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Abstract

We address the classical issue of appropriate choice of the regularization and
discretization level for the Tikhonov regularization of an inverse problem with im-
perfectly measured data. We focus on the fact that the proper choice of the dis-
cretization level in the domain together with the regularization parameter is a key
feature in adequate regularization. We propose a discrepancy-based choice for these
quantities by applying a relaxed version of Morozov’s discrepancy principle. Indeed,
we prove the existence of the discretization level and the regularization parameter
satisfying such discrepancy. We also prove associated regularizing properties concern-
ing the Tikhonov minimizers. We conclude by presenting some numerical examples
of interest.
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1 Introduction

In many applications, inverse problems are solved under a finite-dimensional and discrete
setup with noisy, and sparse data, although the theoretical framework is infinite dimen-
sional. See [11, 12, 23]. Thus, the relation between the finite- and the infinite-dimensional
descriptions of the same problem should be well-understood. More precisely, it is impor-
tant to state a criterion to find appropriately the domain discretization level in terms of
the available data, in order to find a reliable solution of the inverse problem, which is in
general ill-posed.

Thus, under the context of Tikhonov-type regularization, we propose a discrepancy-
based rule for choosing appropriately a regularization parameter and a domain discretiza-
tion level. We also establish the corresponding regularizing properties of this rule under
fairly general assumptions inspired by [23, Chapter 3].
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Several authors have considered discretization as a regularization tool. See [12, 13, 16,
19] and references therein. We go one step further by analyzing the interplay between the
regularization parameter and the domain discretization level from a discrepancy principle
viewpoint.

Assume that a model is given by the operator F' : D(F) C X — Y, defined in the
reflexive Banach spaces X and Y, with a convex domain D(F'). Thus, we want to identify
the element = in D(F') C X that generated, through F, the data y € R(F) C Y. In other
words, we have the following problem:

Problem 1. Giveny € R(F) CY, find x € D(F) C X satisfying:

F(r) =y. (1)

Problem 1 is an idealization, since it is intrinsically assumed that the data y is perfectly
measurable, i.e., there is no uncertainty when measuring y. However, in practice we have
access only to noisy data in Y, denoted by y°. Furthermore, in general the inverse of the
forward operator is not continuous or not well-defined (ill-posed).

Remark 1. In the present framework we can include the class of locally ill-posed inverse
problems. More precisely, the class of problems where, for a given solution x' of the inverse
problem (1), in every closed ball B(zt,r), we always find a sequence {xy}ren C B(zT,r) N
D(F), such that, {F(x})}ren converges to F(xl), but x), = .

This is the case, for evample, when x' is a cluster point of solutions of (1). For more
details and examples on locally ill-posed problems, see [15, 17] and [24, Section 3.1.2].

When the statistics of the noise is available and the way it corrupts the data is known,
the noisy and the noiseless data are related by:

¥’ = h(y,e),

where e is the noise, which is given by some random variable and the function h(-,-) states
how the uncertainties corrupts the data. See [25].

Remark 2. Let us assume that X and Y are Hilbert spaces .

Let the noise be additive, i.e., h(y,e) =y + e, and let e be a zero-mean Gaussian random
variable with covariance operator Y3, where ¥ :'Y — Y is a positive-definite and bounded
from below linear operator. Then, the noiseless and the noisy data should satisfy

(y—9°, S (y—y°)) < &, (2)

with § > 0 and ||3|| > 1/6%

By the positiveness and the boundedness of X2, it follows that (-, >~} is a scalar product
equivalent to the standard one of Y. In other words, Y with {-,X' ) is also a Hilbert
space. Therefore, when we have a zero-mean Gaussian noise with covariance operator X,
there is no loss of generality if we assume that y°, y and the noise level § > 0 satisfy:

ly —y°|| < 6. (3)

IThe case of Banach spaces follows similarly by replacing the scalar product by the dual pairing.




The presence of noise and the intrinsic ill-posedness of Problem 1 imply that some
regularization technique should be addressed to find stable approximate solutions. Thus,
we investigate a Tikhonov-type regularization approach. See [11, 23]. More precisely, we
analyze:

Problem 2. Find a minimizer in the domain of the operator F', which is assumed to be
convez, for the Tikhonov functional

FO (@) = |[F(2) =’ | + afu (), (4)
with o > 0 and 1 < p < +o0.

In the sequel, we shall make some fairly general assumptions on the functional f,,. We
remark that, we introduced zg in (4) to allow the introduction of some a priori information.

We analyze Problem 1 in a discrete setup. Thus, besides choosing appropriately the
regularization parameter «, we should choose also a proper level of discretization in the
domain of the forward operator. Such choice should be made taking into account the
available data y®. Thus, we base our choice of both parameters on the same relaxed
version of Morozov’s discrepancy principle. The present approach applies in a nontrivial
way the methodology developed in [18, 6, 4, 5] to the context of nonlinear operators under
a discrete setting. We also establish that the continuous case can be recovered from the
discrete one, when the discretization level goes to infinity.

We propose an a posteriori choice for the discretization level in the domain of the
forward operator and the regularization parameter « in the Tikhonov functional (4) based
on the following relaxed version of the Morozov’s discrepancy principle:

Problem 3. Given 1 <7 < X fized, find m € N and o > 0, such that

70 < ||F(3,0) = 9"l < A6, ()

5

where x;, ., is a minimizer of (4) in D(F)N Xy, with X, a finite-dimensional subspace of

X.

Under this framework, we prove that, if Problem 1 has a unique solution and the
parameters « and m satisfy (5), then its discrete regularized reconstructions (weakly)
converge, when the noise level § goes to zero, to the solution of Problem 1. When uniqueness
does not hold, we also have convergence for some solution of Problem 1. However, in this
case, the regularized solutions converge to some f,,-minimizing solution of Problem 1 (see
Definition 1), under some restrictions on the choice of m.

We observe that, in general the set of elements in the finite-dimensional subspace X,
satisfying (5) maybe empty. Thus, we shall prove that there exists some m and « such
that the discrepancy principle (5) is satisfied. Furthermore, under suitable assumptions,
convergence and convergence-rate results for the Tikhonov minimizers can be obtained for
such parameters in terms of the noise level §.

Part of the proof of these results rely on the well-posedness of a discrete version of the
Morozov’s discrepancy principle presented in [4, 5, 6].

We also present some guidelines to adapt the proofs of these results when the forward
operator is replaced by a discrete approximation or the discrepancy principle (5) is replaced
by the sequential discrepancy principle studied in [3].

This article is divided as follows:



In Section 2 we introduce the discrete setup and make some assumptions concerning
Tikhonov-type regularization. We also present existence and stability results for the mini-
mizers of (4) with a fixed discretization level. In addition, we prove the convergence of the
approximated solutions to some solution of Problem 1.

The well-posedness of the discrepancy principle (5) for finding the appropriate discretiza-
tion level in the domain and regularization parameter is stated in Section 3.

The convergence and convergence-rate results associated to the discrepancy principle (5)
are established in Section 4.

We also observe a key change in the proof of the convergence result when, instead of the
forward operator F', we consider a discrete approximation of F' in Section 5.

In Section 6, we introduce an alternative discrepancy principle, which is more general than
that of Equation (5). We also comment the principal changes in the proof of the conver-
gence results, when using this discrepancy principle.

