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ABSTRACT. We consider image registration, which is the determination of a
geometrical transformation that aligns points in one view of an object with
corresponding points in another view. In this paper we propose constrained
variational methods which aim for controlling the change of area or volume
under registration transformation. We show that the method is well-posed,
prove convergence of a finite element method, and present numerical examples

for 3D registration.

1. INTRODUCTION

Registration is the determination of a geometrical transformation that aligns

points in one view of an object with corresponding points in another view of the
same or a similar object. There exist many instances particularly in medical imaging
which demand for registration. Examples include the treatment verification of pre-

and post-intervention images, the study of temporal series of cardiac images, and
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2 A VARIATIONAL SETTING FOR VOLUME CONSTRAINED IMAGE REGISTRATION

the monitoring of the time evolution of a contrast agent injection subject to patient
motion. Another important application is the combination of information from
multiple images, acquired using different modalities, like for example computer
tomography (CT) and magnetic resonance imaging (MRI), a technique also known
as fusion. In the last two decades, computerized non-rigid image registration has
played an increasingly important role in medical imaging, see, e.g., [13,21,21, 24,
27,33] and references therein.

Recent work on image registration concerns about additional features of the
wanted transformation. For example, many applications require that the transfor-
mation has to be one-to-one and the question about an appropriate mathematical
framework arises. Two major direction have been suggested. One approach facili-
tates diffeomorphic or geodesic splines; see, e.g., [5,10,22,23,30,31]. The underlying
idea is to add time as a further dimension and to establish an energy minimizing
flow of corespondent particles. An additional regularization enforces that particles
can not cross and as a consequence, the flow and hence the transformation is one-
to-one. These techniques are of particular interest for constructing transformation
groups and for performing shape analysis. However, these techniques require an
additional time integration and do not provide full control on the transformation.
The second approach is based on constrained optimization; see [18,19,29]. After
appropriate discretization, one basically controls the change of volume under trans-
formation. Introducing the displacement u with y(z) = z + u(x), the constraints

are based on the determinant of the Jacobian

C(u)(z) = det (V(z +u(z))) for almost all =z .

Equality C(u)(z) = 1 as well as inequality k(z) < C(u)(z) < K(z) constraints have
been discussed in the literature [16,19]. The choices 0 < k(z) < K(z) < oo provide
lower and upper bounds for volume changes. In contrast to the diffeomorphic
approach, the equality constrained approach guarantees that the volume of tissue

is constant under transformation. In particular in medical imaging, this feature
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can be very important for some applications as for example the monitoring of
tumor growth. The inequality approach enables the usage of pre-knowledge. For
example, one could restrict on subregions displaying bones with k(z) = K(z) =1
and on subregions displaying soft-tissue with some relaxed bounds [15,25]. These
constrained approaches are based on a so-called discretize then optimize framework

and do not address existence of a minimizer in a variational setting.

In this paper, we use new variational techniques, to present existence theory for a
minimizing element of the constrained optimization problem. From a mathematical
point of view the work most closely related is by [9], where variational regularization
methods motivated from nonlinear elasticity have been used. This model is by its
nature quasi-convex. In comparison, in our approach a constrained variational
method, where the constrained set is quasi-convex.

The paper is organized as follows. In Section 2 we introduce the registration
set-up for this paper, then we quote some important results from the calculus of
variation, that are important for this work. With this we prove the existence of
minimizers of special regularization functionals in Section 4. We are also interested
in the finite dimensional approximation of the minimization problem. Hence in
Section 5 we explain how to approximate the constraints and the involved func-
tionals, and show in Theorem 8 that under certain conditions, the approximated
regularized solution converges to a solution of the original registration problem. At
the end we give a brief outline how we implemented the area/volume preserving

image registration problem, and show a simple numerical result.

