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The Levenberg—Marquardt iteration for
numerical inversion of the power density operator

Guillaume Bal, Wolf Naetar, Otmar Scherzer and John Schotland

Abstract. In this paper we develop a convergence analysis in an infinite dimensional set-
ting of the Levenberg—Marquardt iteration for the solution of a hybrid conductivity imag-
ing problem. The problem consists in determining the spatially varying conductivity o
from a series of measurements of power densities for various voltage inductions. Although
this problem has been very well studied in the literature, convergence and regularizing
properties of iterative algorithms in an infinite dimensional setting are still rudimentary.
We provide a partial result under the assumptions that the derivative of the operator, map-
ping conductivities to power densities, is injective and the data is noise-free. Moreover,
we implemented the Levenberg—Marquardt algorithm and tested it on simulated data.
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1 Introduction

A common problem in hybrid imaging consists in the determination of the spa-
tially varying conductivity 0 > 0 in a domain 2 C R” from m measurements of
power densities &;(0) = o|Vu;(0)|?> (i = 1,...,m) inside Q (resulting from m
different injected currents f;). That is, the potentials u; satisfy the elliptic equation

div(cVu;) =0 in Q,

1.1
u; = f; ondQ. (D

This problem is relevant, for example, in Acousto-Electrical Tomography (AET)
[3,13,21] and Impedance-Acoustic Tomography (IAT) [8].

We investigate the solution of this nonlinear inverse problem in an infinite di-
mensional setting. We apply the Levenberg—Marquardt iteration [9], a well-known
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iteration method which we recap in the next section. Using recent results about the
linearized power density operator [5], we analyze local convergence conditions of
the iteration method (for sufficiently smooth o and noise-free data &;) and provide
a partial result.

There are a number of theoretical results available on the problem of estimating
o from power densities (and some additional boundary information). In a paper by
Capdeboscq, Fehrenbach, de Gournay and Kavian [7] it was shown that in R2, the
conductivity o is uniquely determined by measurements

F(o) = (0|Vu1|2, U|Vu2|2, oVu1Vuy)

if

det(Vuy,Vuz) > ¢ >0 inQ (1.2)
(certain Dirichlet boundary conditions are known to enforce this condition; see,
e.g., [2]). Note that 0 Vu1Vu, can easily be obtained from a third measurement
of the power density using the polarization identity. The paper [6] extended this
result to R3 and [17] to arbitrary dimension (where the above determinant condi-
tion (1.2) is much harder to fulfil) and additionally showed Lipschitz-stability of
the reconstruction for sufficiently regular conductivities. Using the same interior
measurements as above, Lipschitz-stability of the linearized problem

F'(0): L*(Q) — L*(Q)

(where 0 € C®(2) and Q C R?) modulo the kernel of the linearized power den-
sity operator was shown by Kuchment and Steinhauer [15]. What may be recon-
structed in the setting of only one measurement o'|Vu/|? is analyzed in [4].

Numerically, the problem has been treated in [3,7,8, 14, 16].

The paper is organized as follows: First, we introduce the Levenberg—Marquardt
iteration and its convergence conditions. Then, we linearize the power density op-
erator & with Dirichlet boundary conditions in a suitable topology, analyze its
stability and injectivity and discuss convergence of the iteration method. In the
last two sections, we describe our numerical implementation of the Levenberg—
Marquardt method and present numerical results.

2 Iterative solution scheme

2.1 The Levenberg—Marquardt iteration

Let us denote by &’ = (& f)izlj,,_,m the (noisy) measurements according to m
different initializations. We want find o such that & (o) ~ & 3 To solve, we use an
iterative regularization method in a Hilbert space setting. In [10-12] several such
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methods for solving a general operator equation F (o) & y8, where F: X — Y
and X, Y are Hilbert spaces, are given. We use a Newton-type method, since
these methods are usually converging faster than pure gradient descent methods.
Newton’s method itself is defined by

Ok+1 = 0% + F'(01) " (v® — F(oy)).