Section 7 is devoted to numerical examples that illustrate the present approach.

The regularizing properties of the auxiliary discrepancy principle introduced in Section 3
is proved in Appendix A.

2 Preliminaries

We now define the discrete framework used in the subsequent sections. We also present
some preliminary results on Tikhonov regularization under the discrete setup and make
some important assumptions.

Assumption 1. The regularizing functional f., : D(f.,) — Ry is weakly lower semi-
continuous, convez, coercive, and proper.

Assumption 2. The forward operator F is continuous under the strong topologies of X
and Y. We also assume that the level sets

Ma(p) ={z € D(F) = Fi,,(x) < p}

are weakly pre-compact and weakly closed. Moreover, the restriction of F to My(p) is
weakly continuous under the weak topologies of X and Y .

Definition 1. An element 27 of D(F) is called a least-square f,,-minimizing solution or
simply an f,,-minimizing solution of Problem 1 if it is a least-square solution, i.e.,

et € LS :={x € D(F) : |F(z) —y| =0}
and minimizes f,, in LS, i.e.,

a2t € L= argmin{f,,(z) : = € LS}.

We always assume that £ # (.
Note that the sets LS and £ depend on the noiseless data y.



Assumption 3 (Condition 4.7 in [4]). Let 2t be an f,,-minimizing solution for Problem 1
and xo € D(F) be fived. We assume that:

F((1 =t)at +tag) — y||?
t—0+ t

0 (6)

Note that Assumption 3 is satisfied by many classes of operators, such as the class
of locally Hélder continuous functions with exponent greater than 1/2, with p = 2. See
[11, 23] and references therein.

In the remaining part of this section we define the discrete setup of the present article.
Let the sequence {X,,}men of finite-dimensional subspaces of X satisfy:

X C Xpy1, form €N, and | J X, = X (7)

meN

Definition 2. Define the finite-dimensional sets:
D,, =D(F)NX,,, for meN. (8)

The set D,, is convex since it is the intersection of a subspace of X with a convex set.

Note that, if we had chosen D,, as the orthogonal projection of D(F) onto the finite-
dimensional subspace X,,, we could possibly have that D,, N X — D(F) # (), since F is not
necessarily linear and D(F') is not necessarily a subspace of X. Therefore, this definition
ensures that D,, C D(F) for every m € N.

For now on, we assume that D,, # (), for every m. Thus, we want to find mfn’a €D,
minimizing (4), with m and « appropriately chosen.

The analysis that follows depends on how fast the restriction of the operator F' to D,,
converges to F' as m — oo. Thus, we have the following definition:

Definition 3. Let P,, : X — D,, be the projection of X onto D,,, x' be a least-square
fuo-minimizing solution of Problem 1. Define:

Y = | F(ah) = F(Pua)| - and ¢y = ||zt — Pyl 9)

The quantities in 7, and ¢,, in Definition 3 are not available in practice, since it
depends on the unknown zf. They are introduced only for theoretical purposes. Also in
Definition 3, the projection P,, is not an orthogonal projection, since the spaces X, and
X,, are Banach spaces. It is called projection, since it maps uniquely an element of X onto
the convex set D,,, C X,,.

Lemma 1. For every x € D(F), ||F(x) — F(Pnz)|| = 0 when m — oo.

Proof. From (7) it follows that ||z — P,x| — 0 as m — oo for every x € D(F'). Since the
operator F' is continuous, the assertion follows. O



Existence and Stability of Tikhonov minimizers
We consider the following optimization problem:

Problem 4. Find an element of

argminf{||F(x) — °||P + afe, (2)},  subject to € D, (10)

We present below some well-known results concerning the existence and the stability
of the solutions of Problem 4. See [21, Proposition 2.3].

Theorem 1 (Existence). Let m € N and 6 > 0 be fived. Then, for any y° € Y, it follows
that Problem 4 has a solution.

Definition 4. For given data y°, we call a solution of Problem j stable if for a strongly
convergent sequence {yren C Y, with limit y°, the corresponding sequence {xy}reny C X
of solutions of Problem 4, where y° is replaced by vy, in the functional of Problem 4, has

a weakly convergent subsequence {xy, }1en, with limit &, a solution of Problem j with data
5

Y.
Theorem 2 (Stability). For each m € N, the solutions of Problem j are stable in the
sense of Definition 4. Moreover, the convergent subsequence {xg, }ien with limit & from
Definition 4 satisfies the limit fo,(xg,) — fuo(T).

Convergence

The following theorem shows that the finite-dimensional Tikhonov minimizers converge to
some f,,-minimizing solution of Problem (1).

Theorem 3. Assume that o = (6, 7,) > 0 satisfies the limits:

O+ )P
lim a(d,7,) =0 and lim (04 )
&, Yym—0 8, Ym—0 05(5, ’ym)

. (11)

~ - _ .0
Let {zy}ren be a sequence of solutions of Problem 4 with xy = x3% . and O, Ym, — 0

when k — oo. Then, it has a weakly convergent subsequence {xy, }1en with weak limit x7,
an fu,-minimizing solution of Problem 1 with fy,(xx,) — fu(z1).

Proof. The proof follows by standard arguments in Tikhonov regularization theory. Thus,
let us consider a sequence {xy }ren of solutions of Problem 4 with data y% . where zj, € X,
and o = a0k, Vm,) satisfy (11). Then, ||[F(zg) — y*||P + arfuo (@) < (0 + Ym )P +

e foo (P, ). Denoting the weakly convergent subsequence also by {zj}ren, with limit
T € D(F), we have

Ok + Ymy, )P
fulen) < PP g ),
Qg
and then, limsup fo,(7x) < fo(z'), since foo(Pm,2") — fu (7). We also have that

k—o00
| F () — v%||P < (O + Yy )P + Qfuo(P,,xt). By the weakly lower semi-continuity of
fz, and the norm, the weak continuity of F', and the above estimates, it follows that z is
an f,,-minimizing solution of Problem (1).

]



3 The Discrepancy Principle

In this section we consider the simultaneous choice of the discretization level in the domain
and the regularization parameter based on the same discrepancy principle.

Definition 5. Let § > 0 and y° be fized. For X > 7 > 1, we choose the greatest m € N
and o > 0, with m = m(8,y°) and o = «(6,1°), such that

70 < ||F(x0) = 9"l < A6, (12)

holds for x°, . a solution of (4) with these same m and .

m,o

We shall see in Proposition 2 that, under suitable conditions, there exist m and «
satisfying the discrepancy principle (12). In Section 6 we present an alternative discrepancy
principle, where only one of the inequalities of (12) should be satisfied. Thus, even the
functional a — [|F(x, ,) — ¢°|| has some discontinuity, the inequality is satisfied by some
av, since, we shall see that limg | F(22, ,) — 3°|| = 0.

The existence of the regularization parameter and the discretization level satisfying
the Discrepancy Principle (12) follows by the well-posedness of the modified Morozov’s
discrepancy principle (7). More precisely, we have to choose m € N such that ~,, satisfies
a modified version of (12). For this same m, we choose o > 0 through (7), given that it is
well-posed. Then, these o and m satisfy the same discrepancy principle, as required. The
well-posedness proof of this problem, for each discretization level m € N, is the aim of the
following paragraph.