2. THE REGISTRATION SETUP

Given are a reference image Iy and a template image I7, which are assumed to
be compactly supported functions Iy, I; : @ — R, where typically Q =0, 1[¢C R4
and d = 2 or d = 3. Hence, I;(x) is a gray value at spatial position x and Ip(z) =
Ii(z) = 0 for all z ¢ Q. The objective is to find a displacement u : Q — R?

such that the distance between the transformed template image I (id + u) and the
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reference is small. In principle every integral based distance measure can be used;

see, e.g., [20,24,28] for an overview. For ease of presentation, we focus on

(1) S(u) :/Q\Il(x-l—u(x))—lo(a:)|2dx.

The objective of minimizing this distance measure is known to be ill-posed (in the
sense that small perturbations in the input data may lead to significant distortions
in the solution) [9,32] and hence regularization becomes inevitable. Different choices
are listed in Remark 3 but we focus on the squared gradients R(u) = [, Vu -

Vudzx =Y [Vu'- Vu'. The registration problem can thus be stated as
(2) minimize 7 (u) = S(u) + aR(u) subject to uwe A,

where A describes one of the following sets of constraints:

(3) AP = {ue WP | |uljpr <b}, b<oo,
(4) AP = {ueW*? | C(u) =1ae. inQ},
(5) AP = {ueW P k< C(u) <K ae. inQ}.

The set of bound constraints A} is very general since the data is typically given
on a bounded domain and it is thus no limitation to bound the displacement by
twice the diameter of the domain. Volume preservation is an important feature for
example for tumor growth monitoring, the according transformations are collected
in the sets A%” (equality constraints). The elements of the sets A7? satisfy more
general volume constraints and enable a fine tuning of the displacement for different
tissue types. Note that for the particular choices K(z) = k(xz) = 1 the equality

constraints are a special case of the inequality constraints.

Remark 1. For spatial dimension d =1 and a smooth and differentiable displace-
ment u, the condition u € A}E’p implies u'(z) = 0 for all x € Q. Hence the only
feasible transformation is a translation y(x) = x + b with b € R. For d = 2, the

situation is more complex. For example, any transformation y(x) = x +u(x)? with
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u(x) = (0,g9(x1))" does fulfill the constraints C(u) = 1, independent on the choice

of g:

In general, C(u) = 1 leads to non-linear differential constraints since the determi-
nant results in a polynomial of degree d in the partial derivatives of u. For example,
ud —u

2
Uy -

1,2 1
Y Y

the determinant for d = 2 is given by det (Vu) =u

3. THE VARIATIONAL SETUP

The goal of this paper is to characterize and identify feasible choices and combina-
tions of regularization functionals and set of constraints guaranteeing the existence
of minimizing elements of problem (2). The main result in this section is given by
Theorem 5. The first part of this section concentrates on existence results in gen-
eral amd the second part is dedicated to the set of volume constrained functions.
Theorem 4 states under which assumptions these sets are weakly closed.

For the results in the following subsection we use the concept of Carathéodory

functions [8]. It is therefore convenient to rewrite the functional 7 as

T(u) = /f(x,u(x),Vu(x)) dz,

with f : Q x R? x R*? — R, (x,u,A) — f(x,u,A) . For example, choosing
R(u) = [, Vu: Vu dz results in f(z,£,A) = [I(x+ &) — Io(z)|* + aA- A . Finally,
if second order derivatives are involved, we set 7 (u) = [ f(x,&, A, H) dz, where
the last component H stands for the second order terms. The following definition

of a Carathéodory function extend straightforwardly to the higher order case.

Definition 1 (Carathéodory [8]). Let Q@ C R? be an open set and let f : Q x R x

R4 RU {o0}. Then f is a Carathéodory function if

(1) f(x,-,-) is continuous for almost every x € €,

(2) f(-,u, A) is measurable in x for every (u, A) € R* x R
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3.1. Existence Theorems in the Calculus of Variations. We summarize con-
ditions on f which ensure that the constrained problem (2) has a minimizing ele-

ment. The following results are collected from [8].

