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Modelling the Effect of Focusing Detectors in Photoacoustic Sectional Imaging∗

P. Elbau† and O. Scherzer‡

Abstract. To effectively use photoacoustic tomography to obtain cross-sectional images, a combination of a
focused laser illumination and focusing acoustic detectors is used. In this work, we discuss how to
incorporate cylindrically shaped focusing detectors in the mathematical modelling of photoacoustics
and derive approximative reconstruction formulas. Moreover, we show how such focusing detectors
combined with a focused illumination can yield a quantitative reconstruction of the material prop-
erties (the transport coefficient and the product of the Grüneisen parameter and the absorption
coefficient) of a weakly scattering medium.
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1. Introduction. In photoacoustic imaging (see, for example, [38, 19, 15, 34] for some
mathematical and physical review papers), the interior of a small object is analyzed by illu-
minating it with a short laser pulse and observing the acoustic wave which is thereby induced
via the photoacoustic effect.

The measurement of this pressure wave allows us (under the assumption that the acous-
tic wave travels with constant velocity and is free from any attenuation effects) to recover
internal measurements in the form of the initially generated pressure distribution caused by
the absorption of the laser light; see, for instance, [12, 37] for some common reconstruction
formulas for the initial pressure.

This initial pressure depends on the thermodynamic (via the Grüneisen parameter) and
the optical (via the absorption coefficient of the laser light) properties of the medium, and
on the total light fluence of the laser pulse at each position in the medium. To obtain a
quantitative reconstruction of the material properties, we therefore additionally need to model
the propagation of the laser light inside the medium.

A standard model for the light propagation is the radiative transfer equation. In biological
tissues, the simpler diffusion approximation of the radiative transfer equation, which is valid
for strongly scattering media, can often also be used.

For both of these light propagation models, there exist results about the reconstruction
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of the material properties (the Grüneisen parameter and the absorption and scattering coef-
ficient) from the reconstructed initial pressure; see [3, 23] for the radiative transfer equation
and [2] for the diffusion approximation.

In practice, it is sometimes not very convenient to perform three-dimensional photoacous-
tic measurements, that is, illuminating the whole sample and then measuring the resulting
acoustic wave on a two-dimensional surface around the object as a function of time, since
doing these measurements can take a lot of time. Moreover, the object may possess some
obstacles preventing the illumination of some regions or severely disturbing the propagation
of the acoustic wave so that a complete reconstruction can be prone to errors.

We want to circumvent these problems by focusing the illumination onto a single slice of
the object and then reconstructing the physical parameters there from a measurement of the
acoustic wave along a curve encircling this slice, thus reducing the number of measurements
by one dimension.

If the scattering in the object is negligible, the focusing of the light illumination will ensure
that the measurements depend only on the material properties of the object in this slice, so
that an exact reconstruction becomes possible; see [9]. However, typically the scattering in
the medium cannot be neglected, so that signals from regions outside this cross section also
will contribute to the measurements.

To suppress this effect, focusing acoustic detectors, which should mainly register acoustic
waves originating from the desired section, are used. In the simplest case, these are cylindri-
cally shaped integrating detectors whose axes lie in the plane of the section. Then, at least
close to the axis of the detector, mainly the signals from the section should be recorded.

This photoacoustic sectional imaging method is already used in practice, and we refer
to [21, 31, 32] and [13, 25, 28, 27] for some experimental setups and measurement data.

Furthermore, we would like to mention that, due to the fact that this method allows us
to gather data localized to an arbitrary slice of the object, we may gain additional informa-
tion (compared to the usual three-dimensional photoacoustic measurement) by performing a
sectional measurement for every possible choice of slice through the object. This additional
information could be used, for instance, to reconstruct an unknown, variable speed of sound
in the model; see [14].

The aim of this paper is to study the reconstruction of the initial pressure and the physical
parameters of the sample for a photoacoustic sectional imaging setup with focusing detectors.
We derive in section 2 the forward model for the measurements obtained from a cylindrically
shaped focusing detector and show how an approximate reconstruction of the initial pressure
distribution in the vicinity of the axis of the cylindrical detector is possible.

In section 3, we remark that if the illumination remains (in spite of the scattering effects)
focused onto a small neighborhood of the illuminated slice, then this approximate reconstruc-
tion may be extended to the whole section.

Finally, in section 4, we combine the reconstruction formula with a single scattering light
propagation model to obtain a reconstruction formula for the physical material properties of
the sample in the vicinity of the axis of the detector.

2. Photoacoustic imaging with focusing detectors. We consider a classical photoacous-
tic measurement. That is, we illuminate an object with a short laser pulse which induces via
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the photoacoustic effect an initial pressure1 density p : R3 → R in the object.

This initial pressure then initiates an acoustic wave P : R×R
3 → R propagating through

the object. We want to use the simple model of a homogeneous, elastic medium with constant
speed of sound cs for the object. Then, linear elasticity theory leads us to the linear wave
equation

∂ttP (t, x) = c2sΔxP (t, x), t > 0, x ∈ R
3,

∂tP (0, x) = 0, x ∈ R
3,(2.1)

P (0, x) = p(x), x ∈ R
3,

for the pressure density P (t, x) at a point x ∈ R
3 at time t > 0; see, for example, [15].