In what follows we assume that xy in the penalization f,, is an element of the finite-
dimensional sub-domain D,,, for some my < m, for every m considered in the analysis.

Discrete Morozov’s Principle

We now present a criterion to choose the regularization parameter a by a modified version
of the Morozov’s principle for a given discretization level m € N.
In what follows we assume that:

fzo(x) = 0 if, and only if, x = x. (13)

Definition 6. Let §, y° and the domain discretization level m be fized. For a € RY, we
define the functionals:

L(zp) = IF(@n6) =l (14)
H(@po) = foo(tha): (15)
I(e) = [IF(zpa) =Y I" + ofa(2h0)- (16)

We also define the set of all solutions of Problem 4 for each a € (0,00) and m € N:

1

Mo = {20, o € Dy F (0,0) < FLo(@),V2 € X}

a,x0 a,xo

Note that, in what follows we assume that the Tikhonov functional is defined for any x €
X, 1.€., it assume finite values if x € Dy, and it assumes the value 400 if x & D,,.

In the following results, some properties of the functionals L, H and I are presented.
See [26, Section 2.6].



Lemma 2. /26, Lemma 2.6.1] As functions of a € (0,00), it follows that, the functional
H(-) is non-increasing and the functionals L and I are non-decreasing. More precisely, for
0 < a< B we have

sup L(x) < inf L(z), inf H(z)> sup H(z) and I(a)<I(p).

TEMpm o Z‘Emeg TEMm, o $€Mm,5

Lemma 3. The functional I : (0,00) — [0, 00] is continuous. The sets

M,, = {oz >0| inf L(z)< sup L(x)}
JTeMm,oz iteMm,a
and
Ny, = {a >0| inf H(z) < sup H(m)}
IeMm,a IEMm,a

are countable and coincide. Moreover, for each m € N the maps L and H are continuous
in (0,00)\Mp,.

Lemma 4. For each & > 0, there exist x1,x9 € My, & such that

L(zy) = inf L(z) and L(xze)= sup L(x).

zE€EMm,& 2EM

Remark 3. Fven we are under a discrete setting, it follows that the proofs of the Lemmas 2,
3 and 4 hold, if the functionals L, H and I are restricted to the finite-dimensional subspace
X, with m € N fized.

In the present section we consider the relaxed version of Morozov’s discrepancy principle
below. However, this is not used for practical purposes, since it relies on the knowledge of
Ym, which depends on the unknown zf. It is used only for theoretical purposes, i.e., it is
an auxiliary definition.

Definition 7 (Discrete Morozov’s Principle). Let §, y° and the domain discretization
level m be fixed. Define 7 := 7 and let 5 be such that 1 < 71 < 79 < A. Then, find
a=a(d,y’,m) > 0 such that

71(0 + ) < [1F(25,0) = ¥l < 7205 + ), (17)
holds for xfma, a solution of Problem 4.

In Section 6 we present an alternative discrepancy principle.

Proposition 1. Let 1 < 71 < 73 be fived. Suppose that |F(Pnazo) — v°]] > 72(6 + Yim).
Then, we can find o and & > 0, such that

L(xy) < 71(0 + 9m) < 72(0 + ym) < L),

where we denote 1 == 1,

I



Proof. This proof follows almost directly from [4, Proposition 3.8]. Let us hold m fixed
and consider two sequences, {ay }ren converging monotonically to zero, and {aj, }ren such
that ), — oo. Then, we can find sequences of Tikhonov minimizers of Problem 4, {x) }ren
and {z} }ren, corresponding to ay and o}, respectively. Then, replacing z' by P27, 0 by
xg, and ¢ by § + 7, in [4, Proposition 3.8], the assertion follows. O

Extending [4, Condition 3.9] to this discrete setting, we have the following:

Assumption 4. For each m € N fixed, there is no o > 0 such that the estimate
IF(z) = 4’|l < 116+ 9m) < 72(8 4+ vm) < IF(T) — |- (18)
is satisfied for some x,T € My .

The following result shows the well-posedness of the discrepancy principle of Defini-
tion 7.

Theorem 4. Let Assumption 1, 2 and 3 hold. Then, by Proposition 1 there exists an
a:=a(8,y°,vm) >0 and an :L‘?ma € M, o, such that

(0 +m) < [ F (2h0) = 4| < 72(6 + Yim). (19)

Proof. This proof follows almost directly from [4, Proposition 3.10]. Let m be fixed. We
replace ' by P,z', 0 by xg, and 6 by § + 7,, in [4, Proposition 3.10], and the assertion
follows. O

We have thus established the well-posedness of the discrete Morozov’s principle. See
Appendix A for the corresponding regularizing properties.
Under the present setup, if we choose m € N sufficiently large and such that

Yo < (i - 1) 5 (20)

T2

is satisfied with A > 75 > 1. Then, for this same m € N, it follows that, when « is chosen
through Definition 7, the discrepancy

710 < ||F(a,0) = 4"l < A6, (21)

is satisfied with 29, , a solution of (4). This follows since, 718 < 71(8+7p,) and 75(6+7) <
AO.
This leads us to the Proposition 2:

Proposition 2. et 1 <71 <75 < X be fized, ||F(Pnzo) — v°|| > 72(0 + Ym), and Assump-
tion 4, hold for every m sufficiently large. Then, there exist m € N and o > 0 satisfying
(12).

Proof. Let us consider the sets M, ,, of solutions of Problem 4, corresponding to o and m.
Recall that, by Theorem 1, these sets are nonempty. We also define the sets:

Asm i={x €D,, : 70 < ||F(2) —¢°| < A6}



Note that, it may occur that M,,, N Asm = 0. Thus, assuming that ~,, = O(0), by
Theorem 4 there exist some o > 0 and m € N such that M, N As,, # 0. More precisely,
let m satisfy v, < (A\/ma—1)0, with 7 < 75 < A. Also, let a be chosen through Definition 7,
with 71 = 7. Then, for such m and «, it follows that

70 < T(6 4 Ym) < 1F(2,0) = ¥l < 72(8 + vm) < A6
Thus, My N Asm # 0. O

Remark 4. Therefore, the problem of finding m and « through the discrepancy principle
of Definition 5 is well-posed.

4 Regularizing Properties

In the previous section we have established the well-posedness of the discrepancy principle
(12) as a rule to select the parameters m and «, with fixed data 3° and noise level §. We
now explore some corresponding regularizing properties.

Definition 8. Let ¢ € (0,7 — 1) be fized. Then, for every m € N, define the sets:
H, ={z €D, : |F(z)—’|| < (r—e)d},
with the same T of Definition 5.

The sets defined above shall be used in the proof of convergence results, whenever we
need to assume that H,, is nonempty. Observe that, for m sufficiently large, H,, is indeed
nonempty, since:

Hy, = (F7' (B, (r—¢£)0)) ND(F)) N X,n,
where B(y°, (T —¢)d) is the open ball centered in y° and with radius (7 —e¢)d. It also follows

that
zh e U H,,.

meN

Then, it is possible to find a sequence {T }ren, With Ty € H,,,, converging strongly to z'.
The following proposition states a connection between the discrete setting and the
continuous one.