Theorem 1. Let Q C R? be an open bounded domain with a Lipschitz boundary.
Let f: Qx R x R & RuU {o0} be a Carathéodory function satisfying the

coercivity condition
(6) [z u, A) = BIA]P + ()

for almost every x € Q, for every (u, A) € RY x R and for some function v €
LY, R), and 3 > 0 and p > 1. Assume that f is convex in A. Let A C ug JrWol’p

be a weakly closed set of admissible functions and
T W' — R{co}, u— T (u) = / f(z,u(z), Vu(z))dz .
Q

Moreover, assume that there exists z € A with T(z) < oo, then T (u) attains a

mintmum.

Proof. The central assumption is that the Carathéodory function f is convex with
respect to A. This is a sufficient condition for 7 to be weakly lower semi-continuous
in WP [8]. From this and the coercivity of f it follows that inf{7 (u) | u €
up+W, P} attains a minimum. The proof remains the same if one replaces ug+W, *
by A. Since A is weakly closed by assumption, the minimizing element i.e. the

limit of a minimizing sequence is an element of A. [l

Remark 2. In Theorem 1 it is assumed that the weakly closed set A is a subset of
ug + Wol’p, Thus, the boundary values are given a fized but unknown ug € WP,
In the original proof of Theorem 1 in [8] the condition A C ug +W(}’p guarantees
that a minimizing sequence (ug)gen is bounded in the LP-norm (via the Poincaré-
inequality). However, in our application all elements of A are bounded in the LP-
norm and it is sufficient to assume that A C WP instead of A C ug + Wol’p. This

implies that no additional boundary conditions on the transformation have to be
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imposed. To show this, consider A} for some b < co. Note that A} is convex and
closed in WP, The mapping M : WP — R, u — ||ul|;, is continuous. Thus A;’p
is the pre-image of [0,b] under a continuous mapping, thus it is closed with respect
to the WtP-norm. Since AV is conver and closed in WP, it is weakly closed in

whe,
The previous theorem can be extended to higher order derivatives.

Theorem 2. Let f: Q x R? x R¥*? x R4 pe Curathéodory. Assume that for

cach fized z € Q, u e R, and A € R the mapping
H v f(z,u, A, H)

is convex. Moreover assume that [ satisfies the coercivity condition

(7) fz,u, A, H) > B|H|P

for some B3>0 andp>1. Let A C ug+ WOQ’p be a weakly closed set of admissible

functions and
T(w = [ Fo.ule). Va(e). H(ula) da.

Assume that there exists z € A with T (z) < oo, then inf{T (u) | u € A} is attained

for some element of A.

Proof. Analogously to [8, Theorem 4.1]. O

3.2. Weak Closedness of the constraint sets. To show the existence of a min-
imizing element for the registration functional we had to assume that the sets of
constraints are closed with respect to the weak topologies (see Theorems 1 and 2).
Therefor we prove in the following the weak closedness of the sets introduced in
the first section. In order to do so we first quote some results on weak continuity

of determinants from [8].

Theorem 3 (Weak Continuity of Determinants). For the Sobolev differentiation

indexes s = 1,2 assume that uy — u weakly in W*P.
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(1) Fors=1 andd = p, it holds in the distributional sense that C(uy) — C(u)
weakly in D'(Q): Vo € D(Q) = [, Clug(x))p(z) de — [, C(u(z))p(z) d,

where D(Q) denotes the set of compactly supported C*-functions.

(2) For s =1 and d < p, C(ug) — C(u) weakly in L7(Q, R).

(3) For s =2 and p < d, C(ux) — C(u) strongly in defpzv(Q7 R).

(4) For s =2 and p = d, C(ug) — C(u) strongly in Ld (Q, R) with p < q < occ.
() )

For s =2 and p > d, C(ug) — C(u) weakly in Li(Q, R).