For standard photoacoustic measurements, this pressure wave is then recorded on the
boundary ∂X of some domain X containing the object, yielding the data P (t, x) for all t > 0
and all x ∈ ∂X. There are a lot of results about the reconstruction of the initial pressure p from
these data: Explicit reconstruction formulas were obtained by Fourier methods [36, 39, 40]
leading to the so-called universal back-projection formula [37, 24], which holds at least for the
case where X is a half-plane, a cylinder, or an ellipsoid. Other approaches [12, 11, 17, 18, 16],
reducing the problem to the inversion of the spherical means operator, also led to explicit
reconstruction formulas for simple geometries X. In addition, from the more general setting
of integral geometry used in [26], reconstruction formulas for the photoacoustic problem are
also available.

However, we do not want to consider a complete reconstruction of p, but only determine
the initial pressure p in the plane E = {x ∈ R

3 | x3 = 0}. To this end, we do not intend to use
measurements on a surface ∂X, but only measurements on a circle in the plane E around the
object. To diminish the effect from signals originating from points outside the plane E, we
use at every position on the circle not a point detector but a cylindrically shaped, integrating
detector; see, for example, [31, 28].

We model this detector explicitly as a cylindrical surface with axis in the illumination
plane E going through the origin along the direction (θ, 0) ∈ R

2 ×R, with radius R and with
opening angle 2α. Thus, this yields the measurements

(2.2) mθ(t) =

∫ ∞

−∞

∫ α

−α
P (t, x1θ +R cosϕθ⊥, R sinϕ) dϕdx1, t > 0,

where θ⊥ ∈ S1 denotes a vector orthogonal to θ, and where the measurements are done for
every orientation θ ∈ S1 of the detector.

Lemma 2.1. Let P ∈ C2([0,∞) × R
3) be a solution of the initial value problem (2.1) for

some function p ∈ C3
c (R

3), and let m be given by (2.2) for some α > 0 and R > 0.

Then, for every θ ∈ S1, the averaged initial pressure

(2.3) p̄θ(x2, x3) =

∫ ∞

−∞
p(x1θ + x2θ

⊥, x3) dx1, x2, x3 ∈ R,

1More precisely, we should refer to it as a pressure difference to the equilibrium pressure in the object.
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along the lines parallel to the axis of the detector fulfills the equation

(2.4) Mθ(ρ) =

∫ α

−α

∫ 2π

0
p̄θ

(
R

(
cosϕ
sinϕ

)
+ ρ

(
cosφ
sinφ

))
dφdϕ, ρ > 0,

where the function Mθ : (0,∞) → R is explicitly given by

(2.5) Mθ(ρ) = 4

∫ ρ
cs

0

mθ(t)√
ρ2 − c2s t

2
cs dt.

Proof. Solving the wave equation (2.1) with Kirchhoff’s formula (see, for instance, [10]),
we obtain

P (t, x) = ∂t
t

4π

∫ π

0

∫ 2π

0
p

⎛
⎝x+ cst

⎛
⎝ cos ϑ
sinϑ cosφ
sinϑ sinφ

⎞
⎠

θ

⎞
⎠ sinϑ dφdϑ,

where we used spherical coordinates with respect to the orthonormal basis (θ, 0), (θ⊥, 0),
(0, 0, 1) ∈ R

3 to parametrize the integral over the sphere ∂Bcst(x). Here, the vector notation
with the index θ shall be understood as the vector with respect to this orthonormal basis.

Plugging this expression for P into the definition (2.2) of the measurements m, we find
that

mθ(t) = ∂t
t

4π

∫ ∞

−∞

∫ α

−α

∫ π

0

∫ 2π

0
p

⎛
⎝
⎛
⎝ x1 + cst cos ϑ
R cosϕ+ cst sinϑ cosφ
R sinϕ+ cst sinϑ sinφ

⎞
⎠

θ

⎞
⎠ sinϑ dφdϑ dϕdx1.

Using the averaged pressure (2.3) and remarking that (after performing the integration
over the variable x1) the variable ϑ only enters via sinϑ so that the integrand is invariant
under the reflection ϑ �→ π − ϑ, we find that

mθ(t) = ∂t
t

2π

∫ α

−α

∫ π
2

0

∫ 2π

0
p̄

(
R

(
cosϕ
sinϕ

)
+ cst sinϑ

(
cosφ
sinφ

))
sinϑ dφdϑ dϕ.

Then, with the coordinate transform ρ = cst sinϑ, we obtain

mθ(t) = ∂t
1

2πcs

∫ cst

0

ρ√
c2s t

2 − ρ2

∫ α

−α

∫ 2π

0
p̄θ

(
R

(
cosϕ
sinϕ

)
+ ρ

(
cosφ
sinφ

))
dφdϕdρ.

Now, this has the form of the solution of the generalized Abel integral equation2

4

∫ ρ
cs

0

mθ(t)√
ρ2 − c2s t

2
cs dt =

∫ α

−α

∫ 2π

0
p̄θ

(
R

(
cosϕ
sinϕ

)
+ ρ

(
cosφ
sinφ

))
dφdϕ

for the function mθ, which is just (2.4).

2We recall (see [29, Chapter 1.1.41] or [30, Chapter 8.10]) that the generalized Abel integral equation

f(s) =
∫ s

0

g(t)√
s2−t2

dt, s > 0, has for given function f ∈ C1([0,∞)) the solution g(t) = 1
π

d
dt

∫ t

0

2uf(u)√
t2−u2

du, t > 0.
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We remark that the averaged pressure, defined in (2.3), can be written as

(2.6) p̄θ(x2, x3) = R[p(·, x3)](x2, θ),
whereR denotes the Radon transform.3 Therefore, if we can recover the function p̄, an inverse
Radon transform gives us the initial pressure p.

To get a better intuition into which values of the initial pressure influence the measure-
ments, we rewrite the integral in formula (2.4).