Proposition 3. Let us consider the limit m — oo, with d > 0 fized. We select sequences
{ontren and {22, ., Yren, such that ox — & and 28, . — T, where, for each k €N, 2%,
s a solution of Problem 4 in D,,, and oy is the corresponding regularization parameter.
Assume that, for each k, xfnk’ak satisfies the discrepancy principle (12). Then, T is a
Tikhonov minimizer in D(F) with reqularization parameter &, satisfying the discrepancy
principle

76 < |F(@) — y°|| < A6, (22)

Proof. Choose a sufficiently large my € N, such that, for every m > my, the set H,, is
nonempty. Then, whenever m > my, we choose a = (4, y°, m) satisfying (22), with :Uf,w
a corresponding Tikhonov solution in D,,.

By Lemma 3, the functionals defined in the Equations (14), (15) and (16) are mono-
tone. Since a(d,y°,m) satisfies the discrepancy in (12), it follows that lmioréfoz(é, ¥, m)

10



and limsup a(4,1°, m) have finite values. To see that, by contradiction, we find an un-
m—0o0

bounded subsequence {ay}ren, and following the proof of [4, Proposition 3.8|, it implies
that, the corresponding sequence of minimizers would weakly converge to x(, and then, for
a sufficiently large k, the discrepancy principle would not be satisfied.

In addition, for every m, we have

1F (29,.0) = 917 + afaq (29,0) < [[F(20) = 9°|I"-

This implies that, the sequence {x2, , }men is contained in a level set of the Tikhonov
functional defined in D(F'), with the regularization parameter @ = sup,{a;}. Since
the level sets of Tikhonov functional are assumed weakly pre-compact, and the sequence

{a(8,9°,m) }men is bounded, we define @ = liminf a,,, and select the convergent subse-
m—0o0
5

quence { oy, tren and the weakly convergent subsequence {x), ., }ren, such that a,,, — a
and 29 — 7, where © € D(F'). The latter follows since D(F') is weakly closed.

M,
Recall that F'is weakly continuous. Then, we have the estimates:

76 < limint | F(id,,0,) — 3| < lmsup || F(ad,, ) — o' < A6

k—o0

This leads to 76 < ||F(2) — 3°|| < \6.

We now claim that z is a Tikhonov minimizer in D(F’), with regularization parameter
a. Indeed, for an arbitrary and fixed x € D(F'), we choose a sequence {zj}ren, With
zy, € Dy, for each k € N and z; — x strongly. Since D(F') is in the interior of D(f,,) and
the operator F' is continuous, it follows that

li]?lil.}f fgmkm (xy) = kh_{(r)lo .7:5mk,m0(xk) = F2 . (z). (23)

« a,zo

By the (weak) lower semi-continuity of f,,(-) and ||[F(-) — °||, it follows that:

|F@) = o1 + @ oo (@) < imind {IF (2l 0, ) = 017+ Qo Fra@y 0 )} (20)

1

M ,0m,

Since, for each m, x is a Tikhonov minimizer in D,,, , with regularization parameter

Q.- Thus, fgmk,zo (xfnk’amk) < Fgmk,xo(mk)7 for every k. Therefore, by applying liminf on

both sides and considering Equations (23) and (24), it follows that:
1F(@) = I7 + 6 fuy (F) < |1 F (@) =917 + @y ().

Since x was arbitrarily chosen in D(F'), the assertion follows. O

Convergence

We now present results concerning the convergence of the approximate solutions.

Theorem 5. Let m and « satisfy the discrepancy principle (12). Let us consider the
sequence of real numbers {0 tren, satisfying 0, > 0 and 0, — 0. Then, every sequence of
reqularized solutions {xg}ren, with xp = xf,’;k’ak, has a subsequence converging weakly to
some least-square solution of Problem 1. Moreover, If there exists a unique solution z' for

Problem 1, then the whole sequence converges weakly to x.

11



Proof. Let us choose the sequence {d; }ren, satisfying 6, — 0 monotonically. For each dj,
it follows by Proposition 2 that there exist m; and «; and some regularized solution x =
xf,’;k’ak satisfying the discrepancy principle (12). Then, we can find a sequence {xj}ren,
associated to {0 }ren-

According to Assumption 2, the level sets of the Tikhonov functional (4) are weakly pre-
compact. Since D(F) is convex, the sequence {xy }ren has a weakly convergent subsequence
{wkl}keN with limit 7 € D(F)

By the weak lower semi-continuity of the norm and the weak continuity of F', it follows
that:

|F(7) — yll < Timinf | F(e) — 5% + b, (25)

Since, for each [ € N, m, satisfies the discrepancy principle, in particular, ||F(xy,) —y®| <
Adg,, then:
lilm inf || F(zr,) — || + 0, < llim()\ +1)d, = 0. (26)
—00 —00

This leads to |F(Z) — y|| = 0. Therefore, Z is a least-square solution of Problem 1. If
the inverse problem has a unique solution zf, then 2 = % and Yy, — 0. Furthermore,
the whole sequence {xy}ren converges weakly to Z, since it is the unique cluster point of
{2k }ren, which is bounded. O

Remark 5. The existence of the parameters m and o satisfying the discrepancy princi-
ple (12) is guaranteed by Proposition 2. Intuitively, m is the largest discretization level
satisfying such discrepancy principle and « is the associated Morozov’s reqularization pa-
rameter. When implementing the Tikhonov reqularization numerically, the discrepancy
principle can be used as a stopping criterion in the minimization procedure.

Observe also that, if we are looking for a least-square solution of Problem 1, or if the
wmverse problem has a unique solution, then no further assumption or restriction on the
choice of m is needed. Thus, the convergence result holds.

The following theorem is a immediate consequence of [4, Theorem 4.11]

Theorem 6 (Convergence). Let m and « satisfy the discrepancy principle (12). Les us
consider the sequence of real numbers {0 }ren, satisfying o, > 0 and 6, — 0. If H,, is
nonempty for every m, then, every sequence of reqularized solutions {xy}ren, with x =
:vf,’;k@k, has a subsequence converging weakly to a f,,-minimizing solution of Problem 1.
Moreover, the following limits hold:

5P
. ) _ . _
(lsl—m&(d’y ) =0, and <151—>0 a0, y°, m(0,y%)) 0. (27)

Remark 6. If we assume that H,, is nonempty, then T, the weak limit of the sequence of
minimizers defined in the proof of Theorem 6, is an f,,-minimizing solution of Problem (1).
Note that, it is always possible to increase the discretization level m, in order that H,, #
0. On the other hand, if Problem (1) has a unique solution, then this assumption is
unnecessary. See Proposition 3.
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Convergence Rates

The first theorem of the present section states the convergence rates of the regularized
solutions of Problem 1, associated to m and « satisfying the discrepancy principle (12),
with respect to 0. The following results generalize this theorem for more general forward
operators, however further restrictions on the choice of m are necessary.

In the first part of this section we introduced some definitions, assumptions and auxil-
iary lemmas that are necessary to establish the convergence rates results.

Definition 9 ([23],Definition 3.15). Let U denote a Banach space and
f:D(f) cU —=RU{oo}

be a convex functional with sub-differential Of(u) at uw € D(f). The Bregman distance (or
divergence) of f at uw € D(f) and & € Of(u) C U* is defined by

for every u € U, where (-, ) is the dual product of U* and U. Moreover, the set

Dp(f) ={z € D(f) : 0f(u) # 0}
is called the Bregman domain of f.