If the operator F’(oy) is not left-invertible (this can be the case for & (o) if there
are not enough measurements, as we shall see in the next sections), one may use
Tikhonov regularization:

Ok41 = argflgn{lly — F(ox) — F'(ox)(0 — op) Iy + axllo — oxllz }-
The resulting iteration method

Ok1 = 0k + (F'(03)* F'(0x) + ax 1d) ' F'(01)*(3® — F(ox)),  (2.1)

where «j > 0 are regularization parameters, is called the Levenberg—Marquardt
method.
Hanke [9] suggests choosing o as the solutions of

ly? — F(ox) — F'(0%) 0k +1(ex) —op)lly = ¢y’ = For)ly (22

for some 0 < ¢ < 1. He shows that with the above choice of parameters and the
initial value o sufficiently close to the desired solution, the Levenberg—Marquardt
method converges monotonically to a solution od of F(o?) = y8, provided the
Fréchet derivative F’ is uniformly bounded in a ball B, (05) containing the initial
value o¢ and

IF(o) = F(6)— F'(0)(o =6)lly =Cllo—6&lx[F(o) - F@)ly  (23)

forallo,0 € Bp(a‘g).

2.2 Linearization

We now prove Fréchet differentiability of the power density operator
&(o) = div(cVu)

(where u solves (1.1) for some boundary condition f = f;).

Let  C R”. We assume that o is positive and in the space H'(2) for [ > 2
which implies that H' (Q) is a Banach algebra with respect to pointwise multlph—
cation [1]. For f € H'*2 (89) (1.1) then has a unique solution u(c) € H!*1(Q)
(see [19]), s0 &: HL(Q) — H'(Q).
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Let Ly: HY — H'=2, f > div(c'V f). By formal differentiation one can see
that the directional derivative u’(0)7 is given by
Lou'(0)t = —div(rVu) in Q,

2.4)
u' (o)t =0 on 9Q2.

Obviously, u’(c): H () — H'+1(Q) is linear with respect to 7. It is also boun-
ded for the given norms considering
lw' (@)l gr+1() = Clldiv(z V)l gi-1@) = Clitlgi@lullgiei ) (2.5

Here we used the regularity estimates in [19] for the first and the Banach algebra
property for the last inequality. Since the constant in the regularity estimates is a
bounded function of o if o is bounded from below (e.g., in a sufficiently small
ball around the solution), u’(0) is actually uniformly bounded there. Now, let
Ry(0,7) = u(o + t) —u(o) — u’(0)t be the first order Taylor remainder of u.
For small T we get

Loy:Ry(0,7) = —Lu'(0)t in Q.
As in (2.5) we obtain

IRy (0, Ol gri+1(q) < ClILot' (0] gi-1(g) 26
< Cliellgr@llw' @)l g1y < C||T||§{1(Q)

since u’(0) is bounded. This shows that u’(o) as defined in (2.4) is actually the
Fréchet derivative of u: H (Q) — H!T1(Q).

For the power density operator &: H!(Q) — H!(Q), 0 — ¢|Vu(c)|?, formal
differentiation gives the directional derivative

&'(0)t = |Vul*>t 4+ 20VuVu'(o)r.

Its uniform boundedness follows from the uniform boundedness of u’(¢) and the
Banach algebra property of H! ().
For the first order Taylor remainder Rg (o, 7), we get

Rg(0,7):=&(0 + 1) = &(0) = &'(0)
= (0 + 0|V +u'(0)T + Ru(0. 1) = 0| Vul?
— |Vul*’t =26 VuVi' (o)t
= (0 +1)VQu + 2u'(0)t + Ry(0,7))VR,(0,T)
+ (0 4 )|Vu'(0)t|* + 2t VuVu' (o).
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Now, by (2.6) and (2.5)

1Re (0. D)l 1) < CUIRu(o, Dl i1y + elF ) + I1el7 q) o
=< C”T”%{/(Q)
SO
[Re (0, Dl @) = olltllgr (@)

showing that &' (o) is the Fréchet derivative of &: H! (Q) — H (Q) ato.

2.3 Stability and injectivity

In this section, we recap stability and injectivity of the linearized operator, follow-
ing the treatment in [5].

