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1. Let u ∈ H1
0 ((0, 1)) be the weak solution of the boundary value problem

−(σu′)′(x) + c(x)u(x) = f(x) for almost all x ∈ (0, 1),

u(0) = u(1) = 0

for some bounded function c : [0, 1] → R with c(x) ≥ 0 for all x ∈ [0, 1], some
positive function σ ∈ C1([0, 1]), and some f ∈ L2((0, 1)).

(a) Check that

w =
1

σ
(cu− f − σ′u′) ∈ L2((0, 1)).

(b) We define the function W ∈ H1((0, 1)) by

W (x) =

∫ x

0

w(t) dt for all x ∈ (0, 1)

and set ω =
∫ 1

0
W (x) dx. Prove the identity∫ 1

0

W (x)v(x) dx =

∫ 1

0

(u′(x) + ω)v(x) dx for every v ∈ L2((0, 1)). (1)

(c) Conclude that u ∈ H2((0, 1)) ∩H1
0 ((0, 1)).

Hint: Use the identity (1) with the test function v = W − u′ − ω.

2. We consider the boundary value problem

−(σu′)′(x) = x for all x ∈ (0, 1),

u(0) = u(1) = 0
(2)

where the function σ : [0, 1]→ R is defined by

σ(x) =

{
1 if x ∈ [0, ξ),

2 if x ∈ [ξ, 1]

for some fixed value ξ ∈ (0, 1).

(a) Show that the boundary value problem (2) cannot have a classical solution
u ∈ C2((0, 1)).
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(b) Show that the boundary value problem (2) admits a weak solution u ∈
H1

0 ((0, 1)) and that this solution u and the function σu′ are continuous.

(c) Determine the weak solution u subject to the unknown value u0 = u(ξ) ∈ R
by solving the two boundary value problems

−u′′1(x) = x for all x ∈ (0, ξ),

u1(0) = 0 and u1(ξ) = u0

for u1 ∈ C2([0, ξ]) and

−2u′′2(x) = x for all x ∈ (ξ, 1),

u2(ξ) = u0 and u2(1) = 0

for u2 ∈ C2([ξ, 1]).

(d) Find the missing value u0 by imposing the condition that the function σu′

should be continuous at the point ξ.

(e) Verify that this function u is the weak solution of the boundary value pro-
blem (2).

3. Let Ω be an open subset of Rd, d ∈ N and u ∈ Hk(Ω), k ∈ N. We pick a
non-negative function ω ∈ C∞(Rd) with

ω(x) = 0 for ‖x‖ > 1 and

∫
Rd

ω(x) dx = 1

and define for every ρ > 0 the functions ωρ ∈ C∞(Rd),

ωρ(x) = ρ−dω(xρ ), x ∈ Rd,

and uρ ∈ C∞(Ω),

uρ(x) =

∫
Ω

ωρ(x− y)u(y) dy, x ∈ Rd.

(a) Show that we have for every multi-index α ∈ Nd with |α| ≤ k the identity

∂αuρ(x) =

∫
Ω

ωρ(x− y)∂αu(y) dy

for all x ∈ Ω with dist(x,Rd \ Ω) > ρ.

(b) Prove that
lim
ρ→0
‖uρ − u‖Hk(Ω′) = 0

for every compact subset Ω′ ⊂ Ω.

Hint: Use that every f ∈ Lp(Rd) fulfils

sup
‖z‖<ρ

∫
Rd

|f(x+ z)− f(x)|p dx→ 0 (ρ→ 0).
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(c) Conclude that C∞(Ω) ∩Hk(Ω) is dense in Hk(Ω).

4. Let us consider the boundary value problem

−∆u(x) = 1 for all x ∈ Ω,

u(x) = 0 for all x ∈ ∂Ω
(3)

on the square Ω = (−1, 1)2.

(a) Find analytically the solution u ∈ C2(Ω̄) of this problem.

(b) Show that the triangulation obtained by dividing each square (zi, zi+1) ×
(zj , zj+1) of the uniform grid on Ω, zi = i

n , i = 0, . . . , n, n ∈ N, into the

two triangles T+
i,j and T−i+1,j+1 with the vertices (zi, zj), (zi+1, zj), (zi, zj+1)

and (zi+1, zj+1), (zi+1, zj), (zi, zj+1) gives a regular triangulation of Ω.

(c) Find the corresponding continuous functions Λ(i,j) : Ω→ R which are linear

on every triangle T+
(i,j) and T−(i+1,j+1), i, j = 0, . . . , n, and are normalised

by Λ(i,j)(zi′ , zj′) = δi,i′δj,j′ .

(d) Calculate the stiffness matrix A = (a(i,j),(k,`))
n
i,j,k,`=0 ∈ R(n+1)2 ×R(n+1)2

defined by

a(i,j),(k,`) =

∫
Ω

〈
∇Λ(i,j)(x),∇Λ(k,`)(x)

〉
dx.

(e) Write a program that solves the boundary value problem (3) with the finite
elements method.
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