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Chapter 1

Transforms

1.1 Distributions

Definition 1.1. D := C§°(R™; C) denotes the space of test functions.
The linear functional
T:D[R") - C

15 called a distribution iof

1. T(p1+ ¢2) =Th1 +Tepa, V1,02 €D,
2. T(Ap) =XTp, Vo €D and ) eC,
3. If o = ¢ inD, then Tp; — T¢. Convergence means that the supports

of (¢;) are contained in a compact set, and quﬁj — V¥ for every
n-tupel k.

The space of distributions is denoted by D'.

Example 1.2. 1. Regular distribution: Let f be locally integrable on R™
- that is on every compact set K C R™ we have f € L*(K;C). Then
Ty defined by

Tig= | f(x)p(z)dx
Rn
18 a distribution on R"™.

Sometimes it is also convenient to write this in a complex L*-inner
product form:

Tyo= | fl)o(w)de=(£.3)
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2. The Dirac distribution Ty is defined as follows:

Ts¢ = ¢(0) .

Note that Ts is not a reqular distribution and § is not a function.

Nevertheless it is common to notionally identify Ts with a function 9,
or in other words use the notional identification

Tsp = | 6(x)¢p(zx)dx = (5,¢) .

Rn
The 0-distribution has a series of properties:

o Letx,a € R. Then

1
d(ax) = —d(x) . (1.1)
||
o Letx € R. Then 5(2)
T
§(x) = ——=. 1.2
()= -2 12)
3. Leta € R" and k = (ky,...,k,) € {0,1,...,|k|}" with |k| = Y"1, k.

Then
Tyrs = V%(“)

is a distribution. Here, for a |k|-times continuously differentiable func-
tion f we have
o Okn

An equivalent definition of a distribution is that 7" is a linear functional
on D such that for every compact set K C R" there exists a constant Cx
and an integer m satisfying

(T, ¢)| < Ck Y sup|D*¢| V¢ € D with supp(¢) C K .

k| <m

Remark 1.3. Distributions are often also called generalized functions. Note
that by the Riesz’s theorem every function in L? can be identified with a linear
operator on L?. In contrast to that the linear operators cannot be identified
with functions anymore.
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1.2 Fourier transform

Definition 1.4. The one-dimensional Fourier transform of a function f :

R — C is defined as

Flf](w) == dt, weR. (1.3)

The integral in the definition of the Fourier transform (1.3) is considered an
improper integral.

The n-dimensional Fourier transform of a function f : R™ — C is defined
as

Flfl(w) = e f(x)dr, x€R"™. (1.4)

2V o Jgn

There are many different notations for the Fourier-transform. For the
one-dimensional Fourier transform we use also the abbreviation

fw) = F[f]lw), weR. (1.5)

Later on, it will be convenient to specify the coordinate transformation in-
duced by the Fourier transform: Then F[f] is also written as

FIF] = Flor )= L] - (1.6)

The deﬁnitions of the Fourier-transform are not unique: Sometimes instead
of the factor W the factor 1 or the factor 5. is used, respectively. Moreover,

in the definition of the Fourier-transform 1nstead of et it is also common to

use the term e ! instead. The Fourier-transform can also be written as an
inner product:

Vorf(w) = /00 e ft)ydt = (f,e™™) . (1.7)

The Fourier-transform has remarkable properties:

Lemma 1.5. Linearity: Let f,g: R" — C be functions and a,b € C. Then

Flaf +bgl(w) = aF[f](w) + bF|g](w) -
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Differentiation of the n-dimensional Fourier-transform:

VeF[f(@)](w) = 1 Fl2® f(2)](w)

(1.8)
FIVOf(@)](w) = (=) F[f](w) .

Proof. We do the proof in 1D and for a« = 1. For all other cases it
follows by induction.

e From the definition of the Fourier transform it follows:

—F[f(@)](w e f(x) dv = iF[zf(2)](w) -

L

e With integration by parts we get

dw

Ff'(@))(w) et f'(a

7.
= —\/% iwe“?” f(z) d
T J—00

= —iwF|[f](w) .

Sign change:

Flg(=)](w) m/ el g(—t) dt

1 R
= - — e “Tg(r)dr

~ V2 Jeo (1.9)

T=—t, —dT=dt

1 —w)T
:_—27r/ eC97g(r) dr
=Flgl(-w) .
Fized point: Let ¢(z) = \/g?ne e (n-dimensional Gaufs-distribution).
Then
Flol(x) = o(x) .

In particular ¢ is an eigenfunction of the Fourier-transform with eigen-
value 1.
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We do the proof in one space dimension. In higher dimensions it is
proven by integrating each dimension separately: We have

d
T 0(x) = —() (110)

Application of the Fourier transform on both sides gives:

Thus we have J

—wF = —F .
WF[)(w) = —Fld](w)
Thus F[Phi] and ¢ satisfy the same differential equation (cf. (1.10)).
The unique solution of this ordinary differential equation is w — ¢(w).
Symmetry:

FIFIfll(x) = f(=z), VzeR".

Inversion: The operator

FUf(x) := \/%n /n e “rg(w)dw, x€R" (1.11)
is the inverse of the Fourier-transform. That means
FUFIf@) = f(2) and FIFg]](w) = g(w) - (1.12)
Convolution:

fxg(x) = Rnf(w—y)g(y)dy, Vz € R™

denotes the convolution of f and g. Then

FIf # gl(@) = Vor FIf)(x)Flg)(x) - (1.13)
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Example 1.6. We summarize a few examples of Fourier transforms: Let
a € R be a parameter, then the Fourier-transform of the following functions
are again functions:

f(t) f(w) Comment
—at?/2 1 —w?/(2a)
X(70,570,5)(at) Vorla] sinc (QLM) sznc(gj) = Tx

—alt| 2_a

€ \/;wz_,_az
| /T Ll

t24a? 2 a

= | itwn Tt g(n_ll)!sgn(w)

sgn(t) \/2 s

The Fourier transform of t — t™" is calculated explicitly as follows:

e First, we note that by (1.8)

Fi"|(w) = —iwF {—n ! 115(”1)} (),
and thus by induction
Fir)e) = ()" 5 7 7] ).

o We apply the residue theorem:

Theorem 1.7. Let w > 0 and z — h(z) := €“?g(z) be analytic in C
outside of finitely many poles. Moreover, we assume that g does have
only simple poles {xy,...,x,m} on the real axis and it satisfies for some

M and R o
’9(2)|§H, V32 >0 and |z| > R .
2

Denoting by {z1,...,z,} the poles in the upper half plane, we have

/ h(x)dz = 27i Z Res(h, z;) + mi Z Res(h, x;) .
B i=1 i=1

o0
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Now, we apply this theorem to calculate the Fourier-transform of t —

t=t: We have

VorF [t71] (w) = /_ gy

[e.9]

— Let w > 0, then the residual theorem implies that

(o]
/ e“'t™! dt = wiRes (ei“tt_l, 0) =Ti.

—00

Thus we have

Fit7"(w) = i"w”lﬁ\/g, Vw > 0.

— Let w < 0, then we substitute t = —t:

/ h ettt dt = / h e =01 gt
Co 1
:/ 61(_w)t7 dt
s {

= —/ ei(_“)tl dt .
. 7

Now, we can apply again the residue theorem and get

9

o0

VarF [ () = - |

— 00

: P A
61(_w)t = dt
t

= —T7iRes (ei(‘“)IE

| =

= —7i.

Thus we have

Fit)w) = —mnlﬁ\/g  We<o.

The one-dimensional Fourier-transform can, however, be also be defined

for generalized functions:
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Definition 1.8. The Schwartz space S consists of C*°(R"™; C) functions such
that
r— 2'0F¢(z) € L°(R;C),  Vk,1>0.

The space of tempered distributions is the dual space of S, S'.
Remark 1.9. Because D C S we have S’ CD'.
Theorem 1.10. The Fourier transform is an isomorphism of S.

Example 1.11. Let a € R be a parameter, then the Fourier-transform of the
following functions are distributions:

f(t) f(w)
elat V216(w + a)
cos(at) | /F(0(w—a)+6(w+a))
sin(at) | 1,/3(6(w —a) — 6(w + a))
tr i"/27rd"o(w)

1.3 Mellin transform

Let
f:[0,00) = R

Then, the Mellin transform is defined by

MIf](2) == /0 T roEtd,  viec.

There exists a backprojection formula:

c+ioco
f@)=5n [ MU

21 Joiso

When substituting ¢ = e”, then
MG = [ fE)et Ve
= / f(e®)e™ dx
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MIf](is) / F(e)e da

—\/_f[( (s) -

This show the relation between Fourier and Mellin transform.

Thus

1.4 Fourier cosine transform

Definition 1.12. Let f : [0,00] — R. Then

CNE = Cpon 1)) = —= [ costhn) flu)d, Vi, €.

We summarize a few properties of the Fourier cosine transform:
e The function C[f](k,) is symmetric with respect to 0.

e Extending f : [0,00) — R by zero to (—o0,0), and denoting the func-
tion by f. we have

Clil) = = [ costhy o)y = REFIEDK) . ¥y € R

e Let us denote by

fs() = fe(y) + fe(—y),  VyeR.

Then
ClyI(k) == | costh) flu)dy

_ 2\/_/ cos(kyy) fs(y)dy

1kyy
2 \/ﬁ fs(y)dy
}"[fs](ky) , Vk,eR.
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e For g : R — R symmetric:

Cgl(y) = Cp, L, 91 (W)

f/ cos(kyy)g(k,)dk, (1.14)

Yy € (0,00) .

is in fact the inverse of C.

To see this note that, because g is symmetric

Cgly) = Cp, 5, l9l(v)

2 e
_ \ﬁ / (cos(—kyy) + isin(—kyy))g(ky ) dk,
e

=2F 'gl(y), Vye (0,00).
Thus for g = C[f] for f: (0,00) — R we have

CClN(y) =27 (CIf1I(y)
= FF(f)
= fs(y)
:f(y)a VyE(0,00).

The proof that C[C™1[g]] = g for all g : R — R symmetric is analogous.

1.5 Laplace transform

Definition 1.13. The Laplace transform is defined as

B /ooof(t)e_”t dt = (f(-),e"), VpeC. (1.15)

We identify f : [0,00) — R with the function f : R — R with f(t) =0 for
f < 0. The latter class of functions is called causal.
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Remark 1.14. Let f be causal, then for p = —in and n € R we have
LI = [ S0 d = VERFfi). eR. (1.16)

Example 1.15. In the following we summarize the Laplace transform of
some functions:

Assumption f L[f]
1 ]lo , 7p >0

tm mefrl , ’p >0

Ra>0,acC ot %,%p>0

Heaviside function ¢ >0 | Xeo0) %G*Cp ,Rp>0
aeC e ﬁ for ®p > R(—a)

aeR sin(at) ez R >0

aeR cos(at) g Rp >0

The Laplace transform can also be defined for distributions. Thereby one
makes the following trick: Let T" € D’ (support in [0,00)). such that

e T € §'(R; C) .

Then also
e T e S'(R;C), VpeCwithRp> (.

Moreover, let o € C*(R;C) with supp(a) C [¢,00) and o = 1 in [0, 00).
Then t — «a(t)e!* € S(R) for all p € C with Rp < 0. Therefore

(e, e

exist, commonly abbreviated as <T , e—Pt> for Rp > (.

Example 1.16. In the following we summarize the Laplace transform of
some functions: Let a > 0

f Lf]
o 1
dmo pm,peC
d(-—a)|le®,peC
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The Laplace transform has also remarkable properties Let f and g have
support in [0, 00), then

L[f = g] = LfIL[g] - (1.17)

L[f'(p) = pLIf](p) = f(0), VRp <G (1.18)
under the assumption that e=¢'|f(t)| is integrable for ¢ < (; and
suppf C [0, 00).

In the following we derive the inversion formula for the Laplace transform:
Let f: R — C with f(¢t) = 0 for all t < 0 and e *'f(t) € L'(R;C) for all
¢ > (p. Then

cm«m#% / Varf()e et s, YC> G

If, for some ¢, n — L[f](¢ +in) € L*(R;C), then by taking the Fourier
transform, it follows

VERf(te < == [ LU+ e dy.

oo ) (+ioco
f(t) 1/ LIAI(C + im)e©Hmt dy = L[f](p)e dp .

- % oo 27Tl ¢—ioco

Definition 1.17. We call the operator L™ by

1 (+ioco .
g— o g(p)e” dp .
T J¢Zioo
Note, that it can be considered just a left inverse.

Example 1.18. Given some 0 < o < 1, and f with support in [0,00) we are
solving the Abel integral equation

/t(t — 1) o(r)dr = f(t), vVt >0, (1.19)
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for some ¢ with support in [0,00). Then, by using the Heaviside-function
X[0,00) We can rewrite this equation to

[e-nomar = [ ¢-ntemar

#(r)=0 Vr<0” "X

_ / Xt = )t = 1) $(7) dr
- —((t-7)

=((*x9) (1), vt > 0.

Taking the Laplace transforms then gives, taking into account Example 1.15

LIfp) = LICx 9] () = £[CI(P)L 9] (p)

(1.17)
L)L 6] ()
= "), w0
Ema:pgl.15 p*
Thus
L161(p) = pﬁgfj W _ (Ll Ez; ))pa
_ (LLfp) + f(0))pt
e I(a)
- ﬁ (‘C[fl] (p)pa_IX[O,oo)(p) + f(O)pa_IX[Opo) (p)) , \le >0.

Taking the inverse Laplace transform gives

010) = ey (67 LD £ B vy @) (0 + %c*[pa-lx[om) v
— 1 / -« f(O) —«
D= )T (@) (f*() ) @)+ TR

= Sin;m) < /0 t (tfi(:))a dr + f(O)t“) .

F(I_Q)F(a):sin(wa)

[e3
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1.6 Hilbert transform

The Hilbert-transform is defined as

f(_Cl ¢, VzeR, (1.20)

H[f](z) := :FPV‘/RC

where the integral exists as Cauchy principal value, meaning,

Pv/&dg:hm/ FO e
R [(—z|>€

(—z e—0+ (—=z

In the following we will always omit the PV in front of the integral to simplify
the notation.
The Hilbert transform can be rewritten as a convolution (cf. (1.5)):

HIF1(2) —%f(z)*l, VieR. (1.21)

z

Then from (1.13) it follows that

FHIAI) = A7 [ ) = S A, vwer.
In other word
HIFI(:) = 7 Sien() FLAE) 12)

1.6.1 Kramers-Kronig relation

Let x : R — R be a real and causal function. That is 0 = ¥, (t) =: xs(t) and
x(t) =0 for t < 0. Let, X = F[x], then, the first assumption provides that

Xr(—w) = Xn(w) (even), Xs(—w)=—Xs(w) (odd),

and the second, tells that X is an analytic function in the upper half plane.
Then, from the Cauchy integral theorem, we obtain the Kramers-Kronig

relation
- L[ XW)
=— | ==d 1.23
X(w) iﬂ/Rw’—w “ (1.23)
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which holds if ¥ vanishes at least as fast as 1/|w|. Writing the Kramers-
Kronig relation in component form, we have

G =1 @) 4y~ iEIW).