Proof. For (1), see [8, Chapter 4, Theorem 2.6]; for (2), see [11, Section 8.2.4,
Lemmal; for (4), use W2P(Q) — Wh4(Q),p < g < oo; then Vuy, — Vu in L7 and
thus C(ug) — C(u) in LY? for p < ¢. For (3), use W2P(Q) C Wld%(ﬂ), see
Compact Imbedding Theorems in [1]; then Vu;, — Vu in L7 and thus C(ur) —
C(u) in L77. For 5, use item (2). O

We now prove that that the set of functions satisfying the box constraints A}’p ,
AP — and as a special case the equality constraints Ap? and AP — are weakly

closed. In the following proof, we distinguish the cases p > d and p = d.

Theorem 4.

(1) Ford > 2 and p > d, the sets A}’p,A}E’p are weakly closed with respect to
the WP -topology.

(2) The sets A?’p, A%’p are weakly closed with respect to the W2P-topology.

Proof. For part (1) we distinguish the cases p = d and p > d. For p > d, the
mapping

M: AP — Li(Q,R), u— C(u)
is continuous with respect to the weak topology on both W'* and L4 (Q, R); see
Theorem 3. Hence, the set .A}’p is a pre-image of the closed set {u € Lrld <
C(u) < K a.e. in Q} under the weakly continuous mapping M with respect to the

weak topology on WP, Thus A(Il’p ) is weakly closed.
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For p = d, we assume 0 < K < B < oo and define the set
B = {ue W' | |Cw)|,~ < B.

First we prove that B is weakly closed with respect to the W!P-topology, then
we show that the mapping M : BY? — L4(Q, R), u — C(u) is continuous with
respect to the weak topology on WP and the weak topology on L. With this
we can argue as before, that .Ag-l’p ) is the pre-image closed set of a weakly closed
mapping and consequently it is weakly closed.

Every weak convergent sequence (uy); in BMP with weak limit u induces a se-
quence ¢ = C(ug) in L>. Since supyey {llckl| ~} < B and according to the
Alaoglu-Bourbaki-Kakutani Theorem, (cx)r contains a weak * convergent subse-
quence (cg, ); with a weak limit z € L,

(8) VoecL'(Q,R): lim [ Clu,)¢ de = / 2¢ dx
k=oo Jo Q

From Theorem 3 we know that for up =10 u, C(ur) = C(u) weakly in D'(Q2),

Voely: /QC(uk)gﬁ dm%/ﬂC(uM dz.

Moreover, since C5°(Q) C L(€) we have z = C(u) and thus C(u) € L>(Q). Hence
BYP is weakly closed.

Since Q is bounded, L>(Q) c L(Q) and LY (Q) c L*(Q), for 1 < ¢ < oo,
where % + 1¢' = 1. Hence for uj, € BY?, C(uy) € L? and thus (8) also holds for
all ¢ € L7, This implies that the mapping M is weakly closed with respect to the
weak topology on WP and the weak topology on L?. Thus .A}’p C BYP is the

pre-image of the closed set
{fue L RY | k< Cu) <K ae inQ}

under the weak continuous mapping. Hence, A}’p is weakly closed.

For the seond statement we show that A?’p is weakly closed.



10 A VARIATIONAL SETTING FOR VOLUME CONSTRAINED IMAGE REGISTRATION

According to Theorem 3 there exists § > 0 such that M : A7? — L'*9(Q, R), u —
C(u) is continuous with respect to the weak topologies on W2P and L'T9(Q, R).

The set A?’p ) is thus the pre-image of the closed set
{ue L' |k <C(u) <K ae. inQ}
under the weak continuous mapping M, and hence weakly closed. ([l

4. MINIMIZING ELEMENTS FOR THE REGISTRATION PROBLEMS

In the previous section we proved the weak closedness of the constraint sets. We
are now ready to prove the existence of minimizing elements for the registration
problem (2). According to Theorems 1 and 2, it remains to check the following

conditions for f or f in case of higher order regularization:

(1) f or f is a Carathéodory function,
(2) f or f satisfies the coercivity condition (6) or (7), respectively,
(3) the admissible set of functions A C All)’p is weakly closed with respect

to WhP; A C ug + Wog’p is weakly closed with respect to W?2?.

