive, providing a straightforward stability estimate
for this case.
In analogy with the Hilbert framework, we can define the functional

1 / 1
Vp.9) = —IplF — (5r 6) v, + 9l (27)
which in the case o = 2 is used in [3] to define a generalized projection for Banach spaces, mapping the dual
space Y* onto Y. In the following we use the methods introduced in [3,4] to derive the estimates we require.

Proposition 3.5. For g € Y and any weak-* closed and convex set K C Y* The problem
inf V(p, 28
nf V(p.g) (28)
has a unique solution, which we denote by wx (g). Furthermore, it satisfies
(micto) =0 9= Imsc(@)F25 (rcla))) . >0 Jor cach g € K. (29)

Proof. Existence follows by the Banach-Alaoglu theorem and closedness, while uniqueness is a consequence of
the strict convexity of the function || - [|Z..
For the second part, we have that
Vimx(9),9) = minV(p.g), (30)

and since we have Gateaux differentiability of the squared dual norm |- ||#.. and that the duality mapping of Y*
is =1 by Proposition 1.6, we can differentiate V at (7 (g), g) in its first argument in direction ¢ — 7x (g) € Y*,
to obtain

<q —mx(9), IIWK(g)II"YFQj‘l(ﬂx(g))>(y* yy 4= (9) Dy vy 20 (31)
from which (29) follows directly. O

Since we have assumed that Y* is uniformly convex with modulus of uniform convexity of power type o’,
we have by Proposition 1.6 that || - [|. is also globally uniformly convex. This allows us to formulate stability
estimates for the generalized projection:

Proposition 3.6. We have the estimate:

1
Iric(on) = maclgly- < pyee (hon — el ) (52)
where py,, is defined as the inverse of the function

8o yor ()
N 115/

t .
t
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where 601, is the modulus of uniform convexity of the functional |- g /o', In consequence, the solutions
7.
of (Daw) satisfy
w|y
Hpa,w _pa,O”Y* < PY,o ( || ||1 ) ) (34)
2a o—1

Proof. We denote ¢(p) = ||p||$. /o’, so that ¢ is Géateaux differentiable with derivative

do(p) = Imxc ()72 5" (wc (p)-
We compute
(i (91) = 7K (92), do(mx(91)) — dd(mi(92))) (v y)
= (rx(g91) — 7k (92), dé(mk(91)) — 91) (v« )
—(mx(91) = 7x(92), do(mx(92)) = 92) (v~ v)
+ (m(91) — 7K (92), 91— 92) v+ v)
(mk(91) — Tk (92), g1 — g2>(y*7y)

<

< lmw(91) — 7 (92)lv+1lgr — 921y,
where we have used Proposition 3.5 twice and the Cauchy-Schwarz inequality. On the other hand, Lemma 1.2
provides us with

Y *

(mk(g1) — 7k (92), dd(mk(91)) — dd(TK(92))) (v v) = 200 (7K (91) — T (92)[lv+) (36)

which combined with the above delivers (32). Note that the inverse function py,, is well defined, since the
property 64(ct) > ¢?d4(t) for all ¢ > 1 [13, Fact 5.3.16] implies that ¢ — d,4(t)/t is strictly increasing.
Now, we notice that we can divide by a!'/(®=1) in the problem (D, ,,), to obtain the equivalent problem

ftw Lo
sup P = = Ipll$-,
peEY™* a1 [ (yxy) O

A*pedTV(0)

which in turn has the same solutions as

inf  V(p,a” 7 (f +w)).
peEY ™
pedTV(0)

Using (32) with g; — go = a~Y/(=Dw, we get the expected estimate (34). O

Remark 3.7. A straightforward computation shows that in the case ¢/ = 2 and Y = H a Hilbert space, we

have for any u,v € H
2

1 1 1
St =l +lvlE) — 7l —vlE,
2 u 2 4

so that the best modulus of convexity of || - [|3;/2 is the function defined by 8.2, 2(t) = t*/2 and pr2(t/2) = t,
recovering that the projection is nonexpansive, as used in [24].

