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Exercise Sheet 4

1. Consider the initial-value problem

y(t)=1+—-y®)? tel23], y2) =1
with exact solution )
ylt) =t + ——.
Apply the Euler method to approximate y setting as grid points ¢; := 2+i/2, i =
0,1,2. In each step, compute also the error €; := |y; — y(t;)|.

2. Consider the quadrature rule

Q(f) = wof(=1) + w1 f(0) + w2 f(1)

that estimates the integral

1= [ 11 f(@) da.

(a) Determine the weights wg, wy and ws such that Q(f) is exact for polyno-
mials of degree 3.
(b) Peano’s theorem tells us that for f € C*[a,b], there exist € (—1,1) such
that
I(f) = Q(f) = w f D (),

where £ denotes the fourth derivative of f. Compute the Peano’s constant

x considering the special choice f(z) = x%.

3. Consider the following Runge-Kutta arrays

010 0 00 0
/3 3 amd 3]35 0
11 0 1

which define two second-order Runge-Kutta methods for approximating the so-
lution of the initial value problem

y'(t) = —y(t), t>0, y(0)=1

For a given h > 0, find for both arrays the coefficients C(h), such that the
corresponding method takes the form

Yi+1 = C(h) Yi



4. Consider the Runge-Kutta method with tableau

1_v3| 1 1 V3
27g L 46
1 3 1 3 1
2t lats 1
I T
2 2

Show that this method is A-stable.
5. Consider the initial value problem
y'(t) = f(t,y(), y(to) =yo, tE [to,],
and it’s perturbation
Ye(t) = f(t,ye(t), we(to) =yo+e €>0, t€[to,b],

An initial value problem is considered to be well-conditioned if

e — vlloo = Jnax, lye(t) —y(t)| < ce,

for some ¢ > 0 independent of €. Consider the problems

(a)
y'(t) =Ayt)-1), AeR, tel0b],

with general solution

y(t) =1+cae™, ¢, €R.

(b)
Yy (t)=—y*(t), telob],

with general solution

t) = , € R.
y(t) T @

Set as initial condition y(0) = 1 in both of the problems and characterize them
with respect to stability.

6. Letne N, h=(b—a)/nand x; :=a+1ih,i=0,...,n. Consider the quadrature
formula,

n—1 h2

Quer(f) = [;f(wo) + 31w + 5G| = 33 1 en) = Sl

for f € C'[a,b]. Implement the above formula in a MATLAB-Program and find
the minimum value of n such that

b
/ F@)dz — Qo (f) < 107,

is satisfied for f(z) = €?*, a =0 and b= 1.



7. Consider the trapezoidal method

tiv1 —t;
Yigl = Yi + +T [f(tisyi) + f(tis1, yit1)]

to approximate the solution of the initial value problem
y'(t) = fty@), telabl, y(to)=yo,

in n + 1 equidistant points in [a, b].

Implement in MATLAB the Euler me;ohod and the trapezoidal method to approx-
imate the exact solution y(t) = e*~*/2 of the initial value problem

y'(t) =0 -tyl), y0)=1, tel0,2],

for h := ti+1 — tl' = 05, 0.2 and 0.1.