Lemma 5. Let m and « satisfy the discrepancy principle (12). Assume that for this m,
H,, is nonempty and let xfma be the respective minimizer of (4). Then,

D (a,0:7") < Det (T, 27) + (€1 2t = 70) + (€1, 2" — 27, ), (29)

for any €1 € O, (a1).

Proof. Let m = m(4,%°) satisfy (12). By the same arguments of the proof of Theorem 6
and assuming that H,, # 0, it follows that fu, (22, ,) < fo,(Twm), where T, € H,, and
ZTm — o1 strongly.

For any &' € Of,,(z"), by Assumption 3, the definition of Bregman distance, and adding
and subtracting f,, (%) and (¢7,7,, — '), using the symbol &, we have the following
estimates:

DET (‘rfn,om xT) - fxo(xgn,oa) - fu’vo<$T) - <€T7 xf’n,a - xT>
= fxo(xfn,oc) + fxo(m) o fSCo(xT) + <€T7m - :BT> - <€Ta x(rsn,oc - $T>
ma) = Jao(Tm) +Det (@, ") + (€1, 2" — 7o) + (€1, 2" — 27, )

N J/

< D£T<m7 xT) + <’5T7$T - ﬁ) + <€T7xT - xfn,a)'
]

Lemma 6. Assume that D(F) is in the interior of D(f.,). Let a and m be chosen through
the discrepancy principle (12). Let also ' € (e,7 — 1) be fized and let H,, be nonempty.
Define

k= inf{fy, () : = € D(F) and ||F(z) — y°|| < (7 — £')d}.

PAP

ePo
: < ehor
If xler}fm fuo(z) < K+ . then

Det (w7, o0 2") < (€12t — a7, ). (30)

T
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Proof. By the discrepancy principle (12), it follows that

70" + fuo(¥ma) < NF(@h0) = 917 + ofag(25,.0)
<F(@) = I + afuy (@) < (1= €)P0" + afuy(w), (31)

for every x € H,,. Then,
gPoP

fﬂﬁo(x) > fxo(x?n,a) +—

«
It follows that fy, (29, ,) < & < fao(x'). Then,

DET (mfn,ou xT) = fwo (‘Tfn,a) - me(LET) - <£T’ :L‘fn,a - xT> < <€T7xT - ‘rfn,a>'
]

Note that, in Lemma 6 we have assumed that ¢’ > €. Recall that e?6?/a > 0, f,, is

continuous in the interior of D(f,,) and D(F) is in the interior of D(f,,). Then, the the
estimate
, ePoP

is satisfied for every sufficiently large m € N.
Inspired by [23, Chapter 3|, we have the following assumption:

Assumption 5. There exist 31 € [0,1), B> > 0 and £ € Of,,(x") such that
(€ 2" —a) < BiDet (w0, 21) + s F(x) — F(ah)] (32)
for x € Mg, (p), where aumax, p > 0 satisfy p > amax fuo (z1).

The proof of the following theorem follows by standard arguments of variational meth-
ods in Tikhonov regularization, see [23, Chapter 3], however, we present it in detail for the
reader convenience.

Theorem 7 (Convergence Rates). Let m and a be chosen through the discrepancy princi-
ple (12) and let Assumption 5 be satisfied. In addition, suppose that H,, is nonempty. If
2 is a minimizer of (4) and T, € H,,, then the estimates hold:

1
1F(ah) = <X and Der(afygoa') < 10 Der(mah) + 20 (7 4 X+ 26
— b1 — b1
(33)
with £ € df ., (x7). Moreover, if the hypotheses of Lemma 6 also hold, we have:
1
[P0~y 1 <20 and Dei(ad, o.af) < 20 Y; (54)

T o1-p

Proof. (i) The estimate
1F (25,0) = ¥°ll = O(5)

follows directly by the discrepancy principle (12).
(ii) Let us prove the estimate (33). By Assumption 5, if 7, is an element of H,,, then

(€ 2" — 7)) < B1Det (T, 1) + Bo||F(T) — F(2")|| < BiDet (T, 1) + Ba(7 + 1)6.
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Analogously, it follows that
(€l —a5,,) < BiDa (w02 + Ba(A +1)0.
Lemma 5 and the above estimates yield that
D (xfn,a, o) < (B + 1) Dgt (Trm, o) + Bo(T + X+ 2)6 + B Dt (xf,w, xh).

Thus,
Ba

1= p

D (xiz,w xf) < Det (T, z) + (T + A+ 2)0,

and we have the second estimate in (33).

(iii) We pass now to the proof of the second estimate in (34), since the first one follows by
the same arguments of the first estimate of (33). By Lemma 6 and Assumption 5, there
exist constants 31 € [0,1) and S5 > 0 such that

Dei (w00 %") < B1Dgi (a7, 0, 21) + Bel| F (a0, 0) = Fla)].

Then,
o

1—p
Since || F(22, ,) — F(x")|| < (1+ X)d, the assertion follows. O

Dei (w0, 2") < 1F (,.0) = F (2.

Remark 7. Let us replace, in Assumption 5, Ba||F(x) — F(z")|, by Boo(|| F(z) — F(21)]]),
where ¢ is a concave strictly increasing and continuous function, such that p(0) = 0. The
resulting variational inequality is more general, and under the continuous setting it gives
a convergence-rate with respect to Bregman distances of O(p(d)). See [24, Section 4.2],
and references therein. In the present case, it follows that, we can replace, in (33) and
(34) in Theorem 7, § by w(6). The proof is essentially the same of Theorem 7, just note
that (|F (@) — Fh])) < o((r + 1)) < (7 + 1)¢(0), and similarly, (|| F(5,,) —
F(z")])) < (A +1)¢(6), by the hypotheses of the theorem and the properties of v, including
o(Ks) <max{l, K}y(s), with s > 0.

Proposition 4. Let m and « satisfy the discrepancy principle (12). Assume that for the
same m and o, H,, is nonempty and xfma is a minimizer of (4). Assume that F is Frechét
differentiable in x' and let the source condition

3 €M € fy () NR(F' (z1)*), 1e, Jwl € Y* st € = F(zh)*w! (35)
hold. Let also the estimates
|F'(z")(z — 2T)|| < C||F(z) — F(z")]| (36)

hold with C constant and x in B(x',n), for some n > 0. Again, let T,, be an element of
H,,. Then, we have the convergence rates

IF(z5,0) =9’ <A and  Dei(xy, 0, 2") = ellTm — ¥l + Cllwt]|(27 + A+ 2)0. (37)

The proof of Proposition 4 follows by [4, Theorem 5.3], since (36) is a consequence of
[4, Condition 5.2].
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Definition 10 (g-Coerciveness). Let 1 < g < oo and u € D(f) be fized. The Bregman
distance D¢(-,u) is called q-coercive with constant ¢ > 0, if the inequality

De(t, u) = ¢t — ullf;
is satisfied for every u € D(f).

Example 1. Let X be a Hilbert space and let f,,(x) = ||z —x0||% be the quadratic Tikhonov
functional. It follows that the norm of X is 2-coercive, since:

De(, ) = 2||lv — %

Then, the estimate (34) of Theorem 2 implies in L?-convergence with order O(\/6). See

[23].