4. CONVERGENCE OF LEVEL-SETS WITH ASSUMED COMPACT SUPPORT

Our next goal is to relate the convergence of the sequence p, ., with that of the level-sets. For the sake
of clarity we assume throughout the section that the minimizers considered have a common compact support,
and the possibility to lift this assumption will be discussed in Section 5. We start by recalling some known
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properties of the subgradient of the total variation, which allow us to interpret the optimality condition (20) in
terms of the level-sets of uq, .

Proposition 4.1. Let u € LY(R?). Then, the following assertions are equivalent
(1) v € 9TV(u),
(2) v € dTV(0) and

/uv =TV(u)
(3) v e JTV(0) and for a.e. s,
Per({u > s}) = sign(s)/ v.
{u>s}
(4) Almost every level-set {u > s} minimizes

E — Per(E) — sign(s) /Ev.

Proof. The equivalence between statements 1 and 2 follows from the (Lq,Lq/) pairing used and the fact that
TV(-) is one-homogeneous, and a proof can be found in [24, Lem. 10], for example. The equivalence between
statements 3, 4 and 1 is a consequence of statement 2 and the coarea formula, for a proof see [20, Prop. 3]. O

The proof of Hausdorff convergence of level-sets goes along the lines of the proof of Theorem 2 in [24], and
is centered around uniform density estimates for the level-sets, that is, bounds on volume fractions of the type

Hua,w > s} N B(x,7)]
|B(z, )]

> C, for x € 0{uq,w > s} and r small,

the uniformity referring to the fact that the constant in the right hand side should be independent of o and w,
as long as they are related by a suitable parameter choice.

The first ingredient for such density estimates is the following comparison formula for intersections with
balls, whose proof can be found, for example, in [24, Lemma 3]. Remembering that vy, = A*pa,w, this formula
applies to the level sets {1, > s} by the last item of Proposition 4.1.

Lemma 4.2. Let E minimize the functional F — Per(F) — fF Va,w- Then for any x and almost every r we
have
Per(E N B(z,r)) — / Vo < 2Per(B(z,r); EW). (37)
ENB(z,r)
Remark 4.3. Lemma 4.2 only depends on basic properties of the perimeter and minimality, so it’s also valid

when considering the relative perimeter Per(F'; Q) corresponding to Neumann boundary conditions (see Section
6).

With the comparison formula above, to arrive at density estimates one needs precise control on the term
f BB (w,r) Vaw 8T — 0. Since vg,w = A*Paw, this control is attained by combining the estimates of Proposition
3.6, the equiintegrability of v, and a parameter choice satisfying

[wlly _ 4%l ( n ) .
<27=—0, 10" sor | T | > With n < Oy, (38)
A <2 Ay

oo—1

O, being the isoperimetric constant of Proposition 1.9. As in Remark 3.7, in the case of 0 =2, d=2and Y a
Hilbert space H, the expression (38) simplifies to ||w|| || A*||/a < n < B4, the parameter choice used in [24].
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Remark 4.4. Although the right hand side of the inequality (38) might look involved, it just provides the
optimal constant for the ratio ||w||‘{f1 /o for which the convergence of level-sets can be proved by the methods
presented. In particular, any choice such that [lw||$ '/ — 0 satisfies (38). The choice a ~ [Jw|$ " also
appears as a sufficient condition for linear convergence rates in Bregman distance when the source condition
(21) is assumed (see [35, Thm. 3.42] or [36, Prop. 4.19]). One might wonder whether using an a posteriori choice
rule is possible. Such linear convergence rates can also be proved using the Morozov discrepancy principle and
under source conditions ( [12, Thm. 4.2], [7, Thm. 5.3]), but typically only ||w||$ /o — 0 can be ensured for the
ensuing parameters [7, Thm. 4.5], which is not enough to conclude (38).