T JpwW —w

(1.24)

T w —w

G -1 [ ) g = W W),

where H~! = —H. The Kramers-Kronig relation is widely used in Physics
to extend real or imaginary parts to the respective other part of a function.
However, in the above form, the K-K relations are not useful, since we have
to consider negative frequencies!! Thus, we rewrite them in the following
form, using the properties of ¥,

L 2 [ee} //\% /
0

T le _ w?

- 2w [ Xn(w)
Sw) == [ A g

(1.25)

1.7 Fractional integrals and differentials

Theorem 1.19. The n-th primitive f, of a function f : R — R, which
satisfies f(t) =0 fort <0 is given by

fu(t) = ! /t(t — )" () drT, Vt>0, neN. (1.26)
) Jo

(n—1

fn is extended by 0 for ¢t < 0.

Proof. The proof is done by induction:

e For n =1, (1.26) means

fl(t):/o f(r)dr, Vi eR,

which is actually the definition of the first primitive.
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e For n — n+ 1, we assume that (1.26) is true for n and we prove it for

n + 1: By integration by parts it follows that
1 [ 1 [t

A (t—7)"f(r)dr = A n(t — )" (1) dr
o L ¢ e i
= (f1)n-1(t)

O

Because (n — 1)! = I'(n) an extension of the definition (1.26) to « € R"
is as follows:

Definition 1.20 (Fractional integral of order a > 0:). For a causal function
f R — R we define

1 t
Jof](t) = fa(t) = / (t —7)* L f(r)dr, VE>0, aeR".
I'(a) Jo
(1.27)
Again f, is extended by 0 fort < 0.
We summarize a few basic properties of the fractional integral:
1. Note that I'(n) = (n — 1)! such that f, = J,[f].
2. Jodg = Joyp forall a, 8 > 0.
3. Power functions:
C(y+1)
J[t"](t) = ——L—t7, >0, >—1, t>0. (1.28
10 = f et @20 (1.28)
[6].
4. Denote by
tOé—l
Dy (t) = = 1.2
O (129
Then
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In the following we define fractional derivatives. First of all we note that
D"J, =1,

where D" denotes differentiation. However, in general, J,D"™ # I. That
means that D™ is a left inverse. In fact we have

LU0 = £~ 3 [0 v 0.

We also desire that D is a left inverse of J,.

Definition 1.21 (Fractional derivative of order v > 0:). Let m—1 < a < m,
then

D)) = D™ alf](B). V£SO
Taking into account the definition of J,,_o it follows that

am 1 t f(r) _
Da[f] (t) — { dtm |:1_‘(m—a) fO (t—T)oz+Cll;m dT] 9 m 1 <a< m7 (130)
a1, a=m.
Moreover, we define D° = Iy = 1.
We summarize a few basic properties of the fractional integral:
1. D*J, = 1.

2.
r 1
Dathﬁt'y’“, a>0,y>—-1,t>0.
I'y+1—a)
3. Note that for v = 0 the above formula provides:
1
Dl = ———t7¢ >0, t>0.
ri-a) = %=

Note that according to (1.30) this applies only when a # m.
Remark 1.22. The Abel integral equation (1.19) can be written as

P(a)Jalol(t) = f(t) -
Thus the Abel integral equation determines the a-th derivative of a function
f.
Fvaluating J,|¢] (differentiating ¢) we call the forward problem. Solving
the Abel equation is the inverse problem.
We emphasize that integration is stable and differentiation is unstable.
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1.7.1 The Caputo Derivative
The Caputo derivative is slightly different defined as the fractional derivative:

Definition 1.23 (Caputo derivative of order o > 0:).

1 t d™ f(r) d 1 ‘
D2[f)(¢) = { ey Jo o AT, m—1<a<m,

G f1t), a=m. (1.31)

We just summarize a few properties which highlight the differences of the
derivatives:

e In general
Def(t) == D" Jpm—af(t) # Jm_oaD™ f(t) = DI f(1) .

e D1 =0 for all a > 0.
e Even more, we have D% ! =0, for all @ > 0 and ¢ > 0.

Remark 1.24. The different transforms are very useful in many inverse
problems, because of the giant tables of explicit solutions.

1.8 Abel transform

Definition 1.25. The Abel transform A[)] of a smooth function ¢ : R, —
R, which decays sufficiently fast to zero at oo, is defined by

oo

A[Y(y) = / P(v/x2+y2)de y>0. (1.32)

o0

From the definition of the Abel transform it follow that for given y > 0
AW = [ oTTR =2 [ o/ .
—0o0 0
Then, for x,y > 0 we substitute r = \/x? + y2. This implies that

_ 2 _ .2 — X _\/TQ_y2
r=+1r*—y anddr—\/mdx— " dr .
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Thus

Al =2 [ ot =2 [T,

Next, we express the Abel transform in reciprocal coordinates y = Z and find
that

* tr(r)
d =2 ———d
( > / 1oVt -1 :
Substitution r = ;, and thus dr = _3_2d37 it follows that
=9 d =2 1.
< ) / 82 /0 32\/t2 — 52 (1.33)

Now, we use, what follows from (1.32) that for all y > 0

(AW (4) = / T y)ﬁ dy

Therefore it holds for all v > 0

/°° (Al (Vu? +v?)
oo Vu? + v?

du

dzx du (1.34)

' (Va2 + u? + 0?)
/ \/u2—|—02/ v Vi? +u? +v?

'(VaZ+ u? + 02
/ / PV fu +U)dud:c
Va2 +u? 4 0?2
Substituting z = \/p? — v2cos(p) and u = /p? — v?sin(p). we get
dx p dx 5 .
— = ————=cos(p), ——=—Vp®—v?sin(p)

dp  \/p* —v? de
and P q
u_p , u
— = ————sin(p), — =+/p?—v2cos(yp).
i~ P (P) o= VP ()
Thus

dudx = pdpdp .
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Using that 2% + u? + v? = p? it follows from (1.34) that

/: (A Ve +v) _27r/ V'(p)dp = =2m(v).

u2+v2

Then, by using the definition of the Abel transform, it follows that:
/ .
A {—(.AWJ]) ( )} (v) = —2mY(v).

In other word this means that if we denote by A~![¢] the inverse Abel trans-
form of a function ¢ : R, — R that

AT WI(y) = —5— (AR (). (1.35)

For further expressing the inverse Abel transform we use that
(A[r*9(r)]) (y) = 0, (/ (2® + ) (Va2 + y2)dx)
— 0, +o, ([ ot/ )

oo 2

=0, (VAlY](y)) + \/m (Va2 +y?)dx
= ay(yQA[w](y)) + y/_oo T (\/%yﬁp/( f22 + y2)> dx

With integration by parts it then follows that

Using (1.35) we then have
—2my A " (r)](y) = (Al () (y) = y0, (v AR ](y))
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or in other words

1

ATl (y) = =50, (5 AL (v))- (1.36)

The Abel-transform can be rewritten as the fractional integral J; 5.

Lemma 1.26.

Al] (fl/Q) = tl/QJl/g[7’*3/21/)(7*1/2)}(t) . (1.37)

Proof. Using (1.33) it follows by the substitution s* = 7,2sds = d7 that

dr .

% _ —3/21/]( —1/2)

Thus, by putting ¢ = ¢2 it follows that

1 £1/2 ! ; _3/2¢(; _1/2) £1/2 —3/2 1/2
A = —————d7r = Jl 2| T .

]

Remark 1.27. The identity (1.37) states that evaluation A[)] is equivalent
to 1/2 integration and solution of the Abel integral equation is 1/2- times
differentiation.
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Chapter 2

The Radon transform

We consider reconstructing f : R?> — R given the values of integrals of f
along lines. Thus the problem is to determine f from the Radon Transform

e cos —sin#
RIANE.6) = /Lt,() fds = /boc / <t<sin 9) - S( cos >> ds, (2.1)

where t > 0 and 6 € [0,27) and
Lip= {(t<c989) +8<_Sm0>> 1S € R} )
’ sin 6 cos 6

R[f](_tae) = R[f](t79 + 7T) )

We can extend the Radon transform for ¢ € R and 6 € R.

Because

2.1 Back-projection

Fundamental formulas for inverting the Radon transform are based on back-
projection. Suppose we select a point (i;) = t(g?sg), t > 0, then the vector
= (zfjg) is orthogonal to the line L.

The first step in recovering f from the values of the Radon transform is
the back-projection, which consists in calculating the average of all values of
line integrals where the lines pass through (;;)

29
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Definition 2.1. (back-projection) Let h := h(t,0) be a function in polar
coordinates. The back-projection of h at a point ¥ = (2) 1s defined by

, 1 ("
Blh) <I1> == / h(xy cos@ + xosinf,0) db .

T2 T Jo=0

Note that t := x1 cos 6 + x5 sin Q(Z?Ifg) is the projection of z on the normal

vector (Z?Sg) of the Line L; y. See Figure 2.1. In particular the back-projection

4

Figure 2.1: Visualization of back-projection

of the Radon transform is given by:

BIRIf

In general just application of B to Radon data R|[f]| provides already an
approximation of 2f, however, it is not identical:

xl) _1 R[f](x1 cos + x4 sin b, 0) do .

L2 T Jo=0
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Example 2.2. o Let
= X{z1/4<|z|<3/4} -

Then, again, for every line Lo g through the origin, we have R[f](0,6) =
1. Consequently 1 = B[R|[f]](0,0) # 2f(0,0) =0 .

The Radon transform of the function

f =Xz -
1S given by
RImO) = [ 1@ ds(@)
{T;W Jr <1,
0 else.
Therefore,

R[f](x1 cos + x4 sin b, 6)
-/ (&) ds(@)

1 cos 0+x9 sin 0,0

_{ 2¢/1 — (w1 co80 + 228in60)2  if |1 cos0 + zasinf] <1,
N 0 else.

For (zl) in the support of f we have that |xicos + xosinf| < 1.

2

Now, we apply back-projection and get

1 i
B[R|[f]] (2) == - R[f](x1cos + xosin b, 6) do
:l/ 2\/1—(x10059+xgsin0)2d0.

™ Jo=0

Plotting f and B[R[f]] reveals that the later is a smooth approzimation.
Note also, that for every line Lo through the origin, we have R[f](0,6) =
2. Consequently B[R[f]](0,0) =2 =2f(0,0).

back-projection is a basic approximative algorithm for inverting the Radon
transform.



32 CHAPTER 2. THE RADON TRANSFORM

2.2 Fourier slice theorem

Recall from (1.4) that the 2D Fourier transform of a function f: R* — R is
defined as

%1

1 .
) / 61(w1ut1-|—¢«12752)f(g;l7 q;2> dry dxsy . (2.2)
R2

" or

“7-—(1717-772)_>(W17W2)[f] (

%)

Note that this is a composition of a Fourier transform from ¢ — w; and a
Fourier transform from s — ws. All of the above integrals are, in general,
understood as principal values.

The following fundamental relation between the Fourier transform and
Radon transform is fundamental for exact inversion formulas:

Theorem 2.3. (Central slice theorem)

= —=Tu[RIf](w,0) . (2.3)

W COS 0) 1
\ 2T

-F(:L'] ,.'I,‘Q)*}(UJ[ ,UJQ) [f] (

wsin g

Proof. The 2D Fourier transform gives

wcos 6 1 1\ :
‘F(I17332)*>(LU1,0J2) [f] ( ) / f( 1) 610.)(331 cos O+x2 sin ) dCL'1 dZL‘Q ‘ (24)
R2

wsind 27 To

We make the change of variables

2\ _, 098(9) vl sin(0) .
To sin (@) cos(f)
The determinant of the transformation matrix
Az I
5%
ot ds

is one, such that

dri dxy = dsdt .
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Thus from (2.4) it follows that

wcos
]:(5017962)—>(w17w2)[f]( . )

wsin @

1 tcos —ssinf \ ;..
= Whds dt
27 /Rz / (t sin(f) + s COS(Q)) o
1 tcosf — ssinf -
d iwt dt
</ f<t sin(0) + 8003(9)) S) €
/R 1(t, 0)e™" dt

:E.Ft—w [R[f“(w7 9) ’

This shows the assertion.

2.3 Filtered back-projection

33

(2.5)

The following theorem provides an exact formula for inverting of the Radon

transform:

Theorem 2.4. (Filtered back-projection)

X9 o)

f<:“> N ;B (Foli (@l Fiosw[RIf)(w, 0))) (ml> ’

Proof. We use that F(u, 2,)—(w;w.) and .7-—;1 wa)—(21,72)
other. Thus

T — 1
f( ) :‘F(wi wa)—(21,72) [F(‘m w2)= (wl’w2)[fu (372)

/ «F(:rl 22) > (w1 102) [f] (w1> e—i(w1w1+az2w2) dwl dw2

%)

Using the change of variables

(wl) — w(c.ose) forweR, 0 e0,7),
W sin 6

(2.6)

are inverse to each
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we get
dwy dws = |w| dw db .

Thus by the central slice theorem

= L[ wcosf\ _, s i
—_— f 1.2 W1 .W 1(41(5!31 cos 0+x5 sin ) d d@
f<1132) 27?/0 /]R (z1,22) = (w1, 2)[f] (wsin@)e |w| W

1 T - . ,.
~(2n) / / Frow[R[f]](w, O)e et emtrm it o] du df
0 R

1 S '
:% /0 Forot (| Frso[RIf))(w, ) (21 cos O + zosin 6, 0) db
1 . I
—5B (2L (el Fra RIA0) (1)
(2.7)
]

The name filtered back-projection is due to its close relation to back-
projection, which misses out just the |w| term. The multiplication by |w| can
be interpreted as a filtering of the data, which becomes more clear by the
below calculations:

Let f: R — R, then because of (1.8) we have

Fiowlf|(w) = —wFiou[fl(w), (2.8)

and therefore, in particular,

Firs {%R[f@ (,60) = —wFis[RIf](,)

Thus
()i | RIf| 6) = ol Fisl RI016).

Consequently it follows from (2.7)
L 0
f(i;) = 58 {-/T':it [iSign(w)}_Hw {ER[]C]} (w,@)” <Z:) . (29)

Recall from (1.22) that the operator in the middle of the right hand side

Hlg)(t) = F, 2 (iSign(w) Fimu gl (w)) (1)
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is the Hilbert transform. With this (2.9) rewrites to

1(52) =58 [ ]|

4o

i)

).

This is the original Radon inversion formula [11].

35

(2.10)



36

CHAPTER 2. THE RADON TRANSFORM



Chapter 3

Wave equation and spherical
means

We consider the initial value problem for the wave equation

Opu — Au=01in R" x (0,00),

3.1
u=g,0u=nhinR" x {t =0} . (3:1)

Definition 3.1. Let x € R™ and r > 0. The spherical mean operator in R"
of an integrable function f : R™ — R is defined by

1
o |Snfl‘ Jsn—1

M| f)(;7) f(x +r0)ds(0), (3.2)

where |S"™1| denotes the area of the unit sphere S"~! in R"™, and ds(6) denotes
the surface measure.

Lemma 3.2. Let

1

Flz;r) = =——— fy)ds(y) formn=2,3,... .
‘8B<x7 7,)| oB(z,r)
Then
F(zyr) = Ma[f](2;7) .

Proof. Introducing the coordinate transformation

S — 9B(x,r) CR",

0 — x+rd

37
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we then find that

vSnfl\I/<9) =rl.

and consequently

|det Va1 T(6)] = 7" .