We may write the linearization of &: H'! (RQ) — HI(Q; R™),0 — (&)i=1,...m
as the following system:

V.60Vu; +V-0Véu; =0,
8o |Vu;|? + 20Vu; - Véu; = 8§8;.

The last line provides the Fréchet derivative §&; = d &; -8 seeing du; = du; -60
as a function of §o given by solving the first line with Dirichlet conditions.

(2.8)

Ellipticity. Let us assume as before that o and Vu; are in the space H!(2) for
[ > Z.Then Dirichlet conditions for u; render the above system elliptic provided

2
that ¢; (x,&) = Oforall 1 < j < m implies & = 0, where
A Vu;
qi(x. &) =2(Fi - > = £, Fi = 5
Vil

This theory is independent of dimension and is based on the theory of elliptic
redundant systems of equations with boundary conditions satisfying the Lopatin-
skii conditions; see [5, 19]. Similar ellipticity conditions are found in [15]. From
such a theory, we obtain for s = [ with [ > 7, and coefficients o € H*(2) and
u; € HST1(Q), the following stability estimate:
186 — 8511+ + 1u — 8ill o1 @ my o)
= C||8& — 8& || gs(@;rm) + C2[|0u — 8ul|p2(:rm)-
Here, § € is the collection of terms §&; and du the collection of §u;. The presence
of the term with C5 indicates the fact that the systems may not be invertible. Rather,
it is Fredholm, and hence invertible up to a finite dimensional kernel of (smooth)
functions. This is reminiscent of the behavior of A + ¢(x), which is invertible up
to a finite dimensional kernel, although it is invertible (with Dirichlet conditions)
for most values of g (x).
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Injectivity of modified systems. Whether we can choose C, = 0 above is not
known in general. Injectivity results are known in the presence of more measure-
ments than necessary for ellipticity; see, e.g., [14] in the linearized setting and
[6,17] in the nonlinear setting.

In the setting of two measurements in dimension n = 2 and three measurements
in dimension n = 3, results of injectivity were obtained in [5] for modified systems
of equations. Let us denote v = (80, {§u; }) and recast the system (2.8) as

AV = 8.

Then assuming that full Cauchy data are known for v on d€2, we may replace the
above system by
Al AV = A'S inQ,
v=0dyv=0 ondf2.
This system was proved in [5] to admit a unique solution on sufficiently small
domains; in other words, (2.9) holds with C, = 0.

A different modification of (2.8) also leading to a fourth-order system similar
to (2.10) is also proved to be injective; see [5, equation (35)].

These systems are difficult to implement numerically. We therefore wish to
solve the system as written in (2.8). Knowing that very similar systems are in-
deed shown to be injective in the aforementioned work, it seems reasonable to
assume that C, = 0 in (2.9) for m large enough, i.e., that the linearized opera-
tor A is left-invertible. With this assumption, we get that d & is an operator from
H* () to H¥(2:R™) with a bounded left-inverse when s > 7.

We then obtain an optimal stability estimate of the form

(2.10)

Cs_1||80 —80|gs) < 108 —8é||HS(Q;Rm) < Gsl|do =6 |gs()- (2.11)

2.4 Convergence analysis

In this subsection we analyse whether the convergence conditions given in Sec-
tion 2.1 can be shown to hold for the power density operator

&: H (Q) — HY(Q:R™)
with a suitable number of measurements m. Note that we require noise-free data
here (the noise cannot be assumed to fulfil differentiability constraints).

To get local convergence of the Levenberg—Marquardt iteration, it suffices to
show that (2.3) holds (we already saw that the operator is uniformly bounded close
to a solution). Given Lipschitz-type stability, i.e.,

lor — o2l g1 (@) < C'lI€(01) — €(02) |l gt (;rm) (2.12)
the estimate (2.3) can easily be obtained from (2.7).
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Using the stability estimates (2.11) for the linearized operator, we can get such
an estimate locally, since for 07,07 € Bp(08 ) (a ball with sufficiently small diam-
eter in the H'!(2)-norm) we have

C'lloz —o1llgiq) < C5 oz — o1l i) — Clloa — o1 ||12qz(g)
< 1€'(a1) (01 — 02) | g1 (@;rmy — Clloz — Cfllléz(g)

