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Exercise Sheet 1

1. We define the Sobolev space H([a,b]) as the set of all functions f : [a,b] — R
of the form

fla)= Y7 freraits

k=—o0
with (fk)kEZ S 62(6) and (ikfk)kez € 62(6)
Let A = (z;)!_, be a mesh on [a, b].

(a) Show that a step function

l
f : [Cl, b] - IR7 f('r) = Z SiX[$i—1,$i)(x)
=1

is in H'([a,b]) if and only if it is a constant function. So, the spline space
So.a is not a subspace of H!([a,b]).

(b) Let A;, i € {0,...,1}, be the continuous function which is linear on every
interval [xg_1, k], k = 1,...,1, and has the values A;(x;) = d;5,7 =0,..., 1L
Show that

A; € H'([a,b])

and conclude that
S1 A C H([a,b)).

2. We consider the function
f:[-1,1] =R, flz)=2a>

Find the interpolating and the best approximating linear spline s € S; A of f on
the mesh A = (—1,0,1).

3. Let A = (x;)!_, be a mesh on [a,b], and let f € H'([a,b]). We define the step
function s € Sp.a by

l
Ti—1 + x4 .
S(J:) :ZsiX[xi,l,mi)(x)v Si :f <12> 5 1= 1,...,l.
i=1

Prove the error estimate

1f = sllz2aen) < 11122 (a0 ie?ll??il}(l’z’ —Ti1)-



4. Show that for every non-constant function f € C!([a,b]), there exists a constant
¢ > 0 such that we have for every mesh A = (z;)!_, on [a, b] the estimate

_ Se¢ min (2 —2;_1) forall s€Soa.
I1f SHLZ([a’b])_ciégl,l.I.l.,l}(x zi—1) forall s€ Sya

5. We consider the interval [—2,2] with the mesh A = (-2, —1, ,%,07 %, 1,2). We
define the step function gy = X[-11) € So,a. Show that the convolution By * 5y
is a linear spline and that By * By * By * Bp is a cubic spline on this mesh. Sketch

the shape of these splines.

6. Write a program which calculates for a given mesh A = (z;)!_, and given va-

lues (y;)!_, the moments ('yj)g_:ll of the natural cubic spline s € S3 A with
s(z;) =y;, 1 =0,...,1L