Consequently it follows by change of variables:

1
F(x;r) = 0Bz N f(y) ds(y)
= [ S+ 10) [det VU (6)] ds(6)
1187 Jou
= M, [fl(z;7) .

We have the following relation between the solution w of (3.1) and the
spherical means of the initial data g and h (see [5]):

e Forn =2:

(3.3)
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In particular, if h = 0 in (3.1) it follows that

/ 9(y) dy)
B(at) /42 — \y _ x\Q
! 9(y)

</ ﬁ/a 1)t i v
- 520 (/ | \/7 /aB st
(/ \/ﬁ Mslg)(z, T) dT) )

9:(3) =’ Molg](z,7)
we get an expression for the solution of the wave equation in terms of
the Abel transform:

d
=0 t _9=lg) () dr
) v (35)

1
u(z;t) = 2—&
m

1
= —0
or !

Lemma?) 2

Defining

e For n = 3:

1 1 1
u(wit) = - [at (z / o 0 ds<y>) = ) ds<y>] o)
— 0, (tMalgl(as ) + tMu [ (x5 )
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In particular, if A =0 in (3.1) we have

u(z;t) = 0, (tMslg)) (z3t) .

(3.7)

Remark 3.3. The spherical mean operator can be expressed in terms of a

1D — § distribution:

1 o(r — |z —zl)
Q\Z)——————————
|Sn—1| Rn ]( ) ’Z o CL’|n_1

Malgl(z,r) = dz .

To see this, note that from Lemma 3.2 and the definition of the 1D — §

distribution it follows that

1

ST Jamo.m

1 /OO/ 1 _ _
- — —g(x +y)o(r —r)drds(y) .
IS Jo  Jasom T! ( ol ) )

Now, setting z = x +y and noting that 7 = |y| = |z — x| it follows that

M Jg)(z.r) = / ) g(o + ) ds()o(F — r) di

1 1

S Jgs |2 — 4

Mgl(z, )

—9(2)0(|lz — x| —r)dz .

The desired representation then follows from the property (1.1) of the §-

distribution.



Chapter 4

Photoacoustic imaging

Definition 4.1. e Let p satisfy the wave equation

Oup — Ap =0 in R" x (0, 00),

4.1
p=po, Op=0imR"x{t=0}. (4.1)

Photoacoustic imaging consists in determining the initial datum po in
the wave equation from the following measurements of p:

m(z,t) forx €T andt > 0.

e The inverse problem of integral geometry consists in determining g from
measurements of the spherical mean operator M, [f](z,t) forx € T and
t>0.

4.1 Point measurements along a line

Maybe the simplest reconstruction formulas can be derived for point detector
measurement along the real line axis for photoacoustic imaging in R?:

m(x,t) = p(x,0,t) forx e R, t>0.
We assume that the support of pg is entirely above the x-axis, that is:
supp(po) C {(z,y) : y > 0}. (4.2)

41
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Applying the Fourier transform to the Laplacian of p gives
F () (ko ) [AD] (B, iy 1)

1 : .
==k kg, / ehe T R, y, t)dedy
R2
— 2 5
= k F(xvy)%(k17ky)[p:| (kl’? ky7 t) Vk E R27 t > 0

Taking the Fourier-transform of the differential equation (4.1) with respect
to (z,y) it follows that

2

Ot (@) (ko ki) [P (K, Koy, 1) + ”5 Flay)— (ko bey) [P] (B, Ky, 1) = 0,

Vk € R2, ¢ > 0.

(4.3)

This is an ordinary differential equation in ¢ for v := F ) (k, k,)[P], and has
the following solution:

F o) (ko ki) [P Ky Koy 1) = Cr (ke ky)e lFlE 4 Oy (ke Iy )e I (4.4)
vk € R, ¢ > 0.

At this point we incorporate the initial conditions. By taking the Fourier
transform of the initial conditions in (4.1) it follows

Cl(kxa ky) + 02(kx> ky) = F(w,y)%(kz,ky)[pO](kxa ky) and
Cy (kg ky) — Co(ka, ky) =0 VE € R?.

Therefore
1 o
Cl (kz, ]{Zy> = C2<k:v; ky) - §-F(z,y)—>(k;c,ky)[p0](krv ky) ; Vk' E R2 . (45)

Because,
% <ei|E|t + e_i|E|t> = COS ( k

it follows from (4.5) in (4.4) that

Fwg)— (ko ky) [P) (K, Ky, 1)
1

=5 @)= ha k) [Po] (R, By (ei\’“|t + e—i|k|t) ’

:f(m,y)%(k%ky) [p0]<kx7 ky) COS <‘E‘ t)
Vk € Rt > 0.

t) : (4.6)

(4.7)
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. . . —1
Taking the inverse Fourier transform JF, (@)= (kb

result at (x,0,t) for z € R and t > 0 gives:

) in (4.7) and evaluating the

m(z,t) := p(x,0,1)
= F i k) (o) [ F @)=y [P)] (2,0, 1)
1 —ikyx—1 7
— o et cos(‘k;’t) Frogyos oy Do) (s oy ey,
™ JR2
1

2T R2

¢ 05 (|| £) Fay ot [p0] ki iy AR U,

(4.8)
We use the one-to-one transformation

S:R? = A= {(kp,w) : || < |w|,w €R},

(K, k) — <kx,w = Sign(ky)y /K7 + k§>

which has the inverse

S71:A— R?,
(s w0) — (k: k, = Sign(w) /o2 — kg) V(ky,w) €A

Note that we have for all (k,,w) € A:

’E‘ = |w| and dk, = de = de : (4.9)

N oy
We define
g:R* - R

(,{mw)%{f@,y)ﬁ(kx,ky)[po] (ke Sigm() Va2 —R2) A for (hew) € 4,
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Therefore

m(z,t)

1 —ikgx ¢
~~2r /RQG ' COS(’k‘t> F ) (ko k) [D0) (K, Koy ) dRep R,

1 —ikgx : |w|
T3 /A e ik cOS(WE) F(a,y) = (ko ky) [P0) (Bz, Sign(w)y/w? — k2) —— dedkw
(4.9) T

1 .

=— [ e * " cos(wt)g(ky, w)dwdk,
27T R2
1, _
Ny /icwi)t []:k:zl—m [gH (I7t) .
(1.9)
Thus we have shown that
Gk, w) = 2C; 00 [Foosr, [m]] ke, w) , V(ky,w) € R? . (4.10)
Now, we note that
w kK
Jr— k
and thus from (4.10) it follows that
-/—_.(:c,y)ﬁ(kz,ky)[pd(k‘xy ky)
|y . r—
x y
Vk € R? .
In other words:
p0<I7 y)
o1 |y o 2 o 12
_Qf(kilj,ky)%(m.y) (\/mclﬁﬁw [‘F'L‘Hka: {m“ (km W = Slgn(ky) k% + k?])) :
V(z,y) € R?.

(4.11)
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4.1.1 Stability estimates

In the following we cite some stability estimates for the spherical mean op-
erator and the wave operator.

Definition 4.2. The wave operator in R™, W, maps the initial datum pq
0nto Pry(o,e0)- That is
Whlpo] = Prx(0,00) 5 (4.12)

where p solves (4.1).

Definition 4.3. Let C' be a bounded, open, and connected subset of R™. We
denote by
Hi(C) :=A{f € H(C) : supp(f) C C} ,

the Sobolev space of s-times differentiable functions which have support in C.
Let f: C x (0,00) — R, then

/]

Vo= [ I [ s der.
0 C)((O,oo) CX(0,00)

Remark 4.4. In particular let T' be a closed simply connected curve in R™,
and let C' be a bounded open set in (0,00). Then for C =T x C

H(C) = {f e H*(C) : supp(f) C é} .
The following estimate from [2] concerns the spherical mean operator:

Theorem 4.5. (Proposition 21 in [2]) Let

~ ~ ~

C=B(0,1—¢) CR" T =0B(0,1),C=(g,2—¢),C=TxC,

and s > 0 and € > 0.
Then there exists a constant C. such that for py € HS(C)

O | M [po]| w0y < Cs [ Ma[pol]

Hg+(n*1)/2(é) S ||p0| Hg+(n71)/2(é) . (413)
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4.2 Sectional Imaging

We assume that the laser pulse which illuminates the sample is perfectly
focused onto the plane

{r € R®: 23 =0}.
In this case the initial pressure distribution py : R*> — R can be considered
to be of the form

po(€.2) =po(€)d(2), EER? z€R, (4.14)

for some smooth function py : R? — R and with § denoting the 1D delta-
function. Let us denote by

r=(£2) withé € R? 2z € R,
then (4.1) reads as follows

Oup(&, 2z t) = Dep(€, 23 t),
(€, 2;0) =0, (4.15)

(€, 20) = po(&, 2) = po(§)d(2) -

Here Ag. = Oy, + Ogpey + Oz

The goal of photoacoustic sectional imaging is to recover the function py.
We assume that the detectors collect measurements on the boundary OS2 of
a convex domain 2 C R? in the illumination plane, where we additionally
assume that py has compact support in €.

We will consider the following four different measurement setups and
derive reconstruction formulas.

Vertical Line Detectors: The measurement data are

my(&;t) = / p(&, z;t)dz for all £ € 092, t > 0. (4.16)
Practically this is realized with line detectors which measure the overall
pressure along a line orthogonal to the illumination plane.

Point Detectors: The measurement data are
ma(&;t) == p(&,0;t) for all £ € 092, t > 0. (4.17)

Practically this is realized with standard ultrasound detectors. This
measurement geometry is used in [9)].
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For the other two measurement methods, we additionally impose that the
domain 2 C R? is strictly convex and bounded.

Vertical Plane Detectors: The measurement data are

ms(0;t) == / p(z;t)ds(x) for all § € S, ¢ > 0, (4.18)
P(0)

where P(0) C R? denotes the tangential plane of the cylinder 992 x R
orthogonal to the vector (6,0). Practically this is realized with planar
detectors which are moved tangentially to 02 around the object and
measure the averaged pressure on the plane.

Horizontal Line Detectors: The measurement data are
my(0;t) == / p(€,0;t)ds(€) for all § € S, t > 0, (4.19)
T(0)

where T'(0) C R? denotes the tangential line of 92 orthogonal to the
vector 6, see (4.20). This is a realization using line detectors which
measure the overall pressure on a line tangential to 9€) in the illumina-
tion plane, see [10]. (In these papers, they use for the reconstruction a
phenomenologically motivated formula whose structure is very similar
to the formula (4.28) which we derive for this sort of measurements.)

In those cases where the domain 2 is strictly convex and bounded, we
parametrize the boundary 92 with the map ¢ : S! — 9Q which associates to

every unit vector § € S* the point ((6) € IO where the outward unit normal
vector of 0S) coincides with 6, see Figure 4.1.

% ()
D

Figure 4.1: Definition of the point {(6), § = (cos¥,sin ).
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Since the tangent line 7'(0) of 02 at ((€) is orthogonal to 6, we can define
the family T'(r,0), r € R, of lines parallel to the tangent 7'(f) by

T(r,0) =¢(0)+r0+RO- C R?, T(0) =T(0,0), VoeS' ,recR. (4.20)

Here, 0+ € S' denotes a unit vector orthogonal to 6.
Moreover, we introduce the family P(r,0), r € R, of planes parallel to
the tangent plane P(f) of the cylinder 092 x R at ({(#),0) by

P(r,0) = (T(0),0) + (0,R) Cc R®>,  P(8) = P(0,0), (4.21)

for every § € S* and r € R.

4.2.1 Reconstruction Methods

In the following, we derive reconstruction formulas for photoacoustic sectional
imaging.
Measurements with Vertical Line Detectors

We introduce the function

p(&;t) = /OC p(& zt)dz, £€R? t>0. (4.22)

o0

Then the inital value problem (4.15) for the function p implies that the
function p satisfies the two-dimensional wave equation

Oup(&;t) = Aep(€5t) forall €€R? >0
with the initial conditions

9p(&;0) =0 for all ¢ € R?,
P(&0) =po(&) forall & e R

The initially three-dimensional reconstruction problem therefore reduces to
the two-dimensional problem of calculating po(&) = p(&;0), € € R?, from the
measurement data

mi(&t) = p(&;t), §€09Q,t>0.



4.2. SECTIONAL IMAGING 49

Reconstruction Formulas Based on Series Expansions

For special domains €2, explicit reconstruction formulas are known: see the
review [7] for © a circle and the half-space. The derivation for the ellipse is
published in [4].

If Q is the half-space {£ € R?: & > 0}, we get from (4.23) that

Po(&1,&2)

- ke, | :
:2-7:(;{;,;{52)%(51,52) WCHW [}—fwkﬁ [mﬂ] (ke,,w = Sign(ke, ) /k‘?1 + /{'?2)
61 £

v(£l7€2> € RQ .

(4.23)

Measurements with Point Detectors

From equation (3.7), we know that the solution of the initial value prob-
lem (4.15) can be written as

1
p(z;t) = 0 (—/ flz+ y)ds(y)) : VzeR*and t > 0.
At Jap(o.)

Parameterizing the sphere 0B(0,t) in cylindrical coordinates,
OB(0, ) = {wm (cos(8),sin(8)),h) : h e [—t1], 6 €0, zﬂ)},
we find for every z = (£,2), £ € R? 2 € R, and ¢ > 0 that
(€, 2:1) = O, (ﬁ /_ i /0 T o6 + VT (cos(6), sin(6)))5(z + h)td&dh> |

Integrating out the d-distribution, we get for z € [—t, 1]

p(§, z;t) = 0, <$ /O%ﬁo(f + M(COS(G),sin(G)))M) .

Using polar coordinate transformation, we find that

1

pezin =0 (1 [ e VI Tuasw). e
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By the definition (3.2) of the spherical mean operator My, this means

1 .
p(&, z;t) = 5@ (Ma[po] (& V2 — 22)) for =z € [—t,t]. (4.25)
From the assumption that the support of py lies completely in §2, we know

that My [po](&;0) = po(€) = 0 for £ ¢ Q. Thus, we can integrate the rela-
tion (4.25) for £ ¢ Q and find for every z € [—t,¢] that

Ma[pol(§; V2 — 22) = 2/ p(&, 2 1)dt.

Setting z = 0, we get for every £ € 0f) and every t > 0 the relation

Molfol (E:) = 2 / " a6 VL.

Having calculated the spherical mean of py, we can now proceed as in Sec-
tion 3.

Measurements with Vertical Plane Detectors

For every § € S!, we define for r € R and ¢ > 0 the function
Palrit) = / pla: t)ds(x)
P(r,0)

where P(r,0) denotes the plane as defined in (4.21).

Then, since the vectors (6,0), (6+,0), and (0,0, 1) form an orthonormal
basis of R? and the Laplacian is rotationally invariant, we find from equa-
tion (4.15) that

Oupo(r;t) = / / Ap(C(0) + 10 + u@L, z;t)dudz = Oy py(r;t)

for every r € R and t > 0. Thus, py solves the one-dimensional wave equation
with the initial conditions

Oype(r;0) =0 for all » € R and
Po(0;t) = ms(0;t) for all t >0
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resulting from (4.15) and (4.18), respectively. Moreover, since py has its
support inside €2, we know that py(r;0) = 0 for r > 0.