Theorem 5. Assume that Iy and I are continuous and that the sets .A;’p and A7?
are as in (3) and (5), respectively. For the following constrained image registration

functionals exist minimizing elements:

(1) ford>2,p>d, and
T (u) = 8(u) + % / |Vul’ de — min subject to u € A}’p N A;’p,
(2) Ford>2, p>1, and higher order regularization
T(u) = S(u) + % / IVul” dz + % / |H (w)[? dz — min
subject to u € AP N (uo + Woz’p). Here H(u) is the hessian of u.

Proof. Since the images Iy and I; are assumed to be continuous, the associated f

or f for the higher order case is a Carathéodory function.
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(1) For d > 2 and p > d we have
Fl6A) = (h(x +6) ~ Io()* + 714",

thus %\Vu\p < f(z,u,Vu), and hence f is coercive in WP, Moreover,
AP N AP is weakly closed with respect to the W1P-norm; cf. Theorem 4.
According to Theorem 2, 7 attains a minimum.

(2) For higher order regularization,
P&, A H) = Iz +€) = Io(2))" + on|A]” + gl HIP.

Since <2 |H (u)[? < f(z,u, Vu, H(u)) the coercivity condition is satisfied in
W?2P, The set of admissible functions A§2’p N (up + WO2 P} is weakly closed
with respect to the W2P-norm; cf. Theorem 4. According to Theorem 2,

7 (u) attains a minimum.

Remark 3 (Different Regularization Functionals). Theorem 5 indicates that the
space dimension d determines the choice of the regularization functional R strongly.
The limiting factor is the determinant constraint, since the determinant is a poly-
nomial of degree d. We comment on a number of popular reqularizer.

The diffusion regularizer

. 1
Raa(u) == > |Vull}. = 5 1 Vull2,

i=1..d

N |

penalizes oscillating deformations and consequently leads to smooth displacement
fields. Raigr is a special case of the reqularizer of in Theorem 5(2): a; =0 and p =
2. Hence existence of a minimizer of the constrained registration functional is only
guaranteed in space dimension d = 2. For d = 3 case one has to leave the Hilbert
space setting, choose a regularization functional of the form Rs(u) := ||Vu||ig and

minimize over a subset of W3,
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Various registration methods use elastic regularization [2-4,6,14,17]:

- MOwdu Ny (9w 9wl
Retas () = > Z/Q<zaxiaxﬁ4<6xj+8m)>dx’

i=1..dj=1..d

with material parameters A, Ao > 0. Using min{\/2,X\2/4} [ IVu)? < Retas (1),
and Theorem b, existence of a minimizing element for the volume preserving con-
straint registration functional is only gquaranteed for d = 2.
The curvature regularizer
Reury () == Z / A(u®)?dx .
i=1..d"

has been introduced in [12]: The integral might be viewed as an approximation to
the curvature of the i component of the displacement field, therefore does penalize
oscillation. Moreover affine linear transformations are contained in the kernel of
Reurv, hence this regularization functional enables a direct integration of an affine
linear pre-registration. Since the coercivity condition (7) is not satisfied, Theorem 2
cannot be applied to prove the existence of a minimizing element. A remedy is to
replace Rewv Y Y .1 4 HH(ui)Hiz, where mow the existence of a minimizer is
guaranteed for d = 2 and d = 3. The drawback of higher order reqularization is the

L. 2.9 . L. . .
restriction to ug + Wy“, enforcing an initial computation of a meaningful ug.

5. FINITE DIMENSIONAL APPROXIMATION

In this section we study a finite dimensional approximation of the minimization
problem in (2). For ease of presentation we focus on the two dimensional case.
First we explain how we discretize the images and the minimization functional; see
Sections 5.1. The discretization of the volume box constraints is topic of Section 5.2.
The main result of this section is stated in Section 5.3, where we give necessary
assumptions under which the solutions of the discretized minimization problem

converges to a solution the original registration problem.