Lemma 2.2. Let R > 0, α > 0. Then we have for every function p̄θ ∈ C(R2) and every
ρ > 0 with ρ �= R the identity

(2.7)

∫ α

−α

∫ 2π

0
p̄θ

(
R

(
cosϕ
sinϕ

)
+ ρ

(
cosφ
sinφ

))
dφdϕ

=

(∫
E1,ρ

+2

∫
E2,ρ

)
2p̄θ(ξ)√|ξ|2 − (R− ρ)2
√

(R+ ρ)2 − |ξ|2 dξ,

where the domains Ei,ρ, i = 1, 2, are defined as the interior of the sets of all points ξ ∈ R
2

such that the circle around ξ with radius ρ has exactly i intersection points with the arc

AR,α = {(R cosϕ,R sinϕ)|ϕ ∈ (−α,α)};
see Figure 1.

Figure 1. The domains of integration E1,ρ and E2,ρ for a specified radius ρ < R and ρ > R, respectively.

Proof. We introduce the function

ψ(ϕ, φ) = R

(
cosϕ
sinϕ

)
+ ρ

(
cosφ
sinφ

)
.

Its Jacobi determinant is given by

|det dψ(ϕ, φ)| = Rρ| sin(φ− ϕ)|,
3We define the Radon transform Rf : R × S1 → R of an integrable function f : R2 → R by Rf(r, θ) =∫∞

−∞ f(λθ + rθ⊥) dλ, r ∈ R, θ ∈ S1; see, for instance, [30, Chapter 8].
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so that ψ is a local diffeomorphism around all points (φ,ϕ) with φ−ϕ �∈ πZ. Moreover, using
that

|ψ(ϕ, φ)|2 = R2 + ρ2 + 2Rρ cos(φ− ϕ),

we can write the Jacobi determinant in the form

|det dψ| =
√
R2ρ2 − 1

4(|ψ|2 −R2 − ρ2)2

=
1

2

√
|ψ|2 − (R− ρ)2

√
(R+ ρ)2 − |ψ|2.

To determine the inverse of ψ, we remark that if ξ = ψ(φ,ϕ), then the angles φ and ϕ
can be found by taking an intersection point η ∈ ∂Bρ(ξ) ∩ AR,α. Then, the polar angle of η
gives the angle ϕ, and the polar angle of ξ − η is φ. This shows that for every point ξ ∈ E1,ρ,
there exists a unique inverse ψ−1(ξ), and for a point ξ ∈ E2,ρ, the inverse ψ−1(ξ) consists of
two points. The points outside of E1,ρ ∪E2,ρ are not in the range of ψ.

Thus, with the substitution ξ = ψ(ϕ, φ) the integral on the left-hand side of (2.7) is
transformed to the integrals on the right-hand side.

To obtain the geometry of the sets Ei,ρ, drawn in Figure 1, we remark that the number of
intersection points of ∂Bρ(ξ)∩AR,α is a locally constant function of ξ unless the circle ∂Bρ(ξ)
touches AR,α, which can happen only for ξ ∈ ∂D, where D = BR+ρ(0) \B|R−ρ|(0), or if one of
the intersection points is at one of the endpoints of the arc, which happens if ξ ∈ ∂B+ ∪ ∂B−,
where B± = Bρ(R cosα,±R sinα) denote the balls with radius ρ around the points at the
boundary of the detector.

These lines divide the annulus D (which is the image of ψ for α = π) into four (if B+

and B− do not intersect) or six domains. Considering a particular point inside each of these
regions, it is not hard to see that E1,ρ is always given by the symmetric difference

(2.8) E1,ρ = B+ΔB−,

and E2,ρ is given by

(2.9) E2,ρ = C+ \ (B+ ∪B−) ∪ (C− ∩B+ ∩B−),

where the second term is empty for ρ < R.
Here, we used the notation

C± = {(±r cosβ, r sinβ) ∈ D | β ∈ (−α,α), r ∈ (|R − ρ|, R+ ρ)}.

In general, especially the integration over the domain E1,ρ shows that by no means are
only signals from the plane E contributing to our measurements. However, if we consider the
asymptotic case where the radius R of the detector is large compared to the diameter of the
support of the initial pressure p and take α = π

2 (meaning that we consider a half-cylinder
as detector), some of these contributions can be cancelled out by taking the difference of the
data Mθ(ρ) and M−θ(ρ).

Proposition 2.3. Let P ∈ C2([0,∞) × R
3) be a solution of the initial value problem (2.1)

for some function p ∈ C3
c (R

3), and let m be given by (2.2) with α = π
2 .
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Figure 2. The domains of integration in the case α = π
2
and in the limit R → ∞.

Then, we have for every θ ∈ S1 and σ > 0 that the averaged pressure p̄θ, given by (2.3),
fulfills the integral equation

(2.10) M̃θ(σ) =

∫
Ẽ2,σ

p̄θ(ξ)− p̄θ(−ξ)√|ξ|2 − σ2
dξ,

where the function M̃θ can be explicitly determined from the measurements mθ via

(2.11) M̃θ(σ) = lim
R→∞

R

2
(Mθ(R − σ)−M−θ(R − σ)),

with Mθ defined as in (2.5), and

(2.12) Ẽ2,σ = {ξ ∈ R
2 | ξ1 > 0, |ξ| > σ, |ξ2| < σ}.