Example 2. Assume that X = LP(D) with D C R™ open and bounded. Assume also that
D(f) = LL,(D), i.e., the set of strictly positive L*(D) functions. If

fro () Z/D[log(w(S)/Io(S))—(fCo(S)-fE(S))]dS

is the Kullback-Leibler divergence, then Theorem 2 implies in the L'-convergence. See [22].

Remark 8. In addition to the hypotheses of Theorem 6, let us assume that the norm of
X s g-coercive. Then, by (33) and (34) we have the estimates

1

11 1
|22 —xTHg{— +51D§T(m,ﬂ)+— b (T+)\+2)5:|
— b

e ¢(1-p Cl—5
and
162(1+ ) |«
labo — ol < | 2L,
’ ¢ 1-p
respectively.

5 Discrete Forward Operator

We now present some aspects to be considered when we replace the continuous forward
operator by a finite-dimensional approximation.
Let us consider a sequence of finite-dimensional subspaces {Y}, },en of the space Y, such
that
Y, CY,;1 C...CY and UpenY, =Y.

Then, we replace the continuous forward operator by some finite-dimensional approxima-
tion. In Section 7, we consider as an illustrative example, the discretization of the param-
eter to solution map that associates a diffusion parameter to the solution of a Parabolic
Cauchy problem. The discretization is then defined by Crank-Nicolson scheme that solves
numerically the associated parabolic partial differential equation.

In the present discrete setting, we consider the following alternative discrepancy prin-
ciple:
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Definition 11. Let 6 > 0 and y° be fized. For A > 7 > 1, we choose m,n € N and o > 0,
with m = m(8,vy°), n = n(6,4°) and a = (3, y°), such that

70 < ||Fu(20,) = o'l < A, (38)

holds for x22 . a solution of

min{||F,(z) — y°||P + afs, ()}  subject to 1z € D,,. (39)

In the present context, all the results of the previous sections hold. However, some
additional calculations should be done when F' is replaced by Fj,. The main argument in
the convergence analysis is based on the existence of a diagonal subsequence converging
(weakly) to an f,,-minimizing solution of Problem 1, when the limits § — 0, m,n — oo
are taken.

More precisely, when 6 > 0 is fixed, the limit n — oo is taken and the discrepancy
principle (38) holds true for every n. Then, we can find a sequence of minimizers {xfﬁ?‘n}n,eN,
converging weakly to some minimizer of (4), satisfying (12). By Proposition 3, if we also
take the limit m — oo, the resulting sequence has a weakly convergent subsequence with
limit satisfying the continuous version of the Morozov discrepancy principle presented in [4].
For this reason, we can always assume the existence of a diagonal subsequence converging
(weakly) to an f,,-minimizing solution of Problem 1 when § — 0.

The proof of these results in the specific example of local volatility calibration by
Tikhonov regularization can be found in Section 4 of [1].

6 An Alternative Discrepancy Principle

In general, Assumption 4 does not hold for nonlinear forward operators. See [24, Re-
mark 4.7]. More precisely, one of the inequalities of the discrepancy principle (12) is not
satisfied with prescribed constants 1 < 7 < A or 1 < 73 < 7. Thus, as an alternative,
whenever ensuring (12) is not possible, we base our choice of «, for a fixed m, on the
sequential discrepancy principle, presented in [3]. It goes as follows:

Definition 12 (Sequential Morozov Criteria). For prescribed T > 1, ag > 0 and 0 < g < 1,
we choose k € N such that oy, := ¢ oy satisfies the discrepancy

1 1 ~ 1
||F(xm,cxk) -y || S 70 < ||F(xm,ak,1) - y6||7 (40)
for some xfn,ak € My, m and Ifn,akfl € My, | m-

The existence of a and m satisfying the discrepancy (40), follows directly from Propo-
sition 1 and by assuming that m is sufficiently large. More precisely, we can replace, for
instance, 79 in (40) by (1 + €)(ym + 9). Then, the estimate

1F (@n0,) =4 < (F = )y +6) < [|F(a7,0,_,) = ¥

always hold by Proposition 1, for every fixed m and € € (0,7 — 1). Thus, for a sufficiently
large m, it follows that 70 ~ (7 — €)(Ym + 0).

Theorems 5 and 6 remain valid if the discrepancy principle 12 is replaced by the sequen-
tial discrepancy principle (40). This follows by noting that, whenever the lower inequality
in the discrepancy principle (12) holds, we can replace it by 7 < [|[F(x, )~ y°||, where o
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satisfies the lower inequality of the sequential discrepancy principle (40) and a//q satisfies
the upper one. See [3, Section 3].

The discrepancy principle (12) is always preferable, since its lower inequality implies
that || F(22, ., ) —¥°|| = 76. This avoids the Tikhonov solutions to over fit and to reproduce
noise. On the other hand, the same conclusion is not necessarily true if the sequential
discrepancy principle (40) is used.

When using the sequential discrepancy principle (40), it is not alway possible to achieve
the rate of convergence Dyt (z9, ., axt) = O(0). The technical point is that, if o satisfies
the lower inequality of (40), then the estimate fy, (29, ,) = fao (z') < 0 does not necessarily
holds. Such estimate holds for «/q, instead. An additional condition for achieving the
convergence rate Dgi (xfma, az’) = O(J) with the sequential discrepancy principle (40) is
to assume that o = O(0). For a more detailed discussion about convergence rates under
the sequential discrepancy principle (40), see [3, Section 4] and [14].

7 Numerical Examples

We shall now illustrate the theoretical results of the previous sections with some numerical
examples based on the calibration of a diffusion coefficient in a parabolic problem. See
[1, 7,8, 9]. More precisely, let a;,as € R be scalar constants such that 0 < a; < as < +00
and let ag € H*™ (R, x R) be fixed. Define the set

Q:={acay+H T (RL xR):a; <a<ay}.

Assuming that the data u was generated by the following parabolic problem:

( Ou Pu  Ou du
— — — = ]—-b— =0 0 R
57 a(T,y)<ay2 ay) o T>0,y€
uw(t=0,K) = max{0,1—e"}, foryeR,
(a1)
lim u(r,y) = 0, for 7 >0,
Yy—+00
lim wu(r,y) = 1, for 7> 0,
L y—0~ 00

our problem is to find the diffusion parameter a € Q).
We define the forward operator by:

F:QcC H* (R, xR) — LR, xR)
a +— u(a) — u(ap),

with ag € Q fixed and a priori chosen. The choice of H¢(R, x R) is justified in [8, 9].
The forward operator under consideration fulfills the hypotheses of the previous sec-
tions theorems. Here, we shall implement numerically the Tikhonov regularization for this
specific problem with synthetic data. For the technical details, see [1, 7, 8, 9].
In the calibration we take as true (known) diffusion coefficient the following:

2 4 4
5—2—56_7—/2008 (%y)’ if —2/5<y<2/5
o(r,y) = (42)

2/5, otherwise,
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and set a = 02/2. We also assume that b = 0.03 in Equation (41).

We illustrate the discrepancy principle and the convergence-rate results of the previous
sections by changing the noise and discretization levels.

The forward problem defined in Equation (41) as well as its adjoint, arising in the

evaluation of the gradient of the Tikhonov functional are numerically solved in the domain
D = [0, 1] x [=5, 5] by the Crank-Nicolson scheme,

1 1
UZzH - 5?7@%“(%"&11 - QUZ%H + U%r—ll) + Za(a’&“ —b) (U;lﬁll - Ug:r—ll)
n 1 n(,n n n n n n
= Uy, + inam<um+l - 2um + um71> - Za(am - b) (um+1 - um71>‘ (43)

with the boundary conditions:

y1_1>r£15 u(r,y) =1 and ZlJl_I)I}) u(r,y) =0

See [1, 2, §].