< |&(02) — E(oD) g1 (@:rm)

by using norm equivalence for the second inequality and

1€ (01)(02 — 1) | 1 () — 1€ (02) — €D | 1 @) = Cllo2 = 01l

which is obtained by applying the reverse triangle inequality to (2.7), for the third
estimate.
From (2.7) we finally get

|Re (@ D)1 (@) = Clitlzri (@) 1€(@ + 1) — 8@l gr1@mm — @13)

for sufficiently small . Applying the general results in [9] now gives us local con-
vergence (in the noise-free case) of the Levenberg—Marquardt iteration applied to
&:H (Q) - H'(Q;R™).

Note that for the stability estimate (2.11) we assumed injectivity of (2.8) (and
thus &’(0)). For one measurement, this may not hold, for example, it is easily seen
that if  is the unit circle in RZ, the boundary voltage f(x, y) = ax + by (where
(%) is a unit vector) and o = 1, the function f (with corresponding linearized
potential (u'(0) f)(x,y) = —%(x2 +y2) + %) is in Ker &'(0); see also [4].

Generically, one may however expect injectivity to hold if enough data are avail-
able.

3 Numerical solution

The following subsections contain some numerical work to demonstrate the feasi-
bility of our ideas. For simplicity, we work in two dimensions, so we take 2 C R?.
Furthermore, we now allow the presence of noise. As noise cannot be assumed
to be differentiable, we have to consider (in contrast to the previous section) the
power density operator to map into L2(2). Since / = 2 is the smallest integer for
which H!(§2) is a Banach algebra, we take &: H2(Q2) — L2(S).

3.1 Calculation of the adjoint

For the iterative algorithm, we require an expression for the adjoint of &'(0),
which we now derive.
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First, we consider the case m = 1 of a single measurement. Larger values of
m are treated with an additional summation. Since &’(0): H*(Q) — L?(Q) is a
bounded operator, we know that &'(0)*: L2(Q) — H?(Q) is bounded as well
(see [20]).

First note that the adjoint operator of &'(0): H?(Q2) — L?(2) can be written
as

€'(0)*: L3(Q) — H*(Q).

&'(0)*z = i*€'(0)*z,
where & ,(o)* is the L2(2)-adjoint of (o) and i * the adjoint of the embedding
itH*(Q) — L*(Q).

We start by finding an expression for él(a)* on H?(Q) C L?(R2). To this end,
let V = V(o,u(0)) with V: H*(Q) — HZ () be the linear operator defined by
LsVz =—div(zoVu(o)) inQ,

Vz=0 in 2.

Note that zo is also in H2(2), so V' is mapped into L?(2).
For z € H? we now get that for the second summand of &’(o)

(oVuvu'(o)r, Z)LZ(Q) = —{oVi/(0)r, VVZ)LZ(Q;RQ)

= (‘L’, VuVVZ)Lz(Q)

by partial integration and the definitions of V' and u’(¢). Since the first summand

is self-adjoint, we conclude
&'(0)* H*(Q) — H*(Q),
(3.1)
&' (0)*z = i*(|Vu(o)|*z + 2Vu(o)VVz).

As the operator &(0)* is bounded on L?(£2), (3.1) can be continuously ex-
tended to w € L?(R), e.g., by taking

&' (0)*w := lim &'(0)*Pw
€—>0
where ®.w = ¢¢ * w is the mollification operator corresponding to some molli-
fier ¢.
For the operator §: H2(Q) — L?(Q;R™),0 > (&;)i=1,...,m We similarly get
(with V; = V(o,u;(0))),
&'(0)*: H*(Q:R?) — H?(Q),

“ 3.2
&'(0)*z =i*Z|Vuj(0)|22j +2Vu;(o) - VViw;. ©2)

J=1
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Note that & can also be continuously extended to L2(2; R?) by mollifying and
taking the limit.
To calculate i *: L2(Q2) — H?(), we make the additional assumption that

o€ H%(Q) = {x € HX(Q): g—’: = o},

a closed subspace of H?(2) since (% o trace): H2(Q2) — L?(9R) is bounded.
With the inner product