Proof. Combining Lemmas 2.1 and 2.2, we have that

Mθ(ρ) =

(∫
E1,ρ

+2

∫
E2,ρ

)
2p̄θ(ξ)√|ξ|2 − (R− ρ)2
√

(R+ ρ)2 − |ξ|2 dξ,

where the domains E1,ρ and E2,ρ are defined as in Lemma 2.2.
Now, in the case α = π

2 , we see from Figure 1 or analytically from (2.8) that

E1,ρ = Bρ(0, R)ΔBρ(0,−R).
Therefore, in the limit R → ∞, the integration of a function with compact support over the
domain E1,R−σ converges for R→ ∞ to the integration over the domain

Ẽ1,σ = R
2 \ {ξ ∈ R

2 | |ξ2| > σ}, σ > 0;

see Figure 2.
Similarly, we find from Figure 1 or analytically from (2.9) that

E2,ρ = C+ \ (Bρ(0, R) ∪Bρ(0,−R))
for ρ < R, where C+ = {ξ ∈ BR(0) \B|R−ρ|(0) | ξ1 > 0}. In the limit R→ ∞, the integral of
an arbitrary function with compact support over the domain E2,R−σ therefore converges for
every σ > 0 to its integral over the set Ẽ2,σ defined in (2.12); see again Figure 2.
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So, we get in the limit R→ ∞ for every σ > 0 that

lim
R→∞

RMθ(R − σ) = lim
R→∞

(∫
E1,R−σ

+2

∫
E2,R−σ

)
2p̄θ(ξ)√|ξ|2 − σ2

R√
(2R − σ)2 − |ξ|2 dξ

=

(∫
Ẽ1,σ

+2

∫
Ẽ2,σ

)
p̄θ(ξ)√|ξ|2 − σ2

dξ.

Thus, taking the difference of this identity for θ and −θ, we find because of the symmetry
p̄−θ(ξ) = p̄θ(−ξ) that

lim
R→∞

R
(
Mθ(R − σ)−M−θ(R − σ)

)
=

(∫
Ẽ1,σ

+2

∫
Ẽ2,σ

)
p̄θ(ξ)− p̄θ(−ξ)√|ξ|2 − σ2

dξ.

However, since the integrand is odd and the domain Ẽ1,σ is point symmetric, meaning that
Ẽ1,σ = −Ẽ1,σ, the integration over Ẽ1,σ vanishes.

Still, this integral equation for the averaged pressure contains contributions from outside
the plane E, but at least for small values of σ, that is, close to the axis of the detector, these
contributions are restricted to a small area around this plane.

Lemma 2.4. Let M̃θ be given by (2.10) for some function p̄θ ∈ C1
c (R

2) with support inside
a ball Bd(0) for some d > 0, and let Ẽ2,σ be defined by (2.12).

Then,

(2.13) M̃θ(σ) = 2

∫ ∞

σ

arcsin(σr )√
1− (σr )

2
p̃θ(r, 0) dr +Cθ(σ) for all σ ∈ (0, d),

where we set p̃θ(ξ) = p̄θ(ξ)− p̄θ(−ξ) and |Cθ(σ)| ≤ 2σ2
√
2‖∇p̃θ‖∞(π2 + log( dσ )).

Proof. Parametrizing the domain Ẽ2,σ in (2.10) with polar coordinates, we find for σ > 0
that

M̃θ(σ) =

∫ ∞

σ

∫ arcsin(σ
r
)

− arcsin(σ
r
)

rp̃θ(r cosϕ, r sinϕ)√
r2 − σ2

dϕdr.

Now, by the mean value theorem, we have that

|p̃θ(r cosϕ, r sinϕ)− p̃θ(r, 0)| ≤ 2r‖∇p̃θ‖∞| sin ϕ
2 | ≤ r

√
2‖∇p̃θ‖∞| sinϕ|

for all ϕ ∈ [−π
2 ,

π
2 ]. Thus, for ϕ ∈ [− arcsin(σr ), arcsin(

σ
r )], we have

|p̃θ(r cosϕ, r sinϕ)− p̃θ(r, 0)| ≤ σ
√
2‖∇p̃θ‖∞.

Therefore, we find that

M̃θ(σ) = 2

∫ ∞

σ

rp̃θ(r, 0)√
r2 − σ2

arcsin(σr ) dr + Cθ(σ),
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where the error Cθ can be estimated by

|Cθ(σ)| ≤ 2
√
2‖∇p̃θ‖∞

∫ d

σ

rσ√
r2 − σ2

arcsin(σr ) dr

= 2σ
√
2‖∇p̃θ‖∞

[
arcsin(σr )

√
r2 − σ2

∣∣∣d
σ
+

∫ d

σ

σ

r
dt

]
≤ 2σ2

√
2‖∇p̃θ‖∞(π2 + log( dσ )).

Ignoring the systematic error term Cθ, the integral equation (2.13) can be explicitly solved
for the averaged pressure via a Mellin transform.4 Explicitly, applying the Mellin transformM
to (2.13), interchanging the order of integration, and substituting σ by z = σ

r , we get that

M(M̃θ − Cθ)(w) =

√
2

π

∫ ∞

0

∫ ∞

σ

arcsin(σr )√
1− (σr )

2
σ−

1
2
+iwp̃θ(r, 0) dr dσ

=

√
2

π

∫ ∞

0

∫ 1

0

arcsin(z)√
1− z2

z−
1
2
+iw dz p̃θ(r, 0)r

1
2
+iw dr.