Assuming that the parameter choice satisfies (38), we are now ready to prove the anticipated uniform density
estimates:

Theorem 4.5. Assume that the parameter choice satisfies (38) and that the source condition (21) holds. Let
FE be a minimizer of
F — Per(F) — / Vo w-
F

Then, there exists C > 0 and ro > 0, independent of a and w such that for every ball B(x,r¢) with © € OF,
one has, for any r < ro,

ENB E\B

E0B@ o g BB

Blw.r)] B - (39)

Proof. Using Holder’s inequality, that ¢’ = ¢/(q — 1) > d, the parameter choice (38) and the estimate (32), we
obtain that for any F C R? with |F| < oo,

a’~d ' —d
[Va,w = VaollLar) < IF]7T |[va,w — Ua70||Lf1’(Rd) < |F[ 7. (40)

With this, we obtain

/ Vo, w
ENB(z,r)

d—1
<IENB(@, )] 7 [|va,wllLaenB @)

d—1
<IENB(@,r)| T (lvaollamnsen) + 1vaw — vaollLizabe))) (41)

d—1

a'—d
<Wm3mwnd(wwmﬂmmM»+WmBum>Wn)

Now, by Proposition 3.4, v, 0 converges strongly in L% as o — 0, and |v,0|¢ is therefore equiintegrable. This
implies that for each ¢ > 0, there exists 7. such that for all » < r. we have ||va0llLe(EnB(2,r) < € Moreover,
by possibly reducing r. we may assume that

qg'—d

|EN B(xz,r)| a4

N

1.

Assuming € < ©4 —n we can use then (41) in (37) and the isoperimetric inequality (11) to obtain

d—1

2Per(B(z,r); EV) > Per(EN B(z,r)) — |ENB(z,r)| T (¢ +1n)
> |EﬂB(m,r)|% (Og—e—1).
Additionally, we have that for almost every r

Per(B(z,r); EW) = HYOB(z,r) N EW), (43)
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which in turn is the derivative with respect to r of the function g(r) := |E N B(z,r)|, turning (42) into the
variational inequality

d—1
2¢'(r) 2 (©@a—e—n)g(r) T (44)
Integrating on both sides taking into account g(0) = 0, we end up with
2dg (r)Yz2(©g—ec—n)r (45)

which in turn implies the density estimate

|E N B(x,r)| (Gd—a—n)drd B (@d—s—n)d
B~ @B E4IBO, L] (46)

where the right hand side is uniform in «, w, r small enough and also in . O

Remark 4.6. Note that if ¢ < d/(d — 1) (that is, ¢’ > d), the second term inside the parenthesis in the right
hand side of (41) tends to zero as r — 0, which implies that in this case the density estimates still hold for any
parameter choice (see (38)) that ensures that |jwl||y /a'/(?~1) remains finite.

Combining the compact support assumption with the density estimates of Theorem 4.5, we arrive at the
desired convergence result.

Theorem 4.7. Let f and A satisfy (21), an,wn, — 0 satisfying (38) and u, = ua, w, the corresponding
minimizer of (Pa.). We assume that all the u, have a common compact support (we will see in Section 5 how
to lift this artificial assumption). Then, for almost every s € R, as n grows to infinity, the level-sets {u,, > s}
converge to {u' > s} in the sense of Hausdorff convergence.

Proof. We saw in Proposition 3.1 that u, — u in L{. .. Combined with the compact support assumption for w,,
it leads to the full L' convergence. This implies, using Fubini’s theorem (see [24, Section 3.1]) that for almost
every s,

|{un > sIA{ul > s} — 0.

Now, let us assume that the Hausdorff distance between these two level-sets does not go to zero. That means,
using the definition of this distance, that there exists a constant L > 0 and either a sequence of points x,, €
{u, > s} such that d(z,,{u’ > s}) > L or a sequence y,, € {u’ > s} such that d(y,, {u, > s}) > L. We will
treat the first case. One can assume that x,, € d{u, > s}.

Using then the density estimates (39), one concludes that for » < min(rq, L),

|B(2p,7) N {u, > s} = C|B(xn,r)|.

On the other hand, since r < L, one has B(z,,r) N {uf > s} = ) which implies that B(z,,r) N {u, > s} C
{u, > s}A{u’ > s} and contradicts the L' convergence.

The second case is treated similarly, but the contradiction is obtained using the density estimates on {u' >
s}. O

5. BEHAVIOR AT INFINITY

We now discuss whether it is possible to remove the assumptions on compact support of the solutions that
were used in the previous section. In view of the proof of Theorem 4.7, this amounts to being able to infer that
Ug 1 — ul strongly in L1(Q).
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5.1. The critical case

The following lemma, analogous to [24, Lemma 5], tells us that this is indeed possible for the critical exponent
g =d/(d — 1), with the same parameter choice as in Section 4.