With d’Alembert’s formula for the solution of the one-dimensional wave
equation, we find that the unique solution for this initial value problem is
given by

Po(r;t) =ms(0;—t —r)+mg(0;t—r), reR, t>0,

where we set mg(0;t) = 0 for ¢ < 0.
Finally, we have to recover from the values of pg, 6 € S!, the initial
pressure distribution py from equation (4.15). We have the relation

Pors0) = [ 5o(C(6) + 70+ a6 )du = RIpul(r + (((6).0).6),
where R denotes the Radon transform as defined in (2.1). We can therefore
recover py with an inverse Radon transform:

m3(9; <C(0)7 9) - T) ifr< <C(0)7 6)> )

0 if 1 > (¢(0),0). (4.26)

]30 = 272_1[7713], T?Lg(’f’, 0) = {
Equation (4.26) reveals an interesting property of integrating area detectors:
For an arbitrary strictly convex measurement geometry €2, exact reconstruc-
tion formulas exist. This is a property which is not known for conventional
and other photoacoustic sectional imaging technologies.

Measurements with Horizontal Line Detectors

For every 6 € S!, we define the function

Po(r, z;t) = /T( e)p(f,Z;t)dS(ﬁ),

where T'(r,0) is defined as in (4.20). Then, using that the vectors (6,0),
(6+,0), and (0,0,1) are an orthonormal basis of R® and that the Laplacian is
rotationally invariant, the initial value problem (4.15) implies that py solves
for all v,z € R and t > 0 the two-dimensional wave equation

o0

Oupo(r, 2;t) = / Agp(C(0) + 70 +ubt, 2 t)du

—0o0

== Trﬁe (Ta Z5 t) + azzﬁ@(r7 Z; t)
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with the initial conditions

atﬁG(Tv Z5 0) = 07
Bolr2:0) = Po(r)5(2), Po(r) = / Po(€)ds (€),
T(T,G)

for every r, z € R.
From formula (3.7), we see that the solution of this initial value problem

S gy — By(r +p)o(z +¢)
Po(r, z;t) = %at (/Bf(o) m ds

b t VIS Py(r +p)
_27T6t (/ 5(2+()/\/m —tQ—p2—<2dpdC

can be written as
(p, ¢ ))

—t
for all r,z € R and t > 0. Integrating out the J-function, we find for every
z € [—t,t] that
- 1 - Py(r +
Po(r, z;t) = 50, / (r+0) dp | .
T 7\/@ /t2 _ Z2 _ p2
Since py is related to the measurement my, given by (4.19), via my(6;t) =

P0(0,0;%), and since Py(r) = 0 for » > 0 by the assumption that py has
support inside €2, we find with the formula (1.19) for the Abel transform in

reciprocal coordinates that
t
Py(—p) 1
dp | = Eat (%A[%](%))

1
0:1) = —o, [ | —0=2L
mulit) = g ( NGEY
where wg(%) = p?Py(—p). Switching to the reciprocal coordinate s =
using the identity (1.36), we see that this is of the form

m(0: 1) = —5- 0, (sAlunl(5)) = A Wal(s)

—m
82 ’s

% and

1 _

with ¢y(2) = Leyp(L) =
for Py and find
L), me(3) = t*ma(6;1). (4.27)

Py(—p). Thus, we can directly solve the equation
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Since we have by definition

P9(T) = R[ﬁ KT + <C(9)79> ) 9)7

we finally get (remembering that Py(r) = 0 for r > 0)

Al (i) 17 < (C(0),0).

(4.28)
0 if r > (C(6),0).

po=2R7P|, P(r,0) = {

So, the reconstruction of pg can be accomplished by an Abel transform of the
rescaled measurements my, defined in (4.27), followed by an inverse Radon
transform. Again, this reconstruction formula is valid for an arbitrary strictly
convex measurement geometry 2.

The attenuated Radon transform is defined by

/ e Da) £y ds(y)

It solves the PDE
0-Vu(z,0) + a(x)u(z, ) = f(x).

Actually, we have

—Da(y,0) 7—(,0) i —Da(y,0)
eI e = [ eI f(y)ds(y).
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Chapter 5

Inverse Acoustic Scattering
Theory

This chapter is mainly based on [3] and partially on [8].

5.1

Introduction to Inverse Problems

5.1.1 Examples

1.

Direct Problem: Find the zeros zq,...,z, of a given polynomial p of
degree n. Then, the inverse problem reads: Find a polynomial p of
degree n with given zeros x4, ..., z,. Here, the inverse problem is easier
to solve. The solution is p(x) = ¢(z — x1) -+ (x — zy,), c € R.

(Scattering Problem) Direct Problem: Calculate the scattered field
for a given object and incident radiation. Given an incident wave u'(z),
find the total field u = u® + u®. Then, the inverse problem is to find
the shape or the properties of a scattering object given the intensity
(and phase) of sound or the electromagnetic waves scattered by this
object. More precise, let D C R", n = 2,3 be a bounded domain
with smooth boundary dD describing the scattering object. Consider
a plane incident wave,

ui (SC) — eikd-:p,

where £ > 0 is the wave number and d is a unit vector describing the

57
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incident direction. Then, the total fields solve the problem,
Au+Kku=0, ze€R"\D
Bu=0, z€0dD
ou’®
or

The last limit is considered uniformly in z/|z|. This system makes
sense under the assumptions of time harmonic fields u(z,t) = u(x)e ™,
where w is the frequency. For suitably polarized time harmonic elec-
tromagnetic scattering problems, Maxwell’s equations reduce to the
two-dimensional Helmholtz equation. The boundary conditions can be
Dirichlet , Neumann or Robin depending on the nature of the medium.
The radiation condition has to do with unique solvability of the direct
problem and ensures the that the scattered field describes divergent
wave with sources situated in a bounded domain. For a homogeneous
medium, k = w/c = \/efiw, where c is the speed of sound, € the dielec-
tric constant and p the permeability. The radiation condition yields
the asymptotic expansion,
eikr

where & = z/|z|. The inverse problem is to determine the shape of
D when the far field pattern > (Z) is measured for all Z on the unit
sphere in R”.

—iku® = O(r~ Y2 p = |z = 0.

u’(z) = u® (&) + O(r~ ) e oo,

For example, if B = [ is the identity, u is sufficient smooth and 1 is
continuous density, let

sy = [ 92y e R
wie)= [ e luisy). = eB\oD,

where,

[N

ik|lz—y| n=3

W~

Hy " (klz —vy|), n=2
O(z,y) ——{ o (K )

wlz—y|’

and % denotes then normal derivative where Ho(l) denotes the Hankel func-
tion of the first kind of order zero. Then, u® solves the above problem pro-
vided v is a solution of the integral equation,

09(z,y)

U(x) +2 - ay—(w¢(y)d5(l/) = —~2u'(z), x€dD.
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In general, we can formulate the direct problem as the evaluation of an
operator K acting on a known ¢ (model) in a space X and the inverse problem
as the solution of the equation K¢ = y.

Direct problem: given ¢ (and K), evaluate K.
Inverse problem: given y (and K), solve K¢ =y for ¢.

In order to formulate an inverse problem, the definition of the operator
K, including its domain and range, has to be given. The formulation as an
operator equation allows us to distinguish among finite, infinite-dimensional,
linear and non-linear problems.

5.1.2 Preliminaries

Definition 5.1. The operator K : X — Y, mapping a vector space into a
vector space is called linear if

K(c1¢ + c2y)) = a1 K¢ + ca K9,
for all ¢, € X and ¢q,co € C.

Theorem 5.2. Let X and Y be normed spaces and K : X — Y a linear
operator. Then K is continuous if it is continuous at one point.

Proof. Suppose K is continuous at ¢, € X. Then for every ¢ € X and
¢n — ¢ we have that

Ko¢n = K(dn — ¢+ do) + K(¢ — ¢o) = Ko + K(¢ — do) = K¢

since ¢, — @ + ¢g — Po. ]

A linear operator K : X — Y from a normed space X into a normed
space Y is called bounded if there exists a positive constant C' such that

Kol < Clél
for every ¢ € X. The norm of K is the smallest such C, i.e.
IK|l := sup [|[K¢[l, ¢eX
llgll=1

If Y =C, K is called a bounded linear functional. The space X* of bounded
linear functionals on a normed space X is called the dual space of X.
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Theorem 5.3. Let X and Y be normed spaces and K : X — Y a linear
operator. Then K is continuous if and only if it is bounded.

Proof. Let K : X — Y be bounded and let {¢,} be a sequence in X such
that ¢, — 0 as n — oo. Then |K¢,| < C|¢,| implies that K¢, — 0 as
n — oo, i.e. K is continuous at ¢ = 0. By Theorem 5.2 K is continuous for
all ¢ € X. Conversely, let K be continuous and assume that there is no C'
such that |[K¢| < C|¢|| for all ¢ € X. Then there exists a sequence {¢,}
with ||¢,|| = 1 such that ||K¢,| > n. Let

U o= || Kl ¢

Then 1, — 0 as n — oo and hence by the continuity of K we have that
K1, — K0 = 0 which is a contradiction since ||K,| = 1 for every integer
n. Hence K must be bounded. []

Definition 5.4. The operator K : X — Y is called compact if it maps every
bounded set S into a relatively compact set K(S).

The set of all compact operators from X into Y is a closed subspace of
L(X,Y) (the space of all linear bounded mappings from X to Y).

Theorem 5.5. 1. If Ky and Ky are compact from X into Y, then so are
K1+ Ky and N\K; for every \ € C.

2. Let K,, : X =Y be a sequence of compact operators between Banach
spaces X and Y. Let K : X — Y be bounded, and let K, converge to
K in the operator norm, 1i.e.,

| Kz — Kx||

—0, n—o0.
]l

| K, — K| := sup
z#0

Then K is also compact.

3. If Le L(X,Y) and K € L(Y,Z), and L or K is compact, then KL is
also compact.

Theorem 5.6. Let X be a normed space. Then the identity operator I :
X — X is a compact operator if and only if X has finite dimension.

Theorem 5.7 (Riesz Theorem). Let K : X — X be a compact operator
on a normed space X. Then either
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1. the homogeneous equation
¢—Kop=0
has a nontrivial solution ¢ € X or

2. for each f € X the equation
¢p—Ko=f

has a unique solution ¢ € X. If I — K is injective (and hence bijective),
then (I — K)™': X — X s bounded.

Let K : X — X be a compact operator of a normed space into itself.
A complex number X is called an eigenvalue of K with eigenfunction ¢ €
X if there exists ¢ € X,¢ # 0, such that K¢ = A\¢. It is easily seen
that eigenfunctions corresponding to different eigenvalues must be linearly
independent.

We call the dimension of the null space of Ly := Al — K the multiplicity
of A. If A = 0 is not an eigenvalue of K, it follows from the Riesz theorem
that the resolvent operator (Al — K)™! is a well defined bounded linear
operator mapping X onto itself. On the other hand, if A = 0 then K~!
cannot be bounded on K (X) unless X is finite dimensional since if it were
then I = K~'K would be compact.

5.1.3 Ill-posed problem

There is a fundamental difference between the direct and the inverse prob-
lems. In all cases, the inverse problem is ill-posed or improperly-posed in the
sense of Hadamard, while the direct problem is well-posed.

We formulate the notion of well-posedness in the following way.

Definition 5.8 (well-posedness). Let X and Y be normed spaces, K :
X = Y a (linear or non-linear) mapping. The equation Kx = y is called
properly-posed or well-posed if the following holds:

1. Existence: For every y € Y there is (at least one) x € X such that
Kx =y.

2. Uniqueness: For everyy € Y there is at most one x € X with Kz = y.



62 CHAPTER 5. INVERSE ACOUSTIC SCATTERING THEORY

3. Stability: The solution x depends continuously on y, that is, for every
sequence (x,) C X with Kz, —» Kx as n — oo, it follows that x, — x
as n — 0o.

Equations for which (at least) one of these properties does not hold are
called improperly-posed or ill-posed. Existence and uniqueness depend only
on the algebraic nature of the spaces and the operator, that is, whether
the operator is onto or one-to-one. Stability, however, depends also on the
topologies of the spaces, i.e., whether the inverse operator K= : Y — X is
continuous.

5.2 Scattering Theory

Studying an inverse problem requires a good knowledge of the theory for the
corresponding direct problem. Therefore, we begin by presenting the founda-
tions of obstacle scattering problems for time-harmonic acoustic waves, that
is, to exterior boundary value problems for the scalar Helmholtz equation.
Our aim is to develop the analysis for the direct problems.

Consider the propagation of sound waves of small amplitude in a homo-
geneous isotropic medium in R? viewed as an inviscid fluid. Let v = v(z, 1)
be the velocity field and let p = p(x,t), p = p(z,t) and s = s(z,t) denote the
pressure, density and specific entropy, respectively, of the fluid. The motion
is then governed by Euler’s equation

ov

1
— +v-Vo+yv+ -Vp =0,
ot P

the equation of continuity

9 + div(pv) =0,

ot
the state equation
p=f(ps),
and the adiabatic hypothesis
0
a—j +v-Vs=0

where v is the absorption coefficient, f is a function depending on the nature
of the fluid.
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The above system for v, p, p and s is non-linear. To linearize the above
system, we assume that v,p, p and s are small perturbations of the static
state vy = 0, and constant values py, po, So, i.€.,

k=0 k=0
o0 o0
k k
p=§6pk, szgesk,
k=0 k=0

for 0 < € < 1. Then, we obtain the linearized version keeping only terms of
first order,

81}1 1

o + %Vlh 0,
i + podiv(vy) =0
ot Po 1 )

of dp1 %

a_p(p(hs(])E = ot )
We define the speed of sound by

0
= 8_,J;(p0’80>

and from the linearized Euler equation, we observe that there exists a velocity
potential u = u(x,t) such that

1 0
v =—Vau, —
Po ot
Clearly, the velocity potential also satisfies the wave equation
1 0%u

For time-harmonic acoustic waves of the form
u(z,t) = R {u(z)e ™"}

with frequency w > 0, we deduce that the complex valued space dependent
part u satisfies the reduced wave equation or Helmholtz equation

Au+ k*u=0 (5.2)
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where the wave number k is given by the positive constant & = w/ec.
In general, considering the scattering of acoustic and electromagnetic
waves by an inhomogeneous medium of compact support, we set

p(x,t) = po(x) + epi(x,t) + ...
s(z,t) = so(z) + esy(x,t) + ...

Then, keeping only the terms of order e, we obtain

02])1

2 ‘ 1
5z~ C () po(z)div (

po(z)

Vi)

where now

P(x) = Z—ﬁ@o(x), so().

If we now assume that terms involving Vp, are negligible and that p; is time
harmonic,

pi(z,t) = R{u(z)e "}
2
()
The above equation governs the propagation of time harmonic acoustic waves
of small amplitude in a slowly varying inhomogeneous medium. We still must
prescribe how the wave motion is initiated and what is the boundary of the
region containing the fluid. We shall only consider the simplest case when the
inhomogeneity is of compact support. Assuming the inhomogeneous region

is contained inside a ball B, i.e., ¢(x) = ¢y = constant for z € R\ B, we see
that the scattering problem under consideration is now modeled by

we see that u satisfies

Au + u = 0.

Au+ E*n(z)u =0,

where k = w/co > 0 is the wave number and

is the refractive index. In the following we assume n(z) = 1 and the inho-
mogeneous case will be considered later.