We generate the data as follows:
On a given mesh, we numerically solve the Cauchy problem of Equation (41) with the
diffusion coefficient given in Equation (42), which is evaluated on the same mesh. We add
a zero-mean Gaussian noise with standard deviation 0.01 to this numerical solution and
interpolate the resulting data in a coarser mesh. We then use this data to calibrate the
corresponding diffusion coefficient.

If A7 and Ay denote the time and space mesh sizes, respectively, the calibration of
the diffusion coefficient is numerically solved with different values of A7, Ay and the
regularization parameter a;, until the discrepancy principle

70 < Jlu(ay, o) — u’l| < A, (44)

is satisfied, where u° is the noisy data and § > 0 is the noise level. Note that, by the
definition of F, u(a) — u® = F(a) — (u’ — u(ap)). Thus, instead of using F(aj, ,) in the
discrepancy principle of Equation (44), we simply use u(afn,a), with no loss of generality.

We use this data to calibrate the diffusion coefficient by Tikhonov regularization with

the smoothing penalization:

fao(@) = Billa = aoll7, () + B2lldy(a — ao) |I* + Bs]|0-(a — ao)|I*,

with 5, = 0.5, B3 = 0.25Ay, f3 = 0.25A7 and ay = 0.08.

The minimization of the Tikhonov functional is performed recursively by the gradient
method. More precisely, if a* denotes the diffusion coefficient at the kth iteration, the next
step is given by

a"tl = aF — N VEY (d¥),

a,ag
until the Morozov discrepancy principle is satisfied or the maximum number of iterations
is reached or yet the relative change in the residual is less than 1.0 x 107%. We base the
choice of the step-length Ay on the Wolfe rule. The algorithm is initialized with the step
length \) = ||]:gfa0(ak*1) ||2/||]:£a0(ak) |?. See Algorithm 3.5 and Algorithm 3.6 in Chapter
III of [20]. The parameters used in the Wolfe conditions are ¢; = 107® and ¢ = 0.95. The
iterations begun with a° = ay = 0.08.

The data is generated with step sizes A7 = 0.0025 and Ay = 0.01 and the coarser
grid is given by the step lengths A7 = 0.02 and Ay = 0.1. In the numerical solution of
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the inverse problem, Equation (41) is numerically solved in the same mesh we interpolate
the data, i.e., we use A7 = 0.02 and Ay = 0.1 in both cases. We vary the mesh used to
evaluate the diffusion coefficient in order to highlight the discrepancy principle (44). The
step sizes used in the tests were the following:

At =0.1,0.08,0.07,0.06, 0.05,0.04,0.03, 0.02, 0.01, 0.0075, 0.005, 0.0025

and
Ay = 0.25,0.22,0.20,0.17,0.15,0.13,0.11, 0.1, 0.05, 0.04, 0.02, 0.01.

Figures 1 and 2 presents the residual and the error estimates associated to the regularized
solutions for the above meshes, respectively.

We stress that, in the present set of examples, we chose 7 = 1.025 and A = 1.125 in the
discrepancy principle (44) and the illustration of this discrepancy principle can be found
in Figure 1.

If @ and P, (@ + e) denote the full noiseless data and the noisy data in the coarser grid
with noise e, respectively, then the noise level can be estimated by:

1 /5 1/2
5= i — Po (@ + ¢) 120y = (/ / (7, y) — P (i1 + €)(r, y)|2dyd7-> .
0 -5

This integral is solved by the 2D-Simpson’s rule and the data was interpolated linearly.
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Figure 1: Evolution of the residual as a func- MESH POINTS

tion of the number of mesh points. We

choose the regularization parameter present-
ing lower residual. In the presence of noise,
some discretization levels in the domain sat-
isfy the discrepancy principle. Compare it to
the error estimation in Figure 2. The hori-
zontal line corresponds to Ad.

Figure 2: Evolution of the L?-error. In the
presence of noise, its minimum is attained
for a coarser mesh satisfying the discrepancy
principle of Equation (44).

The values of the regularization parameter used in the present test were:

B8 =0.25, 0.10, V4, 0.01, 0.006, §, 0.001, 5.0 x 10—4, 1.0 x 107%, 5x 107?, §2, 0.

In Figures 1, 2, 3 e 4, we have chosen the reconstructions with regularization parameter
presenting the lowest residual satisfying the discrepancy principle of Equation (44).
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Figure 3: Left: original surface. Center and right: reconstructions corresponding to the
first and second points satisfying the discrepancy principle of Figure 1, respectively.
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Figure 4: Left: original surface. Center and right: reconstructions satisfying the discrep-
ancy principle of Figure 1.

We also calculate the L2-error, i.e., the L?(D) distance between the regularized solution
and the original diffusion coefficient. The resulting L?-error for the regularized solutions
used in Figure 1 can be found in Figure 2. Note that, reconstructions with coarser meshes
satisfying the discrepancy principle of Equation (44) presented satisfactory L*-error esti-
mates, illustrating the reliability of its use for finding the appropriate discretization level
in the domain and the regularization parameter.

Figures 3 and 4 present reconstructions satisfying the discrepancy principle of Equa-
tion (44). Note that, the reconstructions with coarser grid satisfying the discrepancy in
Figure 1 presented better L2-error estimates. Moreover, the surfaces displayed in Figure 3
are smoother than those of Figure 4.

8 Conclusions

Finding appropriate discretization levels is a well known challenge when solving Tikhonov-
type regularization problems. In this work, we have shown that the Morozov discrepancy
principle could also be used to find it appropriately. Since we are working in a discrete
setting, some additional assumptions ought be made in order to establish theoretical results.

Under the above mentioned discrepancy-based choices, we also presented a convergence
analysis with convergence rates in terms of the noise level. In addition, we presented some
guidelines on how to apply these results when the forward operator is replaced by a discrete
approximation. We also apply the sequential discrepancy principle given by Equation (40),
for this discrete setting.

A numerical example illustrated the discrepancy principle when the noise level and the
discretization level of the forward operator are kept fixed and the discretization level in
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the domain is varied.
Summing up, Morozov principle is a robust rule for determining appropriately the
regularization parameter and discretization levels in Tikhonov regularization.
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A Regularizing Properties of the Discrete Morozov’s
Principle

Theorem 8 (Convergence). The reqularizing parameter o = a8, y°, V) obtained through
the discrepancy principle of Definition 7 satisfies the limits

P
lim  a(8,9°,9m) =0 and (0 + 7m)

——=0. 45
0, Ym—0+ 0, ym—0+ 05(5, y67 ’}/m) ( )

Proof. Consider the sequences {0y }ren and {7m, freny converging monotonically to zero.
Define the sequence {ay}ren by setting ag to be the regularization parameter a(0x, Vi, )
satisfying Definition 7 for each k. Thus, for each oy we can find @, = 2% ., a solution of
Problem 4. We thus define the sequence {z }ren. By the pre-compactness of the level sets
of the Tikhonov functional, it follows that {zj }ren has a weakly convergent subsequence,
denoted by {z;}en, with weak limit & € D(F).