5.1. Approximation of the Minimization Functional. The goal is to derive a

multi-level representation of the images Iy, I; .We estimate the error of a function
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and its approximation only on triangles for W1+¢:2 functions; see Theorem 6. Thus,

we restrict ourselves to the case p = 2 and consider the following operator
(9) F:Wh? S L2(R% R), uw I(id + u).

Assume that I, € C3( R?, R), the components of the gradient of I; are bounded by
some constant

Al max = ||VT|| o < 00

Here, we consider projection onto spaces of piecewise affine function such that
| ke, m — I;C||2L2 < 62 and the transformation of the image can be described by the

operator
(10) Fp: W2 5 L2(R% R), u Ij o (id + u).

Since we assumed that the images are continuous, the operator F' is compact and
satisfies a Lipschitz condition; cf. Lemma 1. This properties are exploited in

Theorem 8 which states convergence to a solution.

Lemma 1. Assume that I; € CA(R? R), and F, F,, as in (9),(10). Then

(1) F is compact,

(2) F is Lipschitz continuous: there existe > 0 and Cg such that ||F(v) — F(u)|| <

Crllv—ul,

(3) Assume that 0 < k < det(id + u) < K, then
(11) [F () — F(u)|* < k761, for allu e D(F)NAy?.
Proof.

(1) First we prove that F' is compact. Assume therefor that we have a [|-||y;1.2-
bounded sequence {u;}, which defines a sequence {F'} in L2(R%, R), where
Ii = F(id 4+ u;) = I o (id + u;) . Since I € C3(R?, R), F? is bounded in
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w2,
|F*]| 2 < Ta(id + u;) — T1 (id) + L (id)]| .-
< | (id + wi) = Li(id) || g2 + (11 (id)]| 2
< dlymax [|uill g2 + (|1 (id)]] 2
and ||VF||,, < |VIi(id+u)V(id +u)ll 2 < dl1max [V (id +u)| 2 -

Thus F* has a weak convergent subsequence F'* in W2, Using Sobolev
embeddings it follows that F'%* is strong convergent in the L?-norm. Hence
F' is compact.
(2) For arbitrary z,Z € Q we have |I1(x) — I1(Z)| < dI1 max |z — Z|. Thus we
get following Lipschitz-condition for F':
[F(v) = F(u)llp> = 1 o (id+v) — Iy o (id + u)| .-
< Al max [[v = ull g2 -
(3) Since we assume that 0 < k < det(id + u) < K we can use the transforma-
tion formula and obtain
k/ [ (z 4+ w(z)) — 1 m(x + u(:lc))\2 dx

< / |1 (z +u(x)) — I m(x + w(z))|? det(V(id + u)(z))dz

/|Il(yc) — Iy ()P do < 611
(Il

Setting Sy, (1) := |[I1.m o (id + u) — Io.m||* and R(u) := ||Vu|/*, the discretized

objective functional reads
(12) Trnn(Umn) = Sm(Um,n) + R (Up,n) — min.

Here, the index m is connected to the approximation of the images and the index

n to the approximation of the Sobolev spaces.
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5.2. Approximation of the Constraints. The final step is the approximation of
the box constraints A}’z by a sequence of finite dimensional subspaces A,,. We aim
for an approximation which allows easy handling of the determinant-constraint. In
particular, we choose linear finite elements on triangles of polynomial degree one.
With these the determinant of the approximation is a constant on each triangle of
the triangulation.

Starting with a triangulation as shown in Figure 1, a refinement is obtained
by dividing each triangle into four congruent triangles. This leads to a family of

regular triangulations I',, := (71, -+, To.92n) .

T1

T2 T1

T2

FIGURE 1. Refinement of the triangulation. Left: T'1, right: T's.