Therefore, we obtain for the Mellin transform Mrp̃θ of the function r �→ rp̃θ(r, 0) the relation

Mrp̃θ(w) =

[
2

∫ 1

0

arcsin(z)√
1− z2

z−
1
2
+iw dz

]−1

M(M̃θ − Cθ)(w)

for all w ∈ R.
However, since we can in general control the systematic error Cθ(σ) only for small values

of σ, we cannot estimate the Mellin transform MCθ sufficiently well. We therefore should try
to solve the integral equation (2.13) by using only small values of σ.

This problem is similar to the inversion of the interior Radon transform; see [20, 22]. In-
deed, by linearizing the arcsine around zero, we find that the integral equation (2.13) becomes

1

σ
M̃θ(σ) = 2

∫ ∞

σ

p̃θ(r, 0)√
r2 − σ2

dr + C̃θ(σ)

for some error C̃θ which tends to zero for σ → 0. The integral on the right-hand side is none
other than the Abel transform5 of the function r �→ 1

r p̃θ(r), which is the same as the Radon
transform of the rotationally invariant function f : R2 → R with f(ξ) = 1

|ξ| p̃θ(|ξ|, 0).
Though the interior Radon transform is not injective and thus not exactly invertible, it is

possible to approximatively reconstruct the function p̃θ(r, 0) in some interval r ∈ [0, δ] using
only the measurements M̃θ(σ) for σ ∈ [0, δ + δ̃] for some δ̃ > 0, where the error gets smaller
when increasing δ̃; see, for example, [5].

4We recall that the Mellin transform Mf of a function f ∈ L2((0,∞)) is defined by Mf(w) =
1√
2π

∫∞
0

f(z)z−
1
2
+iw dz, w ∈ R, and can be explicitly inverted via f(z) = 1√

2π

∫∞
−∞ Mf(w)z−

1
2
−iw dw, z ∈

(0,∞); see, for example, [29, Chapter 9.3] or [30, Chapter 12].
5The Abel transform Af : (0,∞) → (0,∞) of a function f ∈ C1((0,∞)) with bounded support is defined

by Af(σ) = 2
∫∞
σ

r√
r2−σ2

f(r) dr, σ > 0, and its inverse is explicitly given by f(r) = − 1
π

∫∞
r

(Af)′(σ)√
σ2−r2

dr, r > 0;

see, for example, [30, Chapter 8.10].
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From these data, we can then reconstruct from relation (2.6), again with an inversion
of the interior Radon transform, the function p(ξ, 0) − p(−ξ, 0) for sufficiently small values
ξ ∈ R

2. If the object is placed, for instance, in the half-plane {x ∈ R
3 | x1 ≥ 0}, then this

gives us explicitly the initial pressure p in the illumination plane E = R
2×{0} in the vicinity

of the origin.

3. Combining focused illumination and focusing detectors. We have seen in section 2
that for a general, sufficiently smooth initial pressure distribution p, we may approximatively
reconstruct from the measurements m of the focusing detector this initial pressure in the
vicinity of the origin.

To improve the reconstruction, in practice, one attempts to restrict the support of p to
the illumination plane E by focusing the laser beam, which generates this initial pressure, to
illuminate as much as possible only the plane E; see, for example, [31, 28].

If we thus (without explicitly modelling the illumination) assume that the support of p is
contained in a small area

Eδ = {x ∈ R
3 | x3 ∈ (−δ, δ)}

around the illumination plane E for a sufficiently small δ > 0, then the systematic error Cθ

in the integral equation (2.13) may be neglected, and we get an inversion formula for p in the
illumination plane.

Corollary 3.1. Let M̃θ be given by (2.10) for some function p̄θ ∈ C1
c (R

2) with support inside
the domain Bd(0) ∩Eδ for some d > 0 and Ẽ2,σ defined by (2.12).

Then, we have for σ ≥ δ the integral equation

(3.1) M̃θ(σ) = 2

∫ ∞

σ

r√
r2 − σ2

arcsin( δr )p̃θ(r, 0) dr + Cθ,δ(σ),

where |Cθ,δ(σ)| ≤ 2δ2
√
2‖∇p̃θ‖∞(π2 + log(dδ )).

Proof. From the definition (2.10) of M̃θ, we have for σ ≥ δ that

M̃θ(σ) =

∫ ∞

σ

∫ arcsin( δ
r
)

− arcsin( δ
r
)

rp̃θ(r cosϕ, r sinϕ)√
r2 − σ2

dϕdr.

As in the proof of Lemma 2.4, we then use for ϕ ∈ [− arcsin( δr ), arcsin(
δ
r )] the estimate

|p̃θ(r cosϕ, r sinϕ)− p̃θ(r, 0)| ≤ r
√
2‖∇p̃θ‖∞| sinϕ| ≤ δ

√
2‖∇p̃θ‖∞.

Therefore, we find that

M̃θ(σ) = 2

∫ ∞

σ

rp̃θ(r, 0)√
r2 − σ2

arcsin( δr ) dr + Cθ,δ(σ)

with the error term Cθ,δ being bounded by

|Cθ,δ(σ)| ≤ 2
√
2‖∇p̃θ‖∞

∫ d

σ

rδ√
r2 − σ2

arcsin( δr ) dr

= 2δ
√
2‖∇p̃θ‖∞

[
arcsin( δr )

√
r2 − σ2

∣∣∣d
σ
+

∫ d

σ

√
r2 − σ2√
r2 − δ2

δ

r
dt

]

≤ 2δ2
√
2‖∇p̃θ‖∞(π2 + log(dδ )).
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Since the integral on the right-hand side of (3.1) is simply the Abel transform of the
function r �→ arcsin( δr )p̃θ(r, 0), we can (up to the uniformly bounded error Cθ,δ) explicitly
solve the equation for p̃θ. Therefore, (3.1) allows us to reconstruct the values p̃θ(r, 0) for all
r ≥ δ. Then, we may use (2.13) for σ < δ to recover the values p̃θ(r, 0) for r ≤ δ.