2@ = (D)) + B* (Ax. Ay) 129
for some B > 0, i*y is the solution of the Neumann problem

(Id+B2AA)i*y =y,

OAI*y
5 =0 onodf, (3.3)
9i7y =0 onodQ
v

since for all x € HI%/ (Q), y € L%(Q) we get that

(XJ*Y)H%V(Q) = (5. i"¥)a) + B2 (A, AT (g

0x
ZAE
aQ 0V nY v

= (x. (d+B2AN)I*Y) 2y + B

= (x,¥)r2@) = {ix.¥)2(@) -

The fourth order PDE (3.3) is equivalent to the system of second order equations

i*y 4+ B2Az =y,

Ai*y —z =0,
0
a—Z=0 on 012, (34)
v
0i*
; Y =0 ondf.
v

For a cruder approximation (which should give a faster solution), we could use
H' or L? adjoints (where we have i = i* = Id). For the inner product

(X Va1 @ = (. )2@ + B(VX. Vy)12@).
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the adjoint of i: H(2) — L?(Q2;R?) (by a proof similar to the above) maps
y € L?(R) to the solution of

(Id—B2A)i*y =y,

di*y _
EV

(3.5
0 onodQ.

3.2 Implementation
For F = & with a given (single) measurement & 8, equation (2.1) for the k-th
Levenberg—Marquardt step tj reads

(lirrbi*Me + oy Id)rk — &'(01)* (&% — &(ap)) (3.6)

where, with u = u(oy), ax = o, t = 1% and 0 = oy,

Mct = |Vul?®(|Vul?t + 20 VuVu'(0)7)
+ 2VuVV O (|Vul?) + 4VuVv e (o VuVu'(o)1).
Now, let € be fixed. By introducing auxiliary variables z!, z%, z3 and y!, y2, y3

(for expressions which are a solution of a PDE) and using (3.4), equation (3.6) can
be written as

2 + ate = 6'(0)*(6° — £(0)),
Az3—z2 =0, 823/81) =0 ondL,
B2Az2 + 23 —z1 =0, 3z2/0v =0 ondQ,
IVul?®.(|Vul?1e + 20VuVyl) + 2Vuvy? + 4vuvy3 —zt =0, (3.7)
div(® (e VuVyhHoVu) + Lyy> =0, y> =0 ondQ,
div(®Pe (te|Vu|?)oVu) + Loy?> =0, 2 =0 ondQ,
div(zeVu) + Loy =0, y!'=0 ond<.

We then obtain 7% in (3.6) from 7. by letting ¢ — 0 (for numerical purposes
the continuous extension, i.e., the mollification and the limit can be ignored, as
it leaves the discretization unchanged in the limit € — 0). Since its discretization
does not contain inverse matrices (and thus can be solved using sparse matrix op-
erations only), the system (3.7) is more amenable to numerical treatment than dis-

cretizing (3.6) directly. When using L2 or H! adjoints, similar (smaller) systems
can be generated.
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For multiple measurements &, using the exact same approach leads to the sys-
tem

2+ ate = 8'(0)* (&% — 8(0)),
Az3—z%2 =0, 823/81):0 on 092,
,82A22+z3—21 =0, 822/8v:0 on 092,

m
D IV POc(|Vu; [Pre +20Vu;Vy))
= (3.8)

+2Vu;Vy? +4Vu,;Vy? —z1 =0,
div(Pe(0Vu;Vy)oVu;) + Loy; =0, y? =0 ondQ,
diV(CIDG(r6|Vuj|2)0Vuj) + L(,yj2 =0, y]2 =0 ondf,
div(teVuj) + Lgy/1 =0, y} =0 ond,

so three equations (and auxiliary variables) have to be added per additional mea-
surement. We again obtain 7; from . by letting € — 0.

4 Results

In our numerical solution we directly implemented the systems (3.7) and (3.8)
to obtain Levenberg—Marquardt steps. For discretization of the partial differential
equations we used a self-written linear finite elements framework in MATLAB.
The triangular mesh (with 42849 nodes and 85007 elements) was created using
DistMesh (see [18]). All calculations were done on a workstation computer.