Our displacements are elements of the following set:
U = {uec’(Q, R | u)r, € 11 (9, R?) for every 7; € T},
where II; is the set of polynomials of degree 1,

al +blwy + clag bt ¢}
U, (z) = and hence Vuy, (z) =
a? + b?wy + g b 2

By this choice of the refinement we have a nested sequence of spaces

ecUtcutttc-- U U™ and for w > 0, UL{”:W“FW»Q_
meN neN
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The challenging part is to incorporate the box constraints. For the ease of pre-
sentation, we restrict ourself to the case of constant bounds k£ and K and comment
only on the general setting; see Remark 4.

We distinguish two cases: the integrated and the local constraints. The inte-
grated constraints are based on a L'-norm, and give the constraint a global na-
ture. The bound for the discrepancy is a function of the discretization parameter
h,, i.e. basically the size of the triangles. Note that Hdet([2X2 + Vu,) — 1HL1 <
e(hy) does not prevent det(1?*2 + Vu,,) to be negative in some of the triangles.

I2%2 ¢ R**? denotes the identity matrix. Moreover, if h,, is small enough,

Here
|det (1?2 4+ Vuy,(2))| can be large locally.

The reason for this choice is that under the right choice of the bound e(h,,) in
depencence of h,,, (see Lemma 2) we can use the W1 ?-norm projection in order to

project onto this space.

For the global Li-norm based integrated determinant-constraint we work with

(13) AL,y = {un U™ [ ||det(I*? + Vu,) — 1|, <e(hn)}

2
= fuwewr | BT @t - -1 <<(h)}-

Here e(hy,) is a function of the discretization parameter h, and we assume that
limp,, 0 e(h,) = 0. This assumption implies that the sets Ai(hn) are not nested.
This is the reason why we do not project directly onto .A;( n,) but use the W2 least

square spline projection onto U™:
. 2
(14) PLoWh? U™, wes argming gy ||t — i -

As a consequence we have to specify a condition on e(-) that guarantees that
P, (u) € AL, . This condition is given in Lemma 2.

The measure for the local determinant-constraints based on the L>-norm. This
implies that we take the maximal change of the determinant on each triangle. A

disadvantage of this choice is, that we cannot guarantee that W' 2-norm projected
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functions are elements the set of functions satisfying the local determinant con-
straints. Hence we have to introduce an alternative projection operator. Since the
corresponding sets are not convex, the projection onto them need not to be unique.

For the local L.,-norm based determinant-constraint we work with

(1) A = {un €U™ | ||det(I*? + Vu,) — 1|, <&}

={un €U | |(b} +1)(c +1) —jb] — 1| <Ei=1...2-2°"},
with a constant . As projection operator we choose

n,e?’

(16) P Wh? 5 A s argmin,, ¢ 4o |lu — un||%,[,1,2 .

R 2
Note that a minimizing element of u,, — |[u — uy||j;1.2 over A% does not have to

be unique, since the sets A°; are not convex.

Remark 4. Without the assumption that k, K are constant with k = 1 — € and

K =142, we would consider the sets
A i = {un €U™ | k() < det(I**? + Vu,) —1 < K(z) f. a. e. x € Q}

= {u, €U" | mink(z) < (b} +1)(c? +1) — ¢;b? — 1 < max K (z),

TET; xTET;

i=1...2.22"},

In the following we provide a Lemma that gives a condition on the function e(h,,)
needed for the definition of the global determinant constraint sets, that assures that
the least squares approximation P}(u) in (14) is an element of the set of integrated
determinant constraints. A central estimation in the proof of Lemma 2 is given by

the following theorem.

Theorem 6 (Approximation of W1t«2 functions [7]). Assume w > 0, r > 1

(degree of interpolation polynomials) and let T be a family of regular triangulations

of Q. Set

ur ={uec R?) | ur, € IL.(9, R?) for every T; € I},
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then

i —1
ujreligﬁ lu = wnllyz < ]? lullyy1tw.2 by

for every u € Wit%:2 where y := min {1 + w, 1 +r}
Lemma 2. Let w > 0, u € Wt%2 and h,, is the mesh size parameter. If
e(hn) = C||I7? + Vu| 1, llid + |y i 2 b

then Pl(u) € Ai(hn)' The constant C depends on 2 and the regularity of the

triangulation..