4. Quantitative reconstruction. To reconstruct not only the initial pressure but also the
involved physical quantities of the object, in particular the optical absorption coefficient, we
not only need to model the elastic wave P in the photoacoustic experiment via (2.1), but we
should also model the light propagation in the medium.

Considering only elastic scattering, the propagation of the laser light can be modelled with
a Boltzmann transport equation, the so-called radiative transfer equation, for the density of
photons ψϑ(t, x) at the position x ∈ R

3 at the time t ∈ R moving in the direction ϑ ∈ S2 of
the form

(4.1)
1

c
∂tψϑ(t, x) + 〈ϑ,∇xψϑ(t, x)〉 + μt(x)ψϑ(t, x) =

μs(x)

4π

∫
S2

Θ(x, ϑ̃, ϑ)ψϑ̃(t, x) ds(ϑ̃),

where the extinction or transport coefficient

μt(x) = μa(x) + μs(x)

is given as the sum of the absorption coefficient μa and the scattering coefficient μs; see,
for example, [35]. Here, c denotes the speed of light, and Θ is the phase function; that is,
Θ(x, ϑ̃, ϑ) is the probability density that a photon heading into a direction ϑ̃ ∈ S2 is scattered
at the position x ∈ R

3 into the direction ϑ ∈ S2.
Since in photoacoustic imaging the excitation happens with a short laser pulse with some

fixed frequency ν, and the absorption of the light energy happens much faster than the prop-
agation of the acoustic wave, we are not interested in the light distribution as a function of
time, but only in the total energy being absorbed at each point. So, let us switch in a first
step to the total energy fluence Φϑ originating from photons moving in the direction ϑ ∈ S2

as new variable. We have the relation

Φϑ(x) = hν

∫ ∞

−∞
ψϑ(t, x)cdt, x ∈ R

3, ϑ ∈ S2,

where h denotes the Planck constant.
The transport equation (4.1) is already well studied; see, for example, [6, 33, 1, 8]. How-

ever, for the sectional photoacoustic imaging application we have in mind, the scattering in
the object under consideration is typically not very large (since otherwise a focusing of the
illumination onto a single slice is hardly possible). We therefore think that in this case the
very simple approximation of a single scattering medium can serve as a good first model.

In this approximation, one expands the energy fluence Φϑ from photons moving in the
direction ϑ ∈ S2 in the scattering coefficient μs up to first order:

Φϑ(x) ≈ φ0,ϑ(x) + φ1,ϑ(x),

where the zeroth order term φ0,ϑ shall be the solution of the so-called ballistic part

(4.2) 〈ϑ,∇xφ0,ϑ(x)〉 = −μt(x)φ0,ϑ(x), x ∈ R
3,
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of the transport equation (4.1), and the first order term φ1,ϑ shall be the solution of the
transport equation (4.1) with Φϑ on the right-hand side being replaced by φ0,ϑ:

(4.3) 〈ϑ,∇xφ1,ϑ(x)〉+ μt(x)φ1,ϑ(x) =
μs(x)

4π

∫
S2

Θ(x, ϑ̃, ϑ)φ0,ϑ̃(x) ds(ϑ̃), x ∈ R
3.

All higher order terms in μs are neglected. Physically, the function φ0,ϑ can be interpreted as
the fluence generated by nonscattered light, and φ1,ϑ as the fluence generated by light which
was scattered once.

To specify boundary conditions for these differential equations, let us assume that no
absorption or scattering occurs outside the object. Then, an illumination with a widened
laser beam from a laser placed infinitely far away in the direction (−1, 0, 0), which is initially
perfectly focused in the plane E = {x ∈ R

3 | x3 = 0}, leads to the boundary conditions

lim
y1→−∞φ0,ϑ(y) = Φ(0)δe1(ϑ)δ(y3), (y2, y3) ∈ R

2,(4.4)

lim
y1→−∞φ1,ϑ(y) = 0, (y2, y3) ∈ R

2.(4.5)

Here, δϑ denotes the δ-distribution on the sphere at the point ϑ ∈ S2 defined by

1

4π

∫
S2

f(ϑ̃)δϑ(ϑ̃) ds(ϑ̃) = f(ϑ)

for all functions f ∈ C∞(S2).
Let us remark that the initial intensity Φ(0) in (4.4) may also depend on the position y2

of the incoming laser beam without seriously affecting any of the forthcoming formulas.
Lemma 4.1. Let φ0,ϑ and φ1,ϑ be solutions of (4.2) and (4.3) with the initial conditions

(4.4) and (4.5) for some given functions μt, μs ∈ Cc(R
3) and Θ ∈ Cc(R

3 × S2 × S2).
Then, we have for the total energy fluences

φ̄j(x) =
1

4π

∫
S2

φj,ϑ(x) ds(ϑ), j = 0, 1,

the expressions

(4.6) φ̄0(x) = Φ(0)δ(x3) exp

(
−
∫ x1

−∞
μt(λ, x2, 0) dλ

)

and

(4.7) φ̄1(x) =
Φ(0)

4π

∫
R3

μs(y)δ(y3)

|y − x|2 Θ
(
y, e1,

x−y
|x−y|

)
exp

(
−
∫
γy,x

μt ds

)
dy,

where γy,x is the concatenation of the straight lines (−∞, y1] → R
3, λ �→ (λ, y2, y3) and

[0, 1] → R
3, λ �→ y + λ(x− y).