To test the reconstruction algorithm, we generated simulated data

g’ = (€8.¢5.¢%)
on the unit circle with the boundary conditions
1

Silx,y)=x, falx,y)=y and fs(x,y)=ﬁ(x—y)

(and added Gaussian noise with standard deviation 1 to avoid an inverse crime).

For reconstruction, we set 69 = 1, = 1073 and chose o = 2% (with a min-
imum of 10~#) a priori. Choosing « according to the criterion (2.2) would be
possible (e.g., by reducing o until the condition is met), but numerically expen-
sive.

Note that for two or more measurements, regularization is technically is not
necessary since the operator can be assumed to be invertible (the linearized and
discretized equations were solvable with oy = 0 in all instances we tested), but
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10

(c) Power density & 82 (d) Power density 82

Figure 1. Conductivity and simulated measurements with boundary conditions
filx,y) =x, fo(x,y) =y and f3(x,y) = %(x — y) and Gaussian noise. The
color axis was manually set to 1-10, the range of 0.

advantageous for the iteration scheme since it helps ensure that iterates remain in
a trust region and thus feasible (i.e., positive). Additionally, we enforce a minimal
conductivity of 10712 on the iterates.

We used the standard MATLAB sparse solver mldivide to solve the linearized
and discretized equations.

The results of our numerical experiments seen in Figures 2 and 3 show that
from two measurements, even in the presence of significant noise, very good re-
constructions are possible. The third measurement, which considerably increases
the runtime, mostly serves to slightly reduce the noise. The H '-approximation of
the H? adjoint works well without loss of accuracy. The L2-approximation, on
the other hand, does not converge properly. From the difference images, we can
see that in the main remaining error in the H! or H? reconstructions with tow or
more measurements is due to smoothing (which can be alleviated by running more
iterations or lowering f).
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(b) L2 adjoints, data (€%, €3)  (¢) L* adjoints, data
(€8.68. %)

(e) H! adjoints, data (§%,8%) (f) H! adjoints, data
=3 § o8 o8
(€3, &3.¢%)

(2) H? adjoints, data €5 (h) H? adjoints, data (€5, &%) () H zsadjosims’ data
(61.€3.€3)

Figure 2. Reconstructed conductivities after fifteen iterations of the Levenberg—
Marquardt algorithm using different adjoints and one, two or three measurements.
The color axis was manually set to 1-10, the range of the original conductivity to
ease comparison.
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(c) L2 adjoints, data
(€3.65.€%)

P 2 o diointe data &0
(a) L* adjoints, data &5

(f) H! adjoints, data
(€3.65.€%)

(g) H? adjoints, data 882 (h) H? adjoints, data (8‘%, 8‘;) (i) H? adjoints, data
(€3.€5.€%)

Figure 3. Difference images |o. — 0| corresponding to the reconstructions in Fig-
ure 2. The color axis was manually set to 0-3.

While the given algorithms could in theory be directly translated to R3 (a higher
degree of regularity would be necessary to get a Banach algebra and/or map into
L?(R)), the drastically increased number of elements would make the computa-
tional effort for high-resolution reconstructions unreasonable. To reduce the effort,
one could either switch to Landweber-like methods or use a combination of nested
grids and iterative linear solvers as in [7].



The Levenberg-Marquardt iteration 279

Bibliography

(1]
(2]

(3]

(4]

(5]

(6]

(71

(8]

(9]

[10]

(11]

[12]

[13]

[14]

[15]

[16]

[17]

R. A. Adams, Sobolev Spaces, Academic Press, New York, 1975.

G. Alessandrini and V. Nesi, Univalent o-harmonic mappings, Arch. Ration. Mech.
Anal. 158 (2001), no. 2, 155-171.

H. Ammari, E. Bonnetier, Y. Capdeboscq, M. Tanter and M. Fink, Electrical impe-
dance tomography by elastic deformation, SIAM J. Appl. Math. 68 (2008), no. 6,
1557-1573.

G. Bal, Cauchy problem and ultrasound modulated EIT, Anal. PDE, to appear.

G. Bal, Hybrid inverse problems and systems of partial differential equations, pre-
print (2012), http://arxiv.org/abs/1210.0265.