By the weak lower semi-continuity of the norm and the weak continuity of F', the following

estimates hold:
[F(@) — yll < liminf [ F(x) ]| + 6 < Hm (4 1) (3, + ) = 0.

Note that in the above estimates we have used [ instead of k; to easy notation. Note also
that, 7 is a least-square solution of Problem 1.
We also have the estimates:

71(5l+'7mz)p+alfxo(xl) < (5l+’7mz)p+alfmo(szxT)'

Since 7, > 1, it follows that f.,(7;) < fuo(Pm,"), which implies that f,,(Z) < fu,(z").
Hence, 7 is an f,,-minimizing solution of Problem 1.
Assume that there exists @ > 0 and a subsequence {«;, }en such that «;, > @. Then, take
the respective subsequence of minimizers {x;, },en.
Define the sequence of minimizers {7, },en, with T, := x%’lln,aln. Since L is non-decreasing,
it follows that

1P (@) =y’ | < 1F(21,) =y || < 728+ 9m) = 0.

Note that, since ', 7 are f,,-minimizing solutions of Problem 1, it follows that f, (z') =
Jao (2).
On the other hand,
limsup af,, (Tn) < afg(zh).

n—oo

By the weak pre-compactness of the level sets M, (p), it follows that {T;, }nen has a weakly
convergent subsequence with limit . By the above estimates, it follows that 7 is an f,,-
minimizing solution for Problem 4. Denoting this subsequence by {T, }.cn, it follows by
the above estimates that

IF@) — olP +@fy(@) < liminf (|F(@) — " P + s (7))

<
< |IF(x) — y||P + @fy (z) for every x € X.

Then, T is a solution of Problem 4 with data y (noiseless) and regularization parameter @.

24



Since f, is convex and f,,(x) = 0 if, and only if, x = z, it follows that, for every ¢ € [0, 1)
we have

Jao (L =1)T +txo) < (1= 1) f2o(T) + Lfuo (20) = (1 = 1) [, (T).
It also follows that

fue(T) < [[F((1 =0T +two) — ylIP + (1 — 1) fuo (T).
This shows that,
Ot foo (T) < [|F((1 = )T + txo) — y|”.

Then, Assumption 3 implies that f,,(Z) = 0, and thus T = x,. This is a contradiction
since
17 (x0) = yll = 1 E(xo) = [l = lly* = yll = (1 = 1)d > 0.

Therefore, the first limit in (45) holds.
In order to prove the second limit we proceed as follows. Since {z;},cny weakly converges
to T with fo,(z1) = fz, (%), it follows that

(01 + Y )P + ufag (@) < (Y + 0)” + 1 fag (P )
The above estimate combined with the limit f,,(Pm,2") = f,(z7) leads to

(51 + Wml)p

P_1
(7'1 ) a

< fxo (szxT> - fxo(xl)

where the right hand side converges to zero when [ — oo. Note that, we have used again
the fact that f,,(z) = f,, (%) if 27,7 € L.

O
Choosing m based on Equation (20), we have the following corollary:
Corollary 1 (Convergence). Let a satisfy Definition 7. Then,
5P
}si_rf(l) a(6,vm(0)) =0 and <1si—1>% )] = 0. (46)
Moreover, we have the convergence result of Theorem 8 with this choice of m.
Proof. By Theorem 8, a = (6,9, v,,) satisfies the limits:
&Bnrri)oa(é, ¥’ Ym) =0 and 5,%520 % = 0. (47)

Then, following the same arguments in the proof of Equation (45) in Theorem 8 and
substituting 71 (5 + v,,) by 76 and dominating § + v, by A/md based on (20), it follows
that the limits in Equation (46) hold.

Consider the sequence of positive constants {Jx }ren converging monotonically to zero
and define the sequence {my}ren, with my, := m(dy,y°) satisfying (20). Thus, we can
choose a sequence {zy}ren of solutions of Problem 4 with xj := :Efjk’mk and «y, satisfying
Definition 7. Then, the convergence of a subsequence, denoted by {x;}en, to an f, -
minimizing solution & follows by similar arguments in the proof of Theorem 8. We just

have to substitute 71(0 + ,,) by 710 and dominate & + v, by A/72d based on (20). O
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Define the estimate 7, := Dgi(Ppa',af). It follows from [10, Corollary 1.2.5] that
Nm — 0 whenever m — oo, since P,z — af.

Theorem 9 (Convergence Rates). Assume that 2°, ., is a minimizer of the functional in

m,o

Equation (4)and the regularization parameter o = a(8,y°, V) satisfies the discrepancy
principle (7). Then, we have the following estimates

1F (@ 0) = 'l = O + Y +10m)  and  Dei(ap, o, 8") = O(8 + Y + i + Gin)- (48)
with &' € O f,, (x7).
Proof. The first estimate follows directly by Definition 7. Let Assumption 5 hold. Then,
by Definition 7 it follows that
T+ Ym)P + afae(200) < (6 + Ym)? + afag(Pral).

This implies that fo, (29, ,) < fa(Pra') since 71 > 1. It also implies that, for m sufficiently
large, since 6 > 0 is fixed, fz, (22, ) < foo (xT).

From Assumption 5 and the definition of Bregman distances, we have the following
estimates, with & € 9f,, (z7):

D§($fn,a’ xT) S fxo('x'{rsn,a) - f$0($T) - <§T7 zfn,a - xT>
< Dei (P!, ab) + ||€M || Pra’ — 2| + BiDgi (w5, 0, 21) + Ball F(27,0) = Fla')]
< 1+ (1€ 10m + BrDgi (7, 0, ") + Ba(2 + 1)(0 + ). (49)

In other words,

D+ (a:i%a,;ﬂ) < Mhm |’§T||¢m "; 522—2 + 1)(0 + ym)
- M

: (50)
[
If m satisfies (20), we have the following corollary:

Corollary 2 (Convergence Rates). Assume that Assumption 5 holds true, m € N satisfy
(20) and o > 0 is chosen through Definition 7. Then, we have the following convergence
rates:

1P — o = O) (51)
e (A6) 8 Bud + IEH 6
s i P oy N + P20 + m

Paltmat) < i —agy Ya—og ¥ 1-5 (52

This is an immediate result from the previous theorem.

Remark 9. If f,, is g-coercive with respect to the norm of X and q = p, then (52) implies
that

1

B8 T”_m)qq
ooy, o +ln+ﬂz+MH(<

1
mee - 27'5(04—0451) 2-28 (¢ 1-5

(53)
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Remark 10. Note that in the proofs of the above results we have assumed the existence of
the abstract quantity
Y = | F(@30) = F(Puan, o)l

which is obuviously unknown. However, for some classes of operators F', it is possible to
estimate an upper bound for this quantity in terms of I — P,,, where I : X — X 1is the
identity operator. This is the case, for example, of uniformly Holder continuous operators
when D(F) is a subspace:

1F(x) = F(a)] < Clle = 2'|I,
for every x,x' € D(F). Thus, I — P,, is a well-defined continuous linear operator, Y, <

C\I — Pu|lY|z||', and there exists a constant K > 0 such that ||z'||' < K. In this case, we
can choose m sufficiently large such that the inequality below is satisfied:

CK||I = Pl < (i) 5
T2
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