Proof. We identify R?*? with R* such a matrix A is identified with the vector

(A11, A2, A1, Ags) and define

9 9

0A 0A
V4 = 11 12
0 _90
0A2 0Az2

Then, for A € R**? we have

|[Vaidet Al ps = %<A11A22 — A2 Ay) 8#312(14111422 ~ A12da)
e (A1 Az — Andn) 52 (A Az — Andy)
(17)
AQQ *A21
_ < |Algs
—As An

R4

Let A, € R**?_ then Taylor-expansion gives:
det(A,) = det(A) — (Vadet(A,), A — Ay) ps + O((A— A,)%)
which together with (17) implies

|det(Ay) — det(A)] < [(Vadet(A,), A — Ap)ga| + O (A — 4,)?)
< [V - det(A,)] A — Ay + O (A= A,)?)

<AL JA= A, + 0 (A= 4,)°) .
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Hence

|det(A,,) — det(A)| = |A||A — A, | + O(|A — A,|%) .

For v = id + u € W2 Theorem 6 states that
[P (v) = 0| e < Cllollypases B -
Thus we get following estimate:

||det (VPy(v)) — det (V’U)HL1

- /Q |det (VP (0) () — det (Vo(x))| da

< /Q [Vou(x)] |VP$(U)(CL’) — Vv(x)’ dx + O (HVP%(U) — VUHL2)
< IVl [IVPE @) = Ve o + O ([ VPLw) - Vol 5.)
<[Vl 2 Cllollyires by

Thus if £(hy) > C ||v]l 1wz | V| 12 h% then Pl(v) € Ai(hn) (set with integrated

determinant constraints). O

A necessary ingredient for the convergence of solutions of the discretized prob-
lems converge to a solution of the inverse problem is that the projection operators

converge to the identity operator.

Theorem 7. Let .Ai(hn),A;’;’g be as in (13), (15) and PL, P> as in (14), (16) and
w > 0.

(1) Equality constraints: Assume that u € A};wg, lim,, o e(hyn) =0 and

e(hn) 2 C[Vul| g2 lullyrse.2 b

For P} : Ai(hn) — W2 we have lim,,_ o HPnl(u) - UHWL2 =0.
(2) Box constraints: Assume u € A;% with constant k and K. For P :

A — W2 we have limy, oo | P52 (1) — wllyyr> = 0.
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Proof. For the first part we use that P! is the W!2-least square spline approxi-

5r? c W2 Hence we can apply Theorem 6.

mation of u onto U™ and u € A
Moreover Lemma 2 states that P, (u) € A, by the choice of e(hy,).
For the second part, we denote with the closure in W12 and note that A =

U™ N Ap®. Since U™ is dense in W'+<:2 [7], we have

U A'ng = U Un mA}gz — U un OA},Q _ W1+w,2 HA},2 _ A}er,Q )

neN neN neN

Thus, for u € A; 7% it holds lim,, .« ||u — P2 (u)|lyy1.2 = 0. O

5.3. Convergence of the Approximate Solutions. The proof that the finite
dimensional solutions converge to a solution of the inverse problem is based on the

following assumptions and definitions.

(1) Assumptions on the constraints: Let Acopn denote the constraints and sat-
isfying the volume preserving constraints, i.e Aeo, = A};’Z NAZ or Aeon, =
A}’2HA§. Assume u € Ao, NWT:2 for some w > 0. Let (A, )nen denote
either A}:(h") with operator P or A% with operator Py

(2) D" :=D(F)NA"; since 0 € D", D™ # )

(3) Assumptions on the images: For I = 0,1, let I; € C5(R? R), with ap-
proximations I ,, as outlined in Section 5.1; thus, ||, — I m||> = 6% — 0
as m — 00; set &, := k~15l + 6% where k is the lower bound for the

determinant constraint, as in Lemma 1.

(4) let @ = a(m,n) such that for m,n — oo it holds
(18) a—0, &n/a