In obstacle scattering we must distinguish between the two cases of im-
penetrable and penetrable objects.



5.2. SCATTERING THEORY 65

1. For a sound-soft obstacle the pressure of the total wave vanishes on
the boundary. Consider the scattering of a given incoming wave u’
by a sound-soft obstacle D. Then the total wave u = u’ + u®, where
u® denotes the scattered wave, must satisfy the wave equation in the
exterior R® \ D of D and a Dirichlet boundary condition

u=0 on OD.

2. Similarly, the scattering from sound-hard obstacles leads to a Neu-
mann boundary condition
ou

% =0 on 6’D,

where v is the unit outward normal to 0D since here the normal velocity
of the acoustic wave vanishes on the boundary.

3. More generally, allowing obstacles for which the normal velocity on the
boundary is proportional to the excess pressure on the boundary leads
to an impedance boundary condition of the form

ou

— +iu=0 on 0D,
ov

with a positive constant A.

4. The scattering by a penetrable obstacle D with constant density pp
and speed of sound cp differing from the density p and speed of sound
c in the surrounding medium R?®\ D leads to a transmission problem.
Here, in addition to the superposition u = u’+wu* of the incoming wave
and the scattered wave u® in R\ D satisfying the Helmholtz equation
with wave number k = w/c, we also have a transmitted wave v in D
satisfying the Helmholtz equation with wave number kp = w/cp # k.
The continuity of the pressure and of the normal velocity across the
interface leads to the transmission conditions

1@— 1@ on OD.

U =", - - )
pOv  ppOv

For the scattered wave u*, the radiation condition

lim r (8u - ikus) =0, r=]|z,

r—o0 or
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introduced by Sommerfeld will ensure uniqueness for the solutions to the
scattering problems. From the two possible spherically symmetric solutions

ezk'r 6—zkr

r r
to the Helmholtz equation, only the first one satisfies the radiation condition.

Since via _
e cos(kr — wt
()
r r

this corresponds to an outgoing spherical wave, we observe that physically
speaking the Sommerfeld radiation condition characterizes outgoing waves.
Throughout |z| we denote the Euclidean norm of a point z in R3.

5.2.1 Green’s theorem and formula

We begin by giving some basic properties of solutions to the Helmholtz equa-
tion Au+k?u = 0 with positive wave number k. Most of these can be deduced
from the fundamental solution

1 eik|x_y|

®(z,y) r#y (5.3)

e
Straightforward differentiation shows that for fixed y € R3 the fundamen-
tal solution satisfies the Helmholtz equation in R3 \ {y}.

Definition 5.9. A domain D C R3, i.e., an open and connected set, is said
to be of class C*, k € N, if for each point z of the boundary D there exists
a neighborhood V, of z with the following properties:

1. the intersection V. N D can be mapped bijectively onto the half ball
{x € R : |z| < 1,23 > 0}, this mapping and its inverse are k-times
continuously differentiable.

2. the intersection V,NAD is mapped onto the disk {x € R? : |z| < 1,23 =

0}.

We will express the property of a domain D to be of class C* also by
saying that its boundary 9D is of class C*. By C*¥(D) we denote the linear
space of real or complex valued functions defined on the domain D which are
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k—times continuously differentiable. By C*(D) we denote the subspace of
all functions in C*(D) which together with all their derivatives up to order
k can be extended continuously from D into the closure D.

One of the basic tools in studying the Helmholtz equation is provided by
Green’s integral theorems. Let D be a bounded domain of class C! and let v
denote the unit normal vector to the boundary 9D directed into the exterior
of D. Then, for u € C'(D) and v € C?(D) we have Green’s first theorem

/ (uAv + Vu - Vo) dr = / u@ds (5.4)
D op OV

ov ou
/D (uAv — vAu) dx = /aD (ua - 115) ds (5.5)

Theorem 5.10. Let D be a bounded domain of class C* and let v denote
the unit normal vector to the boundary 0D directed into the exterior of D.
Let u € C*(D)NC(D) be a function which possesses a normal derivative on
the boundary in the sense that the limait

ou

5(1’) = hhjilo v(z) - Vu(zr — hv(x)), =€ dD

exists uniformly on 0D. Then we have Green’s formula

we) = [ (Gt - un 55 asiy

- /D (Auly) + Fuly)) P(w,y)dy, « € D, (5.6)

where the volume integral exists as improper integral. In particular, if u is a
solution to the Helmholtz equation

Au+k*u=0, in D,

= Ou T,Y) —u 90(z,y) s x
wo)= [ (Gewewn - o e Yas). cep. 60
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Proof. See theorem 2.1, p. 16 [3]. ]
Obviously, Theorem 5.10 remains valid for complex values of k.

Theorem 5.11. If u is a two times continuously differentiable solution to
the Helmholtz equation in a domain D, then u is analytic.

Proof. Let x € D and choose a closed ball contained in D with center x.
Then Theorem 5.10 can be applied in this ball and the statement follows
from the analyticity of the fundamental solution for z # y. m

As a consequence of Theorem 5.11, a solution to the Helmholtz equation
that vanishes in an open subset of its domain of definition must vanish ev-
erywhere. In the sequel, by saying u is a solution to the Helmholtz equation
we always tacitly imply that v is twice continuously differentiable, and hence
analytic, in the interior of its domain of definition.

Definition 5.12. A solution u to the Helmholtz equation whose domain of
definition contains the exterior of some sphere is called radiating if it satisfies
the Sommerfeld radiation condition

lim r (@ - @ku) =0, r=]|z,

r—00 or

where r = |x| and the limit is assumed to hold uniformly in all directions

Theorem 5.13. Assume the bounded set D is the open complement of an
unbounded domain of class C? and let v denote the unit normal vector to the
boundary D directed into the exterior of D. Let u € C?(R*\ D)NC(R3\ D)
be a radiating solution to the Helmholtz equation

Au+k*u=0, in R*\D,
which possesses a normal derivative on the boundary in the sense that the
limat
2 (a) = dim v(r) - Vule + ho(a), € oD
5y &) = lim v(z u(lx + hv(z)), =

exists uniformly on dD. Then we have Green’s formula

u(z) = /az) (%u(g/) — O(x, y)g:jgi) ds(y), z€R*\D, (5.8)
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Proof. See theorem 2.4, p. 18 [3]. O

From Theorem (5.13) we deduce that radiating solutions u to the Helmholtz
equation automatically satisfy Sommerfeld’s finiteness condition

w(z) = O (%) 2] = oo

uniformly for all directions and that the validity of the Sommerfeld radiation
condition is invariant under translations of the origin.

Solutions to the Helmholtz equation which are defined in all R? are called
entire solutions. An entire solution to the Helmholtz equation satisfying the
radiation condition must vanish identically. This follows immediately from
combining Green’s formula (5.8) and Green’s theorem (5.5).

We are now in a position to introduce the definition of the far field pattern
or the scattering amplitude.

Theorem 5.14. FEvery radiating solution u to the Helmholtz equation has
the asymptotic behavior of an outgoing spherical wave

u() = E {uoo(.fc) +0 (i> } e = 00 (5.9)

o |z]

uniformly in all directions & = x/|x| where the function u, defined on the
unit sphere Q is known as the far field pattern of u. Under the assumptions
of Theorem (5.13) we have

oo () = /8 ) (aea;x'yu(y) - e—ikf~ygz—$) ds(y), 2€Q. (5.10)

Proof. From

~ 1
|a:—y|=¢|x|2—2x-y+|y|2:|x|—x-y+o(m)

iklz—y| ik|z| . 1
=" e o (5.11)
2=yl |zl ||

0 eik\xfy| ezk|x\ {aeiki-y o < 1 > }
= —+ —
w(y)le—yl o[ | 9v(y) ]

uniformly for all y € 9D. Inserting this into (5.8), the theorem follows. [

we derive

and similarly
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The main problem will be to recover radiating solutions of the Helmholtz
equation from a knowledge of their far field patterns. In terms of the mapping
F : u — uy, transferring the radiating solution u into its far field pattern
Us, We want to solve the equation

Fu=ug,

for a given .

5.2.2 The Far Field mapping

We establish the one-to-one correspondence between radiating solutions to
the Helmholtz equation and their far field patterns.

Lemma 5.15 (Rellich). Assume the bounded set D is the open complement
of an unbounded domain and let u € C*(R3\ D) be a solution to the Helmholtz
equation satisfying

lim lu(z)|*ds = 0.
r=00 fiz)=r

Then, u =0 in R3\ D.

Rellich’s lemma ensures uniqueness for solutions to exterior boundary
value problems through the following theorem.

Theorem 5.16. Let D be as in Lemma (5.15), let D be of class C* with
unit normal v directed into the exterior of D and assume u € C%(R3\ D) N
C(R3*\ D) is a radiating solution to the Helmholtz equation with wave number
k > 0 which has a normal derivative in the sense of uniform convergence and

for which )
%/ u@ds > 0.
op OV

Then, u =0 in R®\ D.
Proof. From
0 ou
lim ]—u]2 + Ku(z)? ) ds = —2/{%/ u—ds
r—00 Q. 8V oD aV

we conclude that

lim / () [2ds = 0
Qpr

7—00

and hence from theorem 5.15 follows the argument. n
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Rellich’s lemma also establishes the one-to-one correspondence between
radiating waves and their far field patterns.

Theorem 5.17. Let D be as in Lemma 5.15 and let u € C*(R®*\ D) be a
radiating solution to the Helmholtz equation for which the far field pattern
vanishes identically. Then u =0 in R3\ D.

Proof. From (5.9) we deduce

1
/ lu(z)?ds = / lUoo () [2ds + O (;) , T — 00,
|z|=r Q

the assumption us = 0 on 2 implies that Rellich’s Lemma can be applied.
O

5.2.3 Single- and Double-Layer Potentials

We assume that D is the open complement of an unbounded domain of class
C?, that is, we include scattering from more than one obstacle in our analysis.

We first briefly review the basic jump relations and regularity properties
of acoustic single- and double-layer potentials. Given an integrable function
¢, the integrals

ulz) = /8 B )odsy). @ € RO\ID

and

)= [ %mwdaw, € R*\ 0D

are called, respectively, acoustic single-layer and acoustic double-layer poten-
tials with density ¢. They are solutions to the Helmholtz equation in D and
in R?\ D and satisfy the Sommerfeld radiation condition. Green’s formulas
show that any solution to the Helmholtz equation can be represented as a
combination of single- and double-layer potentials. For continuous densities,
the behavior of the surface potentials at the boundary is described by the
following jump relations. By [|-||, = |||l » We denote the usual supremum
norm of real or complex valued functions defined on a set G C R3.

Theorem 5.18. Let 0D be of class C? and let ¢ be continuous. Then the
single- layer potential u with density ¢ is continuous throughout R® and

[ullo s < Clidllos 00
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for some constant C' depending on 0D. On the boundary we have

wa) = [ @lapois), = <op (5.12)
and 5 00 |
T = [ o)) F jole), we oD (5.13)
where
aui

(x) = lim v(z)- Vu(z + hv(z)),

E h—+40
is to be understood in the sense of uniform convergence on 0D and where
the integrals exist as improper integrals. The double-layer potential v with
density ¢ can be continuously extended from D to D and from R3\ D to
R3\ D with limiting values
00(x,y) 1

ve(x) = e ds(y) + =¢(x), x € 9D 5.14

dw) = [ Sl ouisty) + 5o(x) (514
where

ve(x) = hgrﬁov(x + hv(x)),

and where the integrals exist as improper integrals. Furthermore,

||U||oo7]R3\D S C ||¢||0078D’ ||U||oo,[_) S C ||¢||oo,8D
for some constant C' depending on 0D.

For the direct values of the single- and double-layer potentials on the
boundary 0D, we have more regularity. This can be conveniently expressed
in terms of the mapping properties of the single- and double-layer operators
S and K, given by

S0 i=2 [ Bp)odsts), o€ o (5.15)
and 0b(z.y)
(Koya) =2 | T oisty). @ cop (5.16)
and the normal derivative operators K’ and T, given by
wo@=2 [ DED i), reop (6

op Ov(x)
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and

0 0P (z,y)
(T¢)(w) := 28V(I) op Ov(y)

Clearly, by interchanging the order of integration, we see that S is self
adjoint and K and K’ are adjoint with respect to the bilinear form

o(y)ds(y), =€ dD (5.18)

(0, 0) = [ s,
oD

that is,

(So,1) = (¢, S1)
and

(Ko, ) = (¢, K'¥)

for all ¢, € C(9D). To derive further properties of the boundary integral
operators, let u and v denote the double-layer potentials with densities ¢ and
Y in C1%(AD), respectively. Then by the jump relations of Theorem 5.18,
Green’s theorem and the radiation condition we find that

/T¢¢d3:2 a—u(v+—v_)ds:2/ (u+—u_)@ds: T ds
oD ap OV oD v oD

that is, T also is self adjoint. Now, in addition, let w denote the single-layer
potential with density ¢ € C(0D). Then

ov ow_ ,
/8DS¢T@Dds:4/ w8_d824/3 v_—ds:/aD(K—[)z/J(K +1)¢pds

8D 4 D ov

where [ is the identity operator, hence
/ dST ds = H(K? — I)pds
oD oD

follows for all ¢ € C(0D) and ¢ € C*(OD). Thus, we have proven the
relation

ST =K>—-1

and similarly, it can be shown the adjoint relation
TS =K?—1

is also valid.
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Theorem 5.19. Let 0D be of class C?. Then the operator S, K, K' are
bounded from C(9D) into C%*(OD). The operators S, K are also bounded
from C*(OD) into C»*(OD) and the operator T is bounded from C**(9D)
into C%*(9D).

Theorem 5.20 (Lax’s theorem). Let X and Y be normed spaces both
of which have a scalar product (-,-) and assume that there ezists a positive
constant ¢ such that

(@, )] < lloll 1]

forallp,v € X. LetU C X be a subspace andlet A:U —Y andB:Y — X
be bounded linear operators satisfying

forallp € U andp € Y. Then A : U — Y is bounded with respect to the
norms induced by the scalar products.

Theorem 5.21. Let D be of class C? and let H'(OD) denote the usual
Sobolev space. Then the operator S is bounded from L*(0D) into H*(OD).
Assume further that 0D belongs to C*®. Then the operators K and K’
are bounded from L*(OD) into H*(0D) and the operator T is bounded from
HY(OD) into L?(0D).

Proof. Theorem 3.6, p. 43 [3]. O

The jump relations of Theorem 5.18 can also be extended through the
use of Lax’s theorem from the case of continuous densities to L? densities.

5.2.4 Scattering from a Sound-Soft Obstacle

The scattering of time-harmonic acoustic waves by sound-soft obstacles leads
to the following problem.

Direct Acoustic Obstacle Scattering Problem. Given an entire
solution ! to the Helmholtz equation representing an incident field, find a
solution

u=u"+u’
to the Helmholtz equation in R® \ D such that the scattered field u® sat-
isfies the Sommerfeld radiation condition and the total field u satisfies the

boundary condition
u=0, on 0D
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Clearly, after renaming the unknown functions, this direct scattering
problem is a special case of the following Dirichlet problem.

Exterior Dirichlet Problem. Given a continuous function f on 9D,
find a radiating solution u € C?(R*\ D)NC(R3\ D) to the Helmholtz equation

Au+k*u=0, in R*\D
which satisfies the boundary condition
u=f, on 0D

We briefly sketch uniqueness, existence and well-posedness for this boundary
value problem.