Lemma 5.1. Let ¢ =d/(d — 1), and assume (38) and (21). Then, the elements of

£ = {E cQ ‘ Per(E) = /Eva,w}, (47)

have the following properties:

(1) There ezists a constant C > 0 such that for all E € £, Per(E)
(2) There ezists a constant R > 0 such that for all E € £, E C B(

C,

<
0, R).

Proof. The proof is very similar to what is done in [20, 24].

Here, by Proposition 3.4, we have that v, ¢ — vo strongly in LY = L%, and therefore the family (Va,0) 18
L% (R%)-equiintegrable, which in particular means that for every e > 0, one can find a ball B(0, R) such that

/ |va’0\d <e.
R4\ B(0,R)

Then, for every E with finite mass belonging to £ and provided « and w satisfy (38) we get as in (40) that

/ (va,w - Ua,O) / Va0 / Va0
E ENB(0,R) E\B(0,R)

< BT +|B(0, R)|“T |vaollLe + |E\ B0, R)|“T ¢

Per(F) < + +

d—1
d .

d—1
< (n+sup lao |Ld) BO, B + (n+ )| 2\ BO,R)|

Now, the isoperimetric inequality (11) and sub-additivity of the perimeter (16) lead to

IE\ B(0,R)|“T < @iPer(E\B(o,R)) < @i(Per(E) 4 Per(B(0, R))),
d d

which when used in the previous equation, since ¢ is arbitrary and n < 04, implies that Per(E) is bounded
uniformly in a. Once again using the isoperimetric inequality yields the boundedness of |E| independently of
a, as long as (38) is satisfied.

We now prove that the mass and perimeter of level-sets of u, ,, are bounded away from zero. The equiinte-
grability of (vq,0) ensures that there is no concentration of mass for v, o, that is, for any € > 0 we can ensure
I} B |va.0|¢ < € if | E| small enough. Then, if E belongs to £, Holder inequality provides an inequality of the type

Per(E) < 55|E|%,

which together with the isoperimetric inequality, implies Per(E) < !/ d@gl Per(E), which is not possible for
¢ too small. Therefore, |E| must be bounded away from zero (and Per(E) as well thanks to the isoperimetric
inequality).

Similarly to what is done in [20,24], one can (see [6, Thm. B.29]) decompose any E € £ into

E=|JE;,  Per(E)=) Per(E)

el
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with T being finite or countable and all the E; being indecomposable (“connected”). By splitting the equation
defining F into the E; (similarly to [20, Remark 4]), one infers that each E; satisfies

Per(Ei):/E Vo,w (48)

i

which implies, using the same reasoning as before, that both |F;| and Per(E;) are bounded away from zero, by
constant that does not depend on i, w nor a.

We show now that each F; must have a bounded diameter. This step will actually make use of the density
estimates we showed in Theorem 4.5 (the proof of which does not make use of the compact support of g ).
If it were not the case, there would exist a sequence of points z, € 9E; — oo such that |z; — x| > 2r¢ for
j # k, where g is defined in Theorem 4.5. Using the same theorem, one obtains that |B(z;,r0) N E;| > Crg.
Summing over the (disjoint) balls B(z;,70), we get a contradiction with the boundedness of |E;|. Since both rg
and C' are uniform, the bound on the diameter is actually independent from i, w, c.

Finally, since (vq4,y) is equiintegrable in L4, one can find R > 0 such that

Oqg
||'Ua,w ||Ld(Rn\B(O)R>) < o

Then, if one component E; had an empty intersection with B(0, R), we would have, using (48) and Holder
inequality
® _
Per(E;) < 7‘1|E1-|%1.

We can then make use of the isoperimetric inequality to obtain

- Per(E;
Per(E;) < %IEH% < %L)y
2 2 (CF

a contradiction. Then, any component of E intersects B(0, R) and the bound on their diameter implies the
existence of R such that that E C B(0, R). O

This lemma actually provides (for the particular value of ¢ assumed) the common compact support that was
assumed in Theorem 4.7. This assumption can therefore be removed from that result, and we obtain:

Theorem 5.2. Assume ¢ = d/(d — 1), and let A, f, and ay,,w, — 0 as in Theorem 4.7, with w, minimizing
(Pa, w,). Then, for almost every s € R, as n grows to infinity, the level-sets {u, > s} converge to {u’ > s} in
the sense of Hausdorff convergence.