In particular, we have for suppμs ⊂ Bd(0) that

(4.8)
∣∣φ̄1(x)∣∣ ≤ C log(1 + 4d2

x2
3
) for all x ∈ Bd(0)
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for some constant C > 0.

Proof. Equation (4.2) can be directly integrated, and we immediately find with the bound-
ary condition (4.4) the formula

φ0,ϑ(x) = Φ(0)δe1(ϑ)δ(x3) exp

(
−
∫ x1

−∞
μt(λ, x2, 0) dλ

)
,

which we can integrate with respect to ϑ over S2 to obtain (4.6).

The solution of the linear, inhomogeneous differential equation (4.3) is explicitly given by

φ1,ϑ(x) =

∫ xϑ

−∞
φ̃0,ϑ(x

⊥
ϑ + τϑ) exp

(
−
∫ xϑ

τ
μt(x

⊥
ϑ + λϑ) dλ

)
dτ

with

φ̃0,ϑ(y) =
μs(y)

4π

∫
S2

Θ(y, ϑ̃, ϑ)φ0,ϑ̃(y) ds(ϑ̃)

= Φ(0)μs(y)Θ(y, e1, ϑ)δ(y3) exp

(
−
∫ y1

−∞
μt(λ, y2, 0) dλ

)
.

Here, we used the notation x = x⊥ϑ + xϑϑ for the decomposition of a space coordinate x ∈ R
3

into a vector x⊥ϑ ∈ R
3 orthogonal to ϑ and the component xϑ = 〈x, ϑ〉 in the direction of ϑ.

With this, we obtain for the function φ1,ϑ the formula

φ1,ϑ(x) = Φ(0)

∫ ∞

0
μs(x− λϑ)Θ(x− λϑ, e1, ϑ) exp

(
−
∫
γx−λϑ,x

μt ds

)
δ(x3 − λϑ3) dλ.

Now, integrating over ϑ ∈ S2 and substituting y = x− λϑ, we find (4.7).

To analyze the behavior for x3 → 0, we switch in (4.7) to cylindrical coordinates around
the point x ∈ Bd(0) and then find with f(y;x) = Φ(0)μs(y)Θ(y, e1,

x−y
|x−y|) exp(−

∫
γy,x μt ds)

that

φ̄1(x) =

∫ 2d

0

r

r2 + x23

∫ 2π

0
f(x1 + r cosϕ, x2 + r sinϕ, 0;x) dϕdr.

Since the inner integral is bounded by 2πΦ(0)‖μs‖∞‖Θ‖∞, we end up with an upper bound
of the form (4.8).

Now, Lemma 4.1 explicitly describes the forward model for the light propagation in the
single scattering approximation. According to, for instance, [7], the photoacoustic effect in
the medium generates from the total energy fluence Φ̄ = 1

4π

∫
S2 Φϑ ds(ϑ), which in our first

order approach is approximately given by

Φ̄(x) ≈ φ̄0(x) + φ̄1(x),

the initial pressure

(4.9) p(x) = Γ(x)μa(x)Φ̄(x), x ∈ R
3,
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where Γ is the Grüneisen parameter,6 which describes the thermodynamic properties of the
medium.

Proposition 4.2. Let φ0,ϑ and φ1,ϑ be solutions of (4.2) and (4.3) with the initial conditions
(4.4) and (4.5) for some functions μt, μs ∈ C3

c (R
3) and Θ ∈ C3

c (R
3 × S2 × S2), and let p be

defined by

p(x) = p0(x) + p1(x), pj(x) = Γ(x)μa(x)φ̄j(x), j = 0, 1,

with φ̄j given by (4.7) and the additional parameters Γ, μa ∈ C3
c (R

3).

Moreover, let P be the solution of the wave equation (2.1), and let the measurements m
be given by (2.2) with α = π

2 .

Then, we have that the function M̃ , defined as in (2.11), fulfills the relation

M̃θ(σ) =

∫ ∞

σ

p̂θ(r)− p̂θ(−r)√
r2 − σ2

dr + Cθ(σ),

where p̂θ is the Radon transform

p̂θ(r) =

∫ ∞

−∞
p̂(λθ + rθ⊥) dλ, r ∈ R, θ ∈ S1,

of the zeroth order pressure distribution

(4.10) p̂(ξ) = Φ(0)Γ(ξ, 0)μa(ξ, 0) exp

(
−
∫ ξ1

−∞
μt(λ, ξ2, 0) dλ

)
, ξ ∈ R

2,

in the illumination plane, and where the error term Cθ can be bounded by

|Cθ(σ)| ≤ Cσ(1 + | log σ|2)

for some constant C > 0.

Proof. We know from Proposition 2.3 that

(4.11) M̃θ(σ) =

∫
Ẽ2,σ

p̄θ(ξ)− p̄θ(−ξ)√|ξ|2 − σ2
dξ,

where p̄θ, defined by (2.3), can be written as

p̄θ(ξ) =

∫ ∞

−∞
p0(λθ + ξ1θ

⊥, ξ2) dλ+ p̄1,θ(ξ)

with the first order correction p̄1,θ being, according to the estimate (4.8) of Lemma 4.1,
bounded by

|p̄1,θ(ξ)| ≤ C log(1 + 4d2

ξ22
), ξ ∈ Bd(0),

6We have the relation Γ = 1
Cp

αc2s , where α denotes the thermal expansion coefficient and Cp is the specific

heat capacity at constant pressure.
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for some constants C > 0 and d > 0 chosen such that the support of μa and the support of
μs are both contained in the ball Bd(0). Using now the expression (4.6) for φ̄0 in p0, we find
that

p̄θ(ξ) =

∫ ∞

−∞
p̂(λθ + ξ1ϑ) dλ δ(ξ2) + p̄1,θ(ξ) = p̂θ(ξ1)δ(ξ2) + p̄1,θ(ξ).