Lemma 5.22. Let u € C*(R*\ D)NC(R?\ D) be a solution to the Helmholtz
equation in R®\ D which satisfies the homogeneous Dirichlet boundary con-
dition on OD. We define Dp := {y € R*\ D : |y| < R} for sufficient large
R. Then Vu € L*(Dg) and

/ ua—uds = / (|Vul> = K*|ul?) da
lz|=R v Dgr

Theorem 5.23. The exterior Dirichlet problem has at most one solution.

Proof. We have to show that solutions to the homogeneous boundary value
problem v = 0 on 9D vanish identically. The above lemma, justifies the
application of Theorem 5.16 and hence v = 0 in R\ D. [

The existence of a solution to the exterior Dirichlet problem can be based
on boundary integral equations. In the so-called layer approach, we seek
the solution in the form of acoustic surface potentials. Here, we choose
an approach in the form of a combined acoustic double- and single-layer
potential

u(z) = / (M - in@(x,y)) o(y)ds(y), = €R*\ID (5.19)
op \ Ov(y)
with a density ¢ € 9D and a real coupling parameter  # 0. Then from
the jump relations of Theorem 5.18 we see that the potential u solves the
exterior Dirichlet problem provided the density is a solution of the integral
equation
o+ Ko —inSep =2f. (5.20)
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Since S, K : C(0D) — C%*(dD) are bounded, from the compact imbed-
ding C**(0D) — C(dD), 0 < a < 1 we see that S, K : C(0D) — C(dD)
are compact. Therefore, the existence of a solution can be established by
the Riesz-Fredholm theory for equations of the second kind with a compact
operator.

Let ¢ be a continuous solution to the homogeneous form of (5.20). Then
the potential u given by (5.19) satisfies the homogeneous boundary condition

uy, =0, on 0D

hence by the uniqueness for the exterior Dirichiet problem u = 0 in R®\ D
follows. The jump relations now yield

—u_ = ¢, —aaiy_ =1in¢y, on 0D

Hence, using Green’s theorem (5.4), we obtain

in/ st:/ aaaids:/ (IVul? - K?|ul?) da
oD oD v D

Taking the imaginary part of the last equation shows that ¢ = 0. Thus,
we have established uniqueness for the integral equation (5.20), that is, in-
jectivity of the operator I + K —inS : C(0D) — C(9D). Then, by the
Riesz-Fkedholm theory, the inverse (I + K —inS)~! : C(0D) — C(dD) is
bounded. Hence, the inhomogeneous equation (5.20) possesses a solution
and this solution depends continuously on f in the maximum norm. From
the representation (5.19) of the solution as a combined double- and single-
layer potential, with the aid of the regularity estimates in Theorem 5.18, the
continuous dependence of the density ¢ on the boundary data f shows that
the exterior Dirichlet problem is well-posed, i.e., small deviations in f in the
maximum norm ensure small deviations in u in the maximum norm on R*\ D
and small deviations of all its derivatives in the maximum norm on closed
subsets of R?\ D.
We summarize these results in the following theorem.

Theorem 5.24. The exterior Dirichlet problem has a unique solution and the
solution depends continuously on the boundary data with respect to uniform
convergence of the solution on R*\ D and all its derivatives on closed subsets
of R*\ D.
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Note that for n = 0 the integral equation (5.20) becomes non-unique if k
is a so-called irregular wave number or internal resonance, i.e., if there exist
nontrivial solutions u to the Helmholtz equation in the interior domain D
satisfying homogeneous Neumann boundary conditions du/0v = 0 on 9D.

In order to be able to use Green’s representation formula for the solution
of the exterior Dirichlet problem, we need its normal derivative. However,
assuming the given boundary values to be merely continuous means that
in general the normal derivative will not exist. Hence, we need to impose
some additional smoothness condition on the boundary data. This leads to
an operator that transfers the boundary values, i.e., the Dirichlet data, into
the normal derivative, i.e., the Neumann data, and therefore it is called the
Dirichlet to Neumann map.

In general, for the scattering problem the boundary values are as smooth
as the boundary since they are given by the restriction of the analytic function
u' to OD. In particular, for domains D of class C? our regularity analysis
shows that the scattered field u® is in C*%(R3\ D). Therefore, we may apply
Green’s formula 5.8 with the result

u’(z) = /8D <WUS@) — @(m,y)%) ds(y), ze€R*\D, (5.21)

Green’s theorem (5.5), applied to the entire solution u’ and ®(x,.), gives

0= /8D (aq)gi, y)u’(y) — (I)(x,y)%) ds(y), = ¢ R3 \ D (5.22)

Adding these two equations and using the boundary condition u*+u* = 0
on 0D gives the following theorem. The representation for the far field
pattern is obtained with the aid of (5.11).

Theorem 5.25. For the scattering of an entire field u' from a sound-soft
obstacle D we have

ue) =) - [ o, W),z e B\ D,

I (y)
and the far field pattern of the scattered field u® is given by
A 1 ik OU(Y) N
Uso (T) = —— e Y ds(y), €,
0 =" oD v (y) W)

In physics, the this representation for the scattered field is known as
Huygen’s principle.
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5.2.5 Scattering from a Sound-hard Obstacle

Exterior Neumann Problem. Given a continuous function f on 9D, find
a radiating solution u € C*(R?*\ D) N C(R3\ D) to the Helmholtz equation

Au+k*u=0, in R*\D

which satisfies the boundary condition

ou
o
Uniqueness for the Neumann problem follows from Theorem (5.16). To prove
existence we again use a combined single- and double-layer approach. We
overcome the problem that the normal derivative of the double-layer potential

in general does not exist if the density is merely continuous by incorporating
a smoothing operator, that is, we seek the solution in the form

- . 2 92(2,y)
wo) = [ (2ot + iyt

g, on 0D

<S§¢><y>) ds(y). =€ R\ D

(5.23)
with a density ¢ € 0D and a real coupling parameter n # 0. By Sp we
denote the single-layer operator in the potential theoretic limit case £ = 0.
Note that by Theorem 5.19 the density SZ¢ of the double-layer potential
belongs to C**(9D). This operator is called a smoothing operator. From
Theorem 5.18 we see that 5.23 solves the exterior Neumann problem provided
the density is a solution of the integral equation

¢ — K'¢ —inTSgp = —2g. (5.24)

Since K’ + inT'Sg : C**(0D) — C%*(dD) is compact the Riesz-Fredholm
theory is available.

Let ¢ be a continuous solution to the homogeneous form of (5.24). Then
the potential u given by (5.23) satisfies the homogeneous boundary condition

8U+

v
hence by the uniqueness for the exterior Neumann problem v = 0 in R\ D
follows. The jump relations now yield

—u_ = inS3¢, —%Ly =—¢, on 0D

=0, on 0D
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and, by interchanging the order of integration and using Green’s integral
theorem as above in the proof for the Dirichlet problem, we obtain

in/ |Sod|*ds = in ¢Sgpds = / aaaids = / (IVul* = k*|ul?) dz
oD oD oD v D

whence Sp¢p = 0 on 9D follows. The single-layer potential Sy with density
¢ and wave number k = 0 is continuous throughout R?, harmonic in D and
in R?\ D and vanishes on 0D and at infinity. Therefore, by the maximum-
minimum principle for harmonic functions, we have Sy¢ = 0 in R? and the
jump relation yields ¢ = 0. Thus, we have established injectivity of the
operator I — K'—inT'S2 and, by the Riesz-Fredholm theory, (I—K'—inTS3) ™"
exists and is bounded in C(9D). From this we conclude the existence of the
solution to the Neumann problem for continuous boundary data g and the
continuous dependence of the solution on the boundary data.

Theorem 5.26. The exterior Neumann problem has a unique solution and
the solution depends continuously on the boundary data with respect to uni-
form convergence of the solution on R3\ D and all its derivatives on closed
subsets of R3\ D.

5.2.6 Scattering in inhomogeneous medium

Recall that if the inhomogeneous region is contained inside a ball B, i.e.,
c(r) = ¢y = constant for z € R?\ B, we see that the scattering problem
under consideration is now modeled by

Au+ k*n(z)u=0, in R?

u' +uf=u (5.25)
. ou* .
lim r ( - zk:us) =0
r—o00 or
where k = w/co > 0 and

2

— _“
n(z) = ()

is the refractive index, positive, satisfying n(x) = 1 for z € R?\ B. we would
also like to include the possibility that the medium is absorbing, i.e., the
refractive index has an imaginary component.
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The Lippmann-Schwinger Equation

The aim of this section is to derive an integral equation that is equivalent to
the scattering problem (5.25) where n € C*'(R?) has the general form

n(x) =ny(x) + z#

We set
m:=1-—n
with compact support and
ni(z) >0 and no(x) >0

for all z € R3. We set in addition D := {z € R® : m(z) # 0}. To derive an
integral equation equivalent to (5.25), we shall need to consider the volume
potential

u(z) == /]R3 O(z,y)d(y)dy, z € R, (5.26)

where @ is the fundamental solution to the Helmholtz equation and ¢ is a
continuous function in R® with compact support, i.e., ¢ € Co(R?).

Theorem 5.27. The volume potential u given by (5.26) exists as an improper
integral for all v € R3 and has the following properties. If ¢ € Co(R?)
then u € CY*(R3) and the orders of differentiation and integration can be
interchanged.

If ¢ € Co(R?) N CH*(R3) then u € C**(R?) and
Au+Ku=—¢, in R
In addition,

[l qrs < C 0]l qps »
where C' > 0 depends only on the support of ¢.

We now show that the scattering problem (5.25) is equivalent to the
problem of solving an integral equation.

Theorem 5.28. If u € C*(R?) is a solution of (5.25), then u is a solution
of
u(e) =u'(e) < K [ Baymul)dy, €. (G20
R3

Conversely, if u € C(R?) is a solution of (5.27) then u € C*(R?) and u
is a solution of (5.25).



5.2. SCATTERING THEORY 81

Proof. Let u € C*(R?) be a solution of (5.25). Let € R® be an arbitrary
point and choose an open ball B with exterior unit normal v containing the
support of m such that x € B. From Green’s formula (5.10) applied to u, we
have

B ou 0P (z,vy)
we) = [ (Grwatn - un %) asw

-1 [ o gmg)uty)dy (5.28)

since Au + k*u = mk?u. Note that in the volume integral over B we can
integrate over all of R3 since m has support in B. Green’s formula applied
to u’, gives

. ou’ ) o 0P(z,y) s
i) = [ (Grwetn - wo G ase). 59

Finally, from Green’s theorem 5.5 and the radiation condition we see that

ou® o L 0P(z,y) s(u) =
| (Grwten - w5 as) =0

With the aid of u = u’ + u® we can now combine the above equations to
conclude that (5.27) is satisfied.
Conversely, let u € C(R?) be a solution of (5.27) and define u® by

wia) == [ Bty e R

Since ® satisfies the Sommerfeld radiation condition uniformly with respect
to y on compact sets and m has compact support, it is easily verified that
u® satisfies the Sommerfeld radiation condition. Since m € C}(R?), we can
conclude from (5.27) and Theorem (5.27) that first u € C'(R?) and then
that v* € C%*(R?) with Au® + k*u® = mk?u. Finally, since Au’ + k*u’ = 0,
we can conclude that

Au + k*u = mk*u

that is,
Au + kE*nu = 0.

in R? and the proof is completed. O
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We show that (5.27) is uniquely solvable for all values of k£ > 0. This
result is nontrivial since it is based on the unique continuation principle.

Theorem 5.29. Let G be a domain in R® and suppose uw € C*(G) is a

solution of
Au+ E*n(z)u =0

in G such that n € C(G) and u vanishes in a neighbourhood of some xy € G.
Then u is identically zero in G.

Theorem 5.30. For each k > 0 there ezists a unique solution to (5.25) and
the solution u depends continuously with respect to the maximum norm on
the incident field u’.

Proof. As previously discussed, to show existence and uniqueness it suffices
to show that the only solution of

Au+ K n(z)u =0, in R (5.30)

lim r <@ — zku) =0
r—00 or

is v identically zero. If this is done, by the Riesz-Fredholm theory the integral
equation (5.27) can be inverted in C'(B) and the inverse operator is bounded.
From this, it follows that « depends continuously on the incident field
with respect to the maximum norm. Hence we only must show that the only
solution of (5.30) is u = 0.

Recall that B is chosen to be a ball of radius a centered at the origin such
that m vanishes outside of B. As usual v denotes the exterior unit normal
to 0B. We begin by noting from Green’s theorem (5.4) that

ou, 2 2o 12
Aauayd:;—/xlga (|Vul®> = K*alul?) do

From this, since Sn > 0, it follows that
ou
E‘s/ u—ds = kQ/ Sn ulPde >0
jol=a OV j2l<a

Theorem (5.16) now shows that u(z) = 0 for |z| > a and it follows by the
previous Theorem that u(z) = 0 for all z € R3. O



Chapter 6

Regularization Theory

This chapter is mainly based on [8]. The last section follows [1].

6.1 General Regularization Scheme

Many inverse problems lead to integral equations of the first kind with con-
tinuous or weakly singular kernels. Such integral operators are compact with
respect to any reasonable topology. These inverse problems can be formu-
lated as operator equations of the form

Kz =y,

where, for now, K is a linear compact operator between Hilbert spaces X
and Y over R or C. Let K be also one-to-one and assume that that there
exists a solution x € X of the unperturbed equation Kz = y. In other words,
we assume that y € R(K). The injectivity of K implies that this solution is
unique.

In practice, the right-hand side y € Y is never known exactly but only
up to an error of, say, 0 > 0. Therefore, we assume that we know ¢ > 0 and
y? € Y with

Hy—gf” < 6. (6.1)
We want to “solve” the perturbed equation
K’ =1, (6.2)

In general, Equation (6.2) is not solvable because we cannot assume that the
measured data y° are in the range R(K) of K. Therefore, the best we can
hope is to determine an approximation 2’ € X to the exact solution z.

33
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Definition 6.1. Let K : X — Y be a linear bounded operator between Ba-
nach spaces, X1 C X a subspace, and |||, a “stronger” norm on X, that is,
there exists ¢ > 0 such that ||z|| < c||z||, for all x € X;. Then, we define

F (0, B, |I1y) := sup{lz| - v € Xy, [ Kz|| <0, [|-]l, < E}

and call F(6, E, ||-||,) the worst-case error for the error ¢ in the data and a
priori information ||z||, < E.

F(9,E,|]|;) depends on the operator K and the norms in X,Y, and
X;. It is desirable that this worst-case error not only converge to zero as
d — 0 but that it be of order 0. This is certainly true (even without a
priori information) for bounded invertible operators, as is readily seen from
the inequality ||z| < ||KY| ||[Kx||. For compact operators K, however, and
norm ||-||, = ||-||, this worst-case error does not converge.

Thus, we want the approximation z° to the exact solution z that is “not
much worse” than the worst-case error F (9, £, ||-]|,)-

An additional requirement is that the approximate solution z° should
depend continuously on the data y°. In other words, it is our aim to construct
a suitable bounded approximation R : Y — X of the (unbounded) inverse
operator K~ : R(K) — X.