An elementary proof of Lemma 2.1.

Arguing as in the proof of Lemma 5.1, it is possible to obtain a fairly elementary proof of Lemma 2.1 that
doesn’t require strong regularity results. To see this, consider

Ey € argmin Per(F) —/ [y with f = ci11p,r) + c21B(2g,r0)
F F

and assume ¢; > 3/rq, ¢ > 3/re, and Ey connected.
For simplicity, we denote B(0,r1) by By and B(zg,r2) by Bs in the rest of this argument. First, we notice
that the L'-optimal variational curvature x of B; U By of Proposition 1.11 satisfies

3
KlelUBg = 7131 + ;132.
1 2
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Therefore, even without knowledge of k outside By U By we can write

Per(B; U By) — /

K < Per((31 @] Bz) N Eo) — / K
B1UB>

(BluBz)ﬂEo (49)

PeI‘(Eo) — f g Per((31 U BQ) U Eo) — / f,
Ey (BluBg)UEo

where summing and using the union-intersection inequality (as in (16)) we get

3 3
02/ f—liz(cl—>|Bl\E0+(CQ—>Bz\E0,
(B1UB2)\Eo 1 T2

which, as ¢; > 3/r;, implies B; C Ey and By C Ey. Since supp f = B; U Ba, these inclusions mean that we
can reformulate the problem for Ey as minimizing perimeter with an inclusion constraint (as in the obstacle
problem of [10, Lemma, p.132] and [24, Lemma 9]), so that

Ey € argmin Per(F).
FOB1UB;

Now, this variational problem and the isoperimetric inequality provide us with the bound

__d_ __d_ _d
|Eo| < ©; 7 Per(Ey) 7T < ©, 7 (Per(By) + Per(By)) ™. (50)

On the other hand, for a point x € dFy and a radius r such that B(x,r)NB; = 0 and B(x,r) N By = () we have
that f|B(:v "= 0, implying the density estimate

EyN B(z,7)| = C|B(z,r")| for v <r. <r
‘ ) ) )

the constant C' and the maximal radius r. at which the estimate holds being independent of x, of ¢, ¢y and of
the separation |xo| between the centers of By and Bs. As in Lemma 5.1, if |x¢| is large we may use many disjoint
balls (connectedness and the fact that Fy intersects By and Bs imply that we can find at least (|zo| — 11 —72)/7
of them) to obtain a contradiction with the mass bound (50).

5.2. The subcritical case

If ¢ < d/(d— 1), unless we work in a bounded set (see Section 6) there is no hope to obtain a consistent
regularization scheme with Hausdorff convergence of level-sets, since the data term fails to control the behavior
at infinity of the solutions and subgradients. This is already hinted at in Proposition 3.1, where we cannot
guarantee obtaining a minimizer in LI(R?).

To demonstrate further, we have a closer look at the two-dimensional Radon transform in R? with mea-
surements in L2. We construct a sequence of perturbations and regularization parameters which satisfy the
parameter choice inequality (38), but nevertheless force the level-sets of potential solutions to escape to infinity.
The implication is that in this setting it is advisable to work in a bounded domain. For example, in [17] a model
is presented, which uses total variation regularization and a L% data term as an approximation of the Poisson
noise model for photon emission tomography (PET) reconstruction. For this model, the analysis performed is
indeed done on bounded domains.