G. Bal, E. Bonnetier, F. Monard and F. Triki, Inverse diffusion from knowledge of
power densities, preprint (2011), http://arxiv.org/abs/1110.4577v1.

Y. Capdeboscq, J. Fehrenbach, F. de Gournay and O. Kavian, Imaging by modifi-
cation: Numerical reconstruction of local conductivities from corresponding power
density measurements, SIAM J. Imaging Sci. 2 (2009), no. 4, 1003—1030.

B. Gebauer and O. Scherzer, Impedance-acoustic tomography, SIAM J. Appl. Math.
69 (2008), no. 2, 565-576.

M. Hanke, A regularizing Levenberg—Marquardt scheme, with applications to in-
verse groundwater filtration problems, Inverse Problems 13 (1997), no. 1, 79-95.

S.I. Kabanikhin, Inverse and Ill-Posed Problems. Theory and Applications, Walter
de Gruyter, Berlin, 2011.

B. Kaltenbacher, A. Neubauer and O. Scherzer, Iterative Regularization Methods
for Nonlinear Ill-Posed Problems, Radon Ser. Comput. Appl. Math. 6, Walter de
Gruyter, Berlin, 2008.

B. Kaltenbacher, F. Schopfer and T. Schuster, Iterative methods for nonlinear ill-
posed problems in Banach spaces: Convergence and applications to parameter iden-
tification problems, Inverse Problems 25 (2009), no. 6, 065003.

P. Kuchment and L. Kunyansky, Synthetic focusing in ultrasound modulated tomog-
raphy, Inverse Probl. Imaging 4 (2010), no. 4, 665-673.

P. Kuchment and L. Kunyansky, 2D and 3D reconstructions in acousto-electric to-
mography, Inverse Problems 27 (2011), no. 5, 055013.

P. Kuchment and D. Steinhauer, Stabilizing inverse problems by internal data, In-
verse Problems 28 (2012), no. 8, Article ID 084007.

F. Monard and G. Bal, Inverse anisotropic diffusion from power density measure-
ments in two dimensions, Inverse Problems 28 (2012), no. 8, 084001.

F. Monard and G. Bal, Inverse diffusion problem with redundant internal informa-
tion, Inverse Probl. Imaging 6 (2012), no. 2, 289-313.


http://arxiv.org/abs/1210.0265
http://arxiv.org/abs/1110.4577v1

280 G. Bal, W. Naetar, O. Scherzer and J. Schotland

[18] P.-O. Persson and G. Strang, A simple mesh generator in MATLAB, SIAM Rev. 46
(2004), no. 2, 329-345.

[19] V. A. Solonnikov, Overdetermined elliptic boundary-value problems, J. Sov. Math. 1
(1973), 477-512.

[20] J. Weidmann, Linear Operators in Hilbert Spaces, Grad. Texts in Math. 68, Springer-
Verlag, New York, 1980.

[21] H.Zhang and L. Wang, Acousto-electric tomography, in: Photons Plus Ultrasound:
Imaging and Sensing (San Jose 2004), Proc. SPIE 5320, SPIE Press, Bellingham
(2004), 145-149.

Received November 26, 2012.

Author information

Guillaume Bal, Department of Applied Physics and Applied Mathematics,
Columbia University, New York, NY 10027, USA.
E-mail: gb2030@columbia.edu

Wolf Naetar, Computational Science Center, University of Vienna,
Nordbergstr. 15, A-1090 Vienna, Austria.
E-mail: wolf .naetar@univie.ac.at

Otmar Scherzer, Computational Science Center, University of Vienna,
Nordbergstr. 15, A-1090 Vienna, Austria;

and Radon Institute of Computational and Applied Mathematics,
Austrian Academy of Sciences, Altenbergerstr. 69, A-4040 Linz, Austria.
E-mail: otmar.scherzer@univie.ac.at

John Schotland, Department of Mathematics, University of Michigan,
Ann Arbor, MI 48109, USA.
E-mail: jcsch@umich.edu


mailto:gb2030@columbia.edu
mailto:wolf.naetar@univie.ac.at
mailto:otmar.scherzer@univie.ac.at
mailto:jcsch@umich.edu