Moreover, we have with the substitution z = r
d sinϕ that

∫
Ẽ2,σ∩Bd(0)

log
(
1 + 4d2

ξ22

)
√|ξ|2 − σ2

dξ =

∫ d

σ

∫ arcsin(σ
r
)

− arcsin(σ
r
)

r log
(
1 + 4d2

r2 sin2 ϕ

)
√
r2 − σ2

dϕdr

=

∫ d

σ

2r√
r2 − σ2

∫ σ
d

0

log
(
1 + 4

z2

)
√

r2

d2
− z2

dz dr.

Then, changing the order of integration, we obtain that

∫
Ẽ2,σ∩Bd(0)

log
(
1 + 4d2

ξ22

)
√|ξ|2 − σ2

dξ = d

∫ σ
d

0
log
(
1 + 4

z2

) ∫ d2

σ2

1√
ρ− σ2

√
ρ− d2z2

dρdz

= 2d

∫ σ
d

0
log
(
1 + 4

z2

)
log

⎛
⎝
√

1− σ2

d2
+
√
1− z2√

σ2

d2
− z2

⎞
⎠ dz.

So, we can estimate the integral by

∫
Ẽ2,σ∩Bd(0)

log
(
1 + 4d2

ξ22

)
√|ξ|2 − σ2

dξ ≤ C

∫ σ
d

0
| log z| ∣∣ log (σ2

d2
− z2

)∣∣ dz ≤ C̃σ(1 + | log σ|2)

for some constants C, C̃ > 0. Thus, the contribution of the first order term p̄1,θ in (4.11)
becomes negligible for small values of σ, and we get

M̃θ(σ) =

∫
Ẽ2,σ

p̂θ(ξ1) + p̂θ(−ξ1)√|ξ|2 − σ2
δ(ξ2) dξ + Cθ(σ)

=

∫ ∞

σ

p̂θ(ξ1) + p̂θ(−ξ1)√
ξ21 − σ2

dξ1 + Cθ(σ)

with |Cθ(σ)| ≤ Cσ(1 + | log σ|2) for some constant C > 0.

Thus, we may reconstruct the function p̂θ from the measurement mθ for small values
of r by performing an approximative inversion of the interior Radon transform. However,
this is not enough to reconstruct the physical parameters Γ, μa, μs. To do so, we make two
photoacoustic experiments with two different illumination directions.

This means we first do a photoacoustic measurement m−, where we illuminate the sample
from the direction −e1 (as in the derivation above), and then do a second measurement m+,
where we illuminate the sample from the opposite direction e1. Then, we can recover with
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Proposition 4.2 the two different initial pressure densities in the illumination plane: p̂− and p̂+,
respectively.

Since we can obtain the formulas for the illumination from the direction e1 simply by a
reflection of the object, we find from (4.10) that the relations between these initial pressure
densities and the physical parameters of the object are given by

p̂−(ξ) = Φ(0)Γ(ξ, 0)μa(ξ, 0) exp

(
−
∫ ξ1

−∞
μt(λ, ξ2, 0) dλ

)
,(4.12)

p̂+(ξ) = Φ(0)Γ(ξ, 0)μa(ξ, 0) exp

(
−
∫ ∞

ξ1

μt(λ, ξ2, 0) dλ

)
.(4.13)

These equations can be directly solved for the functions Γμa and μt, and we obtain the
following result.

Proposition 4.3. Let p̂− and p̂+ be given by (4.12) and (4.13) for some constant Φ(0) > 0
and some functions Γ, μa ∈ C1

c (R
3) and μt ∈ Cc(R

3).
Then, we have

(4.14) μt(ξ, 0) =
1

2
∂ξ1 log

p̂+(ξ)

p̂−(ξ)
if (ξ, 0) ∈ supp(Γμa).

Furthermore, we have

(4.15) Γ(ξ, 0)μa(ξ, 0) =

√
p̂+(ξ)p̂−(ξ)
Φ(0)Φ(∞)(ξ2)

,

where

(4.16) Φ(∞)(ξ2) = Φ(0) exp

(
−
∫ ∞

−∞
μt(λ, ξ2, 0) dλ

)
.

We want to mention that instead of calculating the function Φ(∞) via (4.16), this quantity
can be easily measured as the energy fluence of the laser beam after having passed the object.

Since the pressure density p̂ depends only on the two combinations Γμa and μt = μa + μs
of the physical parameters, it is not possible with such a measurement to reconstruct all three
physical parameters Γ, μa, and μs, but from knowledge of one of them, the other two can be
determined. The exact same situation is also encountered in the classical three-dimensional
photoacoustic setup; see, for instance, [4].

Conclusions. We have shown a model for photoacoustic sectional imaging with an inte-
grating acoustic detector with the shape of a half-cylinder serving as focusing detector. Close
to the focus axis of the acoustic detector, the measurements are then seen to be essentially
given by the Abel transform of the initial pressure so that an approximative inversion of the
interior Radon transform may be used to recover the initial pressure close to the focus.

In the particular case of a single scattering approximation for the light propagation, this
reconstruction can be made quantitative in the sense that the transport coefficient and the
product of the absorption coefficient and the Grüneisen parameter can be reconstructed.
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