We will need the following lemma:

Lemma 5.3. Let 11 < 12, By = B(0,71), Ba = B(0,72) and A, , == B2\ By be an annulus in R%. We
denote by k4 an optimal curvature in the sense of Proposition 1.11. Then, k4 is constant on A, r,, with value
2(r1 +12)/(r3 — 7).
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Proof. Thanks to the rotational invariance of the problem, there exists a minimizer of
F +— Per(F) — A\ F|

among F' C A, ,, which is rotationally invariant. We can furthermore decompose it into “connected compo-
nents” as in Lemma 2.1: there is a minimizer which is an annulus A, _ ,,. Computing the energy of this annulus
makes clear that such a minimizer is actually either empty (if A < 2(ry +r2)/(r3 — 7%)) or equal to A,, ., (if

A= 2(r +12)/(r3 —12)). O

Example 5.4. We consider A = R the Radon transform in the plane, ¥ = L2([0,27) x R*), 0 = 2 and
q = 4/3. We note that in the plane R is a bounded operator from L*/3 to L2 [30,31]. The starting point is
the noiseless measurement f := R1p(g,1), which since R is injective, gives rise to the corresponding minimal
variation solution u! = 15(0,1)- For a fixed § € (0,1/2), we define the perturbation

14, with A, := B(0,2n) \ B(0,n). (51)

Wy, = Rzy, for z, := ——
n o n n3/2+5 n

The corresponding sequence of regularization parameters is defined as a,, = fn=° — 0 for a constant ¢, for
which we can compute

L wnlly < O llznlluos e = Cagtn=270| A, [/t = Co-n=%/2| 4,191 < C0,
Qp On
meaning that the parameter choice inequality required for Hausdorff convergence of level-sets (38) holds if ¢ is
chosen large enough. Notice also that the condition listed in Proposition 3.1 for convergence of minimizers is
also automatically satisfied, since in addition to the above we have ||w,|y — 0.

Now, assume for the sake of contradiction that we had a sequence u,, of minimizers of (P,.,), all of them
supported in a compact set B. Using Ru' = f, the optimality condition for (Pa,w) reads

Uy 1= 7LR*'R(un —aut - zn) € 0TV (uy).

Qn

However [27, Thm. 1.5], the operator R*R is proportional the Riesz potential operator of order one,

R*Ru = 2 Lu, with I u(x) ::/ uy) 4.
Rr2 [T —yl

which allows us to consider = € A,, (for which we have uf(x) = 0) and estimate v, (x) for large n. On the one
hand we have the common compact support B for all u,,, implying that

1 1 Un (Y 1

—lup(x) = */ ) dy < —————[un|lL1 (e

Qi an Jr2 |2 —y| and(z,supp uy,) (52)
1

<——|u < Cltn~ 19,

where we have used z € A, the common compact support and Proposition 3.1 to conclude that ||u,||p1 (g is
a bounded sequence, since u,, — uf in L*(R%). Notice that (52) also holds when replacing u, by uf. On the
other hand, we have

an an, r2 [T — 9 a, A, |z =yl a, diam(A,) J 4, (53)

—3/2-6
. / zn(y) dy = GATE g,
An

=
noy, nay,
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from which, in combination with (52) and since § < 1/2, we can conclude that in fact also v, (z) > C, ¢~ *n=1/2
for all € A, some constant C, and n large enough. Additionally, by Lemma 5.3 the optimal curvature &4,
of A, satisfies k4, (z) < Cx/n for all z in A, and some constant Cj. Combining these two estimates we have
therefore for n large enough the pointwise curvature comparison

vn(x) = k4, (@) = (Col ™t = Crn™ 2012 > %Cyﬁln*l/? >0,

which in turn (comparing as in (49)) implies that any minimizer of

F — Per(F) — / U,

F

must contain A, a contradiction with the common compact support for all u,,.

6. REMARKS ON BOUNDED DOMAINS AND BOUNDARY CONDITIONS

So far, the convergence results that we have proved hold for functions defined in the whole R?. Nevertheless,
our results also apply to bounded domains with either Dirichlet or Neumann boundary conditions on a bounded
set € that satisfies mild regularity assumptions. This adaptation has been explained in detail for solutions in
L2(R?) in [24], and as we have seen, restricting to bounded domains is also necessary for the case ¢ < d/(d —1).
We now briefly present the required constructions.

Bounded domain with Dirichlet conditions.

Here, u € L9(Q) and TV (u) is the total variation, computed in R?, of the extension @ of u by zero outside
Q. Differently said, it means that the jump of u to zero at the boundary of §2 is taken into account. This is
well defined if 2 is an extension domain, for example Lipschitz. In the following, we will need that 2 has also
a variational curvature kq that satisfies

Kalga o € LYRT\ Q). (54)
In particular, any convex or C'!' domain will satisfy this assumption.