Definition 6.2. A reqularization strategy is a family of linear and bounded

operators
R,:Y =X, a>0,

such that
lin(l)RaKx =z, forall e X,
a—

that is, the operators R,K converge pointwise to the identity.
From this definition and the compactness of K, we conclude the following:

Theorem 6.3. Let R, be a reqularization strategy for a compact operator
K : X =Y where dim X = oo. Then we have:

1. The operators R, are not uniformly bounded, that is, there exists a
sequence (a;) with HRaj|| — 00 for j — oo.

2. The sequence (R,Kx) does not converge uniformly on bounded subsets
of X, that is, there is no convergence R,K to the identity I in the
operator norm.
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Proof. 1. Assume on the contrary, that there exist ¢ > 0 such that || R,|| <
c for all @ > 0. From R,y — K 'y as a — 0 for all y € R(K) and
|Ray|l < c|ly]| for @ > 0 we conclude that ||K~'y|| < c|ly|| for every
y € R(K) , that is K~! is bounded. This implies that I = K 'K :
X — Y is compact, a contradiction to dim X = oo.

2. Assume that R,K — I. From the compactness of R,K and theorem
(5.5), we conclude that [ is also compact, which again would imply
that dim X < oo.

O

The notion of a regularization strategy is based on unperturbed data, that
is, the regularizer R,y converges to x for the exact right-hand side y = Kx.
Now let y € R(K) be the exact right-hand side and 3° € Y be the measured
data satisfying (6.1). We define

%0 = Ray‘S

as an approximation of the solution x of Kz = y. Then the error splits into
two parts by the following obvious application of the triangle inequality:

Hx“"s—xH < HRay‘;—RayH + || Ray — || (6.3)
< Rall||9° = || + | RakSz — 2 (6.4)
<O | Rall + [ Ra Kz — ] (6.5)

This is our fundamental estimate, which we use often in the following.
We observe that the error between the exact and computed solutions consists
of two parts: The first term on the right-hand side describes the error in the
data multiplied by the “condition number” of the regularized problem. By
Theorem (6.3), this term tends to infinity as a tends to zero. The second
term denotes the approximation error ||(R, — K~ !)y|| at the exact right-hand
side y = Kx. By the definition of a regularization strategy, this term tends
to zero with a.

We need a strategy to choose a = a(9) dependent on ¢ in order to keep the
total error as small as possible. This means that we would like to minimize

0| Rall + | Ra K2 — ]| .
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Definition 6.4. A reqularization strategy a = a(d) is called admissible if
a(0) — 0 and

sup{ || Ruoyy” — | = ” € V. [[Ke =4’ <6} = 0. 50

for every x € X.

A convenient method to construct classes of admissible regularization
strategies is given by filtering singular systems.

Definition 6.5 (Singular Values). Let X and Y be Hilbert spaces and
K : X =Y be a compact operator with adjoint operator K* :Y — X,

(Kz,y) = (¢, K*y), foral ze€X,yeY.

The square roots p; = \/A; , j € J, of the eigenvalues \; of the self-adjoint
operator K*K : X — X are called singular values of K. Here again, J C N
could be either finite or J = N.

Note that every eigenvalue A of K*K is nonnegative because K*Kx = \x
implies that

Mz, z) = (K*'Kz,z) = (Kz, Kz) >0, ie, A>0.

Theorem 6.6 (Singular Value Decomposition). Let K : X — Y be a
linear compact operator, K* :'Y — X 1ts adjoint operator, and py > po >
fs > ... > 0 the ordered sequence of the positive singular values of K, counted
relative to its multiplicity. Then there exist orthonormal systems (x;) C X
and (y;) CY with the following properties:

The system (uj,z;,y;) is called a singular system for K. Every x € X
possesses the singular value decomposition

T =y + Z(az, ;)5
jeJ
for some xog € N(K) and
Kz =Y p(w,;)y;

jedJ



6.1. GENERAL REGULARIZATION SCHEME 87

The following theorem characterizes the range of a compact operator with
the help of a singular system.

Theorem 6.7 (Picard). Let K : X — Y be a linear compact operator with
singular system (p;,%;,y;). The equation,

has a solution of the form

if and only if
. 1
y N and 3 (. y,)P < oo
jeJ i

A convenient method to construct classes of admissible regularization
strategies is given by filtering singular systems. Let K : X — Y be a linear
compact operator, and let (u;,x;,y;) be a singular system for K. As readily
seen, the solution x of Kx = y is given by Picards theorem, provided the
series converges, that is, y € R(K). This result illustrates again the influence
of errors in y. We construct regularization strategies by damping the factors

1/pj.

Theorem 6.8. Let K : X — Y be a linear compact operator with singular
system (115, ;,y;) and

q:(0,00) x (0,[|K]) = R
be a function with the following properties:
1. |g(a,p)| <1 foralla>0and 0 < p < ||K]||.

2. For every a > 0 there exists c¢(a) such that

lg(a, )] < cla)p forall 0<p<|K].

3. lirr(l)q(a,u) =1 for every 0 < p < | K]|.
a—
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Then the operator R, : Y — X, a > 0, defined by

Q(a'nu')
Ray ::Z M'] (y7yj>xj7 ?JEY,
jeJ J

is a reqularization strategy with ||R,| < c(a). A choice a = a(6) is admissible
if a(0) = 0 and 6 c(a) = 0 as § — 0. The function q is called a regularizing
filter for K.

Proof. Theorem 2.6, page 32 [8]. O

However, we are interested in optimal strategies, that is, those that con-
verge of the same order as the worst-case error. This can be done by a
proper replacement of assumption (3), leading to such optimal strategies.
There are many examples of functions ¢ : (0,00) x (0, || K||) — R that satisfy
the assumptions of the above theorem. For example:

0 : 1
with ¢(a) = NG

1' Q(ahu): a+“27

2. gla,p) =1—(1—kp®)  with c(a) = \/g, 0<r<1/|K|.

2 1
é: 52§Z ,  with c(a):%

All of the functions ¢ are regularizing filters that lead to optimal regu-
larization strategies. We will see later that the regularization methods for
the first two choices of ¢ admit a characterization that avoids knowledge of
the singular system. The choice (3) of ¢ is called the spectral cut-off. The
spectral cut-off solution %% € X is therefore defined by

3. qla,p) = {

“ 1
2=~ )y
pHi>a Hi
We combine the fundamental estimate (6.3) with the previous theorem and
show the following result for the cut-off solution.

Theorem 6.9. Let y° € Y be such that (6.1), where y = Kx denotes the
exact right-hand side.
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1. Let K : X — Y be a linear compact operator with singular system
(pj, xj,y;). The operators

1
Ry = —y)r;, yev,

pi>a J
define a reqularization strategy with |Ry|| < 1/v/a. This strategy is
admissible if a(6) — 0 and 6*/a(d) — 0 as § — 0.

2. Let v = K*2 € R(K*) with ||z|| < E and ¢ > 0. For the choice
a(0) = ¢d/E, we have the estimate,

% — af| < (% " \/E) VGE

Therefore, the spectral cut-off is optimal for the information |K* x| < E
(if K* is one-to-one).

Proof. Theorem 2.9, page 36 [8]. O

For given concrete integral operators, however, one often wants to avoid
the computation of a singular system. In the next section, we give equivalent
characterizations for the first two examples without using singular systems.

6.1.1 Tikhonov Regularization

A common method to deal with overdetermined finite linear systems of the
form Kx = y is to determine the best fit in the sense that one tries to
minimize the defect ||Kz — y|| with respect to x € X for some norm in Y.
If X is infinite-dimensional and K is compact, this minimization problem is
also ill-posed by the following lemma.

Lemma 6.10. Let X and Y be Hilbert spaces, K : X — Y be linear and
bounded, and y € Y. There exists & € X with |Kz —y|| < ||Kz — y|| for all
x € X if and only if © € X solves the normal equation K*Kz = K*y. Here,
K*:Y — X denotes the adjoint of K.

Proof. Lemma 2.10, page 36 [8]. ]
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As a consequence of this lemma we should penalize the defect (in the
language of optimization theory) or replace the equation of the first kind
K*Ki = K*y with an equation of the second kind (in the language of inte-
gral equation theory). Both viewpoints lead to the following minimization
problem. Given the linear, bounded operator K : X — Y and y € Y,
determine z* that minimizes the Tikhonov functional:

Jo(x) = [|[Kz —y[]* +allz|® for zeX
We prove the following theorem.

Theorem 6.11. Let K : X — Y be a linear and bounded operator between
Hilbert spaces and a > 0. Then the Tikhonov functional J, has a unique
minimum x® € X. This minimum x® is the unique solution of the normal
equation

ar® + K*Kz* = K*y. (6.6)

Proof. Theorem 2.11, page 37 [8]. ]
The solution 2 of Eq. (6.6) can be written in the form z* = R,y with
Ry = (al + K*K)"'K*: Y — X, (6.7)

Choosing a singular system (yu;,x;,y;) for the compact operator K, we
see that R,y has the representation

q(a, pi;) Iz
Ry =) M—j](%yj)l’j = Z sy, yeY,

jeJ
with . This function ¢ is exactly the filter function that was studied before.
Theorem 6.12. Let K : X — Y be a linear, compact operator and a > 0.

1. The operator al + K*K 1is bounded invertible. The operators R, : Y —
X from (6.7) form a reqularization strateqy with |R.| < 1/(2v/a). It
is called the Tikhonov regularization method. R,y° is determined as the
unique solution z*° € X of the equation of the second kind

ar™ + K* K™ = K*y. (6.8)

Every choice a(§) — 0 and §*/a(d) — 0 as 6 — 0 is admissible.
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2. Letx = K*z € R(K*) with ||z|| < E. We choose a(5) = c¢d/E for some
¢ > 0. Then the following estimate holds:

oo o < £ (% n fc> ViE.

Proof. Theorem 2.12, page 38 [8]. O

The eigenvalues of K tend to zero, and the eigenvalues of al + K*K are
bounded away from zero by a > 0. From the previous Theorem, we observe
that a has to be chosen to depend on § in such a way that it converges to
zero as d tends to zero but not as fast as 62. From part (2), we conclude that
the smoother the solution x is the slower a has to tend to zero. On the other
hand, the convergence can be arbitrarily slow if no a priori assumption about
the solution x is available.

Theorem 6.13. Let K : X — Y be linear, compact, and one-to-one such
that the range R(K) is infinite-dimensional. Furthermore, let x € X, and
assume that there ezists a continuous function a : [0,00) — [0,00) with
a(0) = 0 such that
lim ||2*©0 — 2| 6% =0 (6.9)
0—0
for every y° €Y with Hy5 — K:L‘H < 6, where 299 € X solves (6.8). Then,
r=0.

Proof. Theorem 2.13, page 39 [8]. O

Thus, Tikhonov regularization for an ill-posed linear problem with com-
pact operator never yields a convergence rate which is faster than O(6%?).
This is in contrast to, e.g., Landweber’s method or the conjugate gradient
method, i.e., a posteriori parameter choice methods.

If we want to solve Kx = y under the information ||y5 — yH < 6, we have
to accept any z € X with

| Kz —4°|| <6 (6.10)

as an approximate solution, since it is compatible with the only knowledge
we have on the data. However, if R(K) is not closed, the set of all x satisfying
the above inequality is unbounded even if N(K) = {0} reflecting the ill-
posedness of Kx = y. Since we are looking for a solution of Kx = y with
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minimal norm, it makes sense to use this as a constraint, in order to choose
one solution of (6.10), i.e., consider the problem

min ||z]| subject to ||Kx—y5||§5. (6.11)

This is a constrained optimization problem and if 0 is not in the feasible
region, i.e. Hy5|| < ¢ (less signal than noise), then the minimum is achieved
on the boundary of the feasible set, that is, (6.11) is equivalent to,

min  ||z]*> subject to | Kz — y‘sH2 =62 (6.12)
Using Lagrange multipliers, we reformulate it to,
min ||x||2—|—/\HKx—y5H2. (6.13)

This equivalent to the Tikhonov functional with @ = 1/A. This can be seen
as a different motivation for Tikhonov regularization itself, but also provides
a rule for choosing the regularization parameter, it should be chosen such
that the constraint in (6.12) is satisfied.

6.1.2 The Discrepancy Principle of Morozov

In this section, we study a discrepancy principle based on the Tikhonov
regularization method. Throughout this section, we assume again that K :
X — Y is a compact and injective operator between Hilbert spaces X and
Y with dense range R(K) C Y. Again, we study the equation

Kr=y

for given y € Y. The Tikhonov regularization, corresponds to the regulariza-
tion operators (6.7) with a > 0 that approximate the unbounded inverse of
K on R(K). We have seen that * = R,y exists and is the unique minimum
of the Tikhonov functional. More facts about the dependence on a and y are
proven in the following theorem.

Theorem 6.14. Let y € Y, a > 0 and x* be the unique solution of the
equation
ar® + K"Kz = K*y. (6.14)
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Then x* depends continuously on y and a. The mapping a — ||z®| is
monotonously non increasing and

lim z% = 0.
a—r o0

The mapping a — ||Kz® — y|| is monotonously non decreasing and

lim Kz = y.

a—0

If K*y # 0, then strict monotonicity holds in both cases.
Proof. Theorem 2.16, page 46 [8]. O

Now we consider the determination of a(¢) from the discrepancy principle.
We compute a = a(d) > 0 such that the corresponding Tikhonov solution
29, that is, the solution of the equation

az® + K* K% = K*°. (6.15)
that is, the minimum of

Jus(@) = | Kz —° || + a|?,

)

satisfies the equation
HK:U“"S—y‘;H =0. (6.16)

Note that this choice of a by the discrepancy principle guarantees that,
on the one side, the error of the defect is 4 and, on the other side, a is not
too small. Equation (6.16) is uniquely solvable, provided

ly* =yl <o <ls”]l.

because by the previous theorem

fim || 1627 — 7| = /] > 5

a— 00

and
lim HKxa"S — y‘;H =0<0.
a—0

Furthermore, a +— HK %% — y5H is continuous and strictly increasing.
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Theorem 6.15. Let K : X — Y be linear, compact and one-to-one with
dense range in'Y. Let Kx =y withx € X, y € Y,y° € Y such that

lv* =yl <a< |||

Let the Tikhonov solution x* satisfy ||Kat“"S —y‘sH = ¢ for all 6 € (0,0p).
Then

1.z
2. Let x = K*z € K*(Y) with ||z|| < E. Then,
Ha:“"s — xH < 2VIOE.

Therefore, the discrepancy principle is an optimal reqularization strat-
eqy under the information || K* x| < E.

Proof. Theorem 2.17, page 48 [8]. O

)0 s 2 for 6 — 0, that is, the discrepancy principle is admissible.

The condition ||y5H > § certainly makes sense because otherwise the
right-hand side would be less than the error level § , and 2° = 0 would be an
acceptable approximation to x.

The determination of a(d) is thus equivalent to the problem of finding the
zero of the monotone function

o(a) == ||Kx“’5 - y6H2 — 5

(for fixed § > 0). It is not necessary to satisfy the equation ||Kx“’5 — y‘sH =0
exactly. An inclusion of the form

10 < HKx“’(S — y‘;H < 90

is sufficient to prove the assertions of the previous theorem.