The existence of a minimizer for the approximate problem and its convergence in L' to a minimal total
variation solution (Proposition 3.1) as well as the duality analysis (Propositions 3.3 and 3.4) still hold with no
modification. The results related to the parameter choice (Propositions 3.5 and 3.6) depend only on the space
Y and the dimension and therefore are not affected by changing the boundary conditions.

However, the proof of density estimates has to be slightly modified, since it is not possible anymore to
consider, for a level-set F of uq. ., the competitor £ U B,.. Indeed, such a set &/ would minimize

F — Per(F) — Sign(s)/ Vaw
F

only among the subsets F' of ). The strategy is then to relax the constraint F' C  and introduce
Raw = Sign(t)va,wlﬂ + Kﬂle\Q

where kg is a variational curvature for Q. One can then show (see [24, Lemma 9]) that E minimizes

F — Per(F) — / Ka,w
F

among F' C R? (without inclusion constraint). Then, provided (54), density estimates are obtained as before,
since the functions (ka,.) are also equiintegrable in RY.
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Bounded domain with Neumann boundary conditions.

In this case, u € L1(Q) and one uses TV (u; ), the total variation computed in © (the jumps at the boundary
of  are not taken into account). In this case, the proof of the existence result (Proposition 3.1) needs to take
into account the behaviour of the operator A on constant functions, in exactly the same way as done in [24, Prop.
2]. Other than that, everything until Proposition 3.6 works similarly. Proposition 4.1 then implies that any
level-set E of a minimizer v ,, minimizes among F' C Q

F — Per(F;Q) —/ Vo,
F

where Per(F;Q) := TV (1g; Q) is the perimeter in , defined as in (9), but with test functions in C5°(Q;R?).
For this relative perimeter, the standard isoperimetric inequality does not hold. To see this, consider for example
that if z € 9Q and r — 0T, then Per(Q\ B(z,r); Q) — 0 while |2\ B(xz,7)| — |Q|. Nevertheless, provided 2 is
Lipschitz, the Sobolev inequality [5, Remark 3.50] writes for u € BV(2),

v
u—— [ u
€] Ja

Taking u = 1y for any F' C 2, we obtain [24, Section 4.3]

. < CaTV(u; Q). (55)
LaT ()

[F|75 |0\ F| =

Cq Per(F;Q) >
7

which can play the role of the isoperimetric inequality in the proof of density estimates. Note that now the
parameter choice (38) has to be made relatively to the constant Cq, that is n < Cq in (38).

Periodic boundary conditions.

It is also possible to treat the case of periodic boundary conditions, commonly used in image processing (see
for example [8, Sec. 3.3]). A reasonable definition of periodic total variation is given in [19], which we now
describe using their same notation. Let Q = (0,1)? be the d-dimensional cube. For u € BV(Q) we denote by
usg € L1(9Q) its trace on 9Q (which exists by [5, Thm. 3.87]). Moreover, we define the part of the boundary

00Q :=90Q N {x = (z1,... xq)

d
Hxi = 0}7
=1

where jumps should be accounted for in the variation. To accomplish this, one can use the boundary map

¢ : 00Q — 0Q defined by
d
((z)=a+ Z vi(x)e;, for v;(x) =1 if z; = 0 and ;(x) = 0 otherwise.
i=1

With it, one can define the periodic total variation of u € BV(Q) to be

TVper(u; Q) :=TV(u; Q) +/8 o |uaq () — uaq (¢(x))| dHI ™ (x), (56)

and the corresponding perimeter of a set £ C Q as TV, (15 ; Q). With these definitions, we can just notice

TVper(u; Q) = TV(u; Q),
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so that the Sobolev inequality (55) remains valid with the same constant, allowing us to proceed as in the
Neumann case for the proof of the density estimates. Existence is likewise treated as in the Neumann case, and
all the other results hold with no modification. Notice in particular that even if the expression (56) of TV e,
contains boundary terms, periodicity implies that the difficulties that make the Dirichlet case require extensions
do not arise.
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