The computation of a(d) can be carried out with Newton’s method. The
derivative of the mapping a +— 2% is given by the solution of the equation
(al + K*K)%xa”‘S = —z%9,

as is easily seen by differentiating with respect to a.

We remark that the estimate a(6) = ¢ || K||? /(Hy‘sH —0) can be a starting
value for Newton’s method to determine a(0).

The biggest disadvantage of Tikhonov regularization with Morozov’s dis-
crepancy principle is the repeated matrix manipulation done to compute
the solution. Another disadvantage of Tikhonov regularization is the over-
smoothing effect. In order to reconstruct non-smooth or discontinuous solu-
tions, one has to use a different penalty term.
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6.2 Bounded variation penalty methods

Let €2 be a bounded convex region in R, n = 1, 2, 3 with Lipschitz continuous
boundary 9€2. We consider the equation,

Ku =y,

where K is a linear operator from LP({2) into a Hilbert space H, containing

y. We specify the norms,
" 1/2
o= ()
k=1

1/p
[ull 2oy = (/Q u(z)[” dw) , 1<p<o

and for p = oo,
[ull ooy = inf{c € R: |u(z)| < c for a.e. z € X}

and || the Lebesgue measure of € and yg the indicator function of a set
S C Q. We define the BV semi-norm, or total variation,

TVo(u) := sup/ﬂ(—udivv)dm, (6.17)

veV

where the test functions v belong to
V={velC;Q): |v(x) <1, foral zecN}

If u € C*(R2), then using integration by parts,

TVi(u) = /Q Vu(z)|dz. (6.18)

Then, we consider the problem to minimize the Tikhonov functional,
given now by,

Jo() = ||[Ku — y||> + a TV (u).

A more general penalty functional, than the TV semi-norm, can be also
considered, for sufficiently smooth u,

TVB(u)z/Q\/\Vu(x)P—I—de, (6.19)
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where 8 > 0. Of course, when = 0 this reduces to the usual TV. The above
norm can be defined also for non-smooth functions u as we are going to see
later. The advantage of this form is that taking § > 0 we gain differentiation
of the functional T'V3 when Vu = 0.

Going back to (6.18), we state that this holds also for u € W1(Q). Now,
we are in position to define the space of functions of bounded variations on
Q by,

BV(Q) = {u € L'(Q) : TVy(u) < oo},

with BV norm
lull gy = llull 1) + TVo(u).

Remark 6.16. The space BV (S2) is a Banach space with respect to this
norm. The Sobolev space W1(Q) is a proper subset of BV (). Since Q is
bounded, LP(Q) C L' (Q), for p > 1 and from the definition, BV (Q) C L'(Q).

We define the convex function,
flx) =~/l]z]> + 8,

given by

f(z) =sup{z -y +/B(1—|y]*): y eR", |y| <1}

This function attains the supremum for y = z/4/|z|> + 8. In a similar way,
we can define,

TVs(u) == sup/Q —udive 4+ /B(1 — |v(z)|? dz. (6.20)

veV

Note that for 5 > 0,7V} is not a semi-norm.
Theorem 6.17. If u € WH(Q), then (6.19) holds.

Proof. Since C'(2) is dense in W1(Q), it is sufficient to show (6.19) for
u € CY(Q). From Green’s theorem it follows that,

/—udivv—l— B(l—|v(x)|2d:v:/Vu-v—l—\/ﬁ(1—|v(x)|2d:v
Q Q
< [ VNuF+5da
Q
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where we have used the definition of f. Consequently,

TVs(u / VIVu|? + g dx.

For the reverse inequality, we set o = Vu/+/|Vu|? + 3, and observe that,

/§2Vu-v+\/,6(1—|v(x)|2dx:/9\/|Vu|2+,8dx

and v € C(Q; R") with |v] < 1 for all x € Q. By multiplying v by a suitable
characteristic function compactly supported in €2, we can deduce v € V N
C3°(Q) for which the left-hand side of the above 1nequahty is arbitrary close

to [, V/|Vul? + B dx.

The next theorem shows that both 7'V and T'Vj have the set BV (2) as

their feasible region, and that T'V; is the pointwise limit of T'Vj.

Theorem 6.18. 1. For any 8 > 0 and u € L*(Q),

TVo(u) < oo if and only if TVs(u) < oo.

2. For any u € BV (Q),

lim TV (u) = TVo(w).

Proof. For any v € V and u € L'(),

/—udivvdxg/—udivv—i— (1 — |v(zx)]?dx
0 0

< / —udive + \/de
Q
Taking the sup over v € V,
TVo(u) < TVs(u) < TVo(u) + /Bl
The results follow from the boundedness of €.

Theorem 6.19. For any 8 > 0, T'Vy is convex.
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Proof. Let 0 < A <1, and uy, uy € LP(2). For any v € V,

TVa(Aup + (1 — Nug) = sup/Q —(Aug 4+ (1 — Nug)dive + 1/ B(1 — |v(z)|? dx

veV

:Asup/—uldivv+ B(1 —|v(z)]?dx
0

veV

+(1—=X) sup/ —ug divo 4+ /B(1 — |v(z)|? dz
Q

veV

S )\TVg(U1) + (1 — /\)TVg(UQ)
[

Theorem 6.20. For any 8 > 0, TV is weakly lower semicontinuous with
respect to the LP topology for 1 < p < oc.

Proof. Let u,, converges weakly in LP(Q)), i,e, u, — u. For any v € V, divv €

C(€2) and hence,

/ —udive + /B(1 — |v|?dx = lim / —u, divo + 4/ B(1 — |v|>dx
Q n—oo Q
= lim inf/ —up dive + /(1 — |v|? dx
0

n—o0

< lim infT'Vg(uy,)

n—o0

Taking the supremum over v € V, gives T'Vs(u) < lim infT'Vp(u,). O

n—o0

A set of functions S is defined to be BV -bounded if there exists a constant
b > 0 for which |Jul|gz, < b for all w € S. The relative compactness of
BV —bounded sets in LP({2) follows from the next lemma.

Lemma 6.21. If u € BV(Q), then there exists a sequence {u,} € C*()
such that

m |lup, —ull o) =0,  lim TVo(u,) = TVo(u).
n—oo n—oo
Theorem 6.22. Let S be a BV -bounded set of functions. Then S is relatively

compact in LP(Q) for 1 < p < d/(d—1). S is bounded, and hence relatively
weakly compact for dimensions d > 2, in LP(Q) for p=4d/(d —1).
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Proof. Note that d/(d — 1) is the Sobolev conjugate of 1 in dimension d, the
Sobolev conjugate of p, where 1 < p < d, being defined by [/p* = 1/p — 1/d.
For 1 <p < d/(d—1), the Rellich-Kondrachov compact embedding theorem
holds. A sequence u, in S may then be approximated by a sequence of
functions in C'*°(2), themselves uniformly bounded in BV (§2) and in L?(£2),
so that their sequence must have a subsequence converging in LP(2) to some
u. By semicontinuity of TV, and the above lemma, v € BV () and is the
limit (in LP) of a subsequence extracted from wu,,.

For p = d/(d—1), one can similarly extend to BV -functions the Poincark-

Wirtinger inequality: if
1,
U= 157 U(.flf)d{)’,”
€2 Jo

then there exists ¢ such that
[ = pll oy < ¢ TVo(u — p) = cTVo(uw).

Hence, if, say, ||ul| 5, < M, then T'Vy(u — p) is also bounded by M, and,
by the Poincare-Wirtinger inequality, |[u — pl|,»(q) < ¢M. Consequently,

||UHLP(Q) < HuXQHLP(Q) + fJu— NHLP(Q)
< QY + eM
< Nlullpr gy QP+ eM
< (Y77 + )M
=< (127" + )M

Relative weak compactness in dimensions d > 2 follows from the Banach-
Alaoglu theorem. ]

6.2.1 Well-posehess of minimization problems

Let T : LP(Q2) — [—o0,o0]. The following theorems guarantee the well-
posedness of the unconstrained minimization problem

in T(u). 6.21
uin (u) (6.21)
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In order to use the compactness results while still dealing with uncon-
strained minimization problems, we introduce the following property. We
define T to be BV -coercive if

T(u) = +oo when |ull g, = +o0. (6.22)

Note that the sets {u € LP(Q2) : T'(u) < a}, where a > 0 are BV-bounded.

Theorem 6.23 (Existence ad uniqueness of minimizers). Suppose that
T is BV -coercive. If 1 <p < d(d—1) and T is lower semicontinuous, then
problem (6.21) has a solution. If in addition p = d/(d—1), dimension d > 2,
and T is weakly lower semicontinuous, then a solution also exists. In either
case, the solution is unique if T' is strictly convex.

Proof. The following argument is standard. Let u,, be a minimizing sequence
for T, in other words,

T(u,) — inf T(u) := Thin.
(n) = Jfey T

By hypothesis (6.22), the u, are BV-bounded. As a consequence of
theorem (6.22), there exists a subsequence u,, which converges to some
u € LP(Q). Convergence is weak if p = d/(d — 1). By the (weak) lower
semicontinuity of T,

T(u) < lim infT (uy;) = Tnin-

Jj—00
Uniqueness of minimizers follows immediately from strict convexity. O

Next consider a sequence of perturbed problems

in T, (u). 6.23
Duin (u) (6.23)

Theorem 6.24 (Stability of minimizers). Assume that 1 < ped/(d — 1)
and that T and each of the T, are BV -coercive, lower semicontinuous, and
have a unique minimizer. Assume in addition:

1. Uniform BV -Coercivity: For any sequence v, € LP(£2),

lim T,,(v,) = 400  when lim ||v,| 5, = +00 (6.24)
n—00 n—00
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2. Consistency: T,, — T uniformly on BV -bounded sets, i.e. given b > 0
and € > 0, there exists N such that

T (u) —T(u)] <e when n>N, |ullg, <b. (6.25)

Then problem (6.21) is stable with respect to the perturbations (6.23),
i.e. if u minimizes T and u, minimizes T,,, then

Ifp=d/(d—1), d > 2, and one replaces the lower semicontinuity assumption
on T and each T, by weak lower semicontinuity, then convergence is weak,

Uy, — U (6.27)
Proof. Note that T,,(u,) < T,,(@). From this and equation (6.25),

lim inf 75, (u,) < lim sup T, (u,) < T'(u) < 0o (6.28)
n—oo n—oo
and hence by (6.24) the u,, are BV-hounded. Now suppose (6.26) (or (6.27)
if p = d/(d — 1)) does not hold. By Theorem (6.22) there exists a subse-
quence u,,, which converges in LP(€2) to some u # u. By the (weak) lower
semicontinuity of 7', (6.28), and (6.25),

T(u) < lim inf T'(u,,

n—oo 7

)
= Hm(T (un,) — Tn; (tn,)) + lim inf T, (uy,)

J n—00
< T(a)
But this contradicts the uniqueness of the minimizer @ of T O

Example 6.25 (Existence-uniqueness). Consider the problem of mini-
mizing
2
T(u) = [[Au = 2|z + allull 5y
for u € LP(QY), where the restrictions on p in theorem (6.23) apply. Here
(a >0 and z € Z are fived, and A : LP(2) — Z is hounded and linear. Then

—_

[ullpy < =T'(u)

Q
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and hence, the coercivity condition (6.22) holds. Weak lower semicontinuity
of T follows from the houndedness of A, the weak lower semicontinuity of
the norms on Banach spaces, and theorem (6.20). By theorem (6.19), the
linearity of A, and convexity of norms, T is convex. By theorem (6.23) a
minimizer exists. T is strictly convex if A is injective, in which case the
minimaizer 1S unique.

The following examples deal with stability. In the next example, assume
again that the restrictions on p of theorem (6.23) apply.

Example 6.26 (Perturbations in the data). Let
2
To(u) = [[Au = zul + a|lull gy
where z, = z + 0, where ||n,||, = 0 as n — oco. Then

I T(w) = T(w)| = | [6all7 +2 (Au — 2,8,) 4 (6.29)
< 10l 2 (10nll 2 + 2 Al Tull Loy + 211211 2) (6.30)

Here (-,-), denotes the inner product on the Hilbert space Z, and the above
inequality follows from Cauchy-Schwarz. Note that if u is BV-hounded, then
it is norm bounded in LP(€2) by theorem (6.22), and hence (6.25) holds. Equa-
tion (6.24) holds because for each n,

T(u) _

a

ull gy < (6.31)
Example 6.27 (Perturbations of the operator A). Assume 1 < p <
d/(d—1), and let

To(u) = |Awu — 2|7 + a |lull gy
where the A, converge strongly (i.e. pointwise) in LP(2) to A. Note that
strong operator convergence is a reasonable assumption. It holds for con-

sistent Galerkin approrimations, e.g. finite element approrimations as the
mesh spacing h — 0. Then

(T() = T(u)| = || Anullz — |Aull; — 2 ((An — A)u, 2) | (6.32)
< (IAnull + [[Aullz + 2[[2] ) [[(An — A)ull, — (6.33)
Note that pointwise convergence of bounded linear operators becomes uni-

form on compact sets. Since BV-boundedness implies relative compactness in
LP(Q), (6.25) holds. Uniform coercivity (6.24) again holds because of (6.31).
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6.2.2 Convergence of minimizers

Assume an exact problem
Au =z (6.34)

which has a unique solution u., € BV (2). Assume a sequence of perturbed
problems

Apu = z, (6.35)

having approximate solutions u, (not necessarily unique) obtained by mini-
mizing the functionals

2
To(u) = |Anu = zall; + an [Jull gy -

The following theorem provides conditions which guarantee convergence of
the u,, to Uey.

Theorem 6.28. Let 1 < p < d/(d — 1). Suppose ||z, — z||, = 0, 4, —
A pointwise in LP(Q) and a, — 0 at a rate for which ||Aptiey — 2p||* /an,
remains bounded. Then w, — Ue, strongly in LP(Q) if 1 < p < d/(d —1).
Convergence is weak in LP(Q) if p=d/(d —1).

Proof. Note that
||Anun - zn||2Z S Tn(“n) S Tn(uem)
2
= | Anticz — 2nll7 + an [tez | gy

Thus from the assumption that || Aytes — 2n||5 /an, remains bounded and the
fact that a,, — 0,

| Apttn, — 2nl|3 — 0. (6.36)
Similarly,
Tn(un) Tn(uex) ||Anueaz - Zn||2
||un||Bv < O < o = ar Z 4+ ||Uea:||]3v

and hence, the u,, are BV-bounded. Suppose they do not converge strongly
(weakly, if p = d/(d—1)) to ue,. By theorem (6.22) there is a subsequence u,,,,
which converges strongly (weakly, respectively) in LP(£2) to some U # Uey.
For any v € Z,

(A= 2,0} | < [ (A= )0y | (A= Ay 10, |
+ | <A”junj - an7v>z |+ | <an - Z’U>Z |
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The third and fourth terms on the right-hand side vanish as j — oo because
of (6.36) and the assumption z, — z. The second term also vanishes, since

— 0

| <(A - A"j)“"j’v>z | < HunjHLP (A" — AZ]')U

Lr

by the pointwise convergence of the A,, (and hence, their adjoints) and the
norm boundedness of the u,, in LP(2). The first term vanishes as well, taking
adjoints and using the (weak) convergence of u,, to . Consequently, for
(Al — z,v), = 0 for any v € Z, and hence At = z,. But this violates the
uniqueness of the solution ., of (6.34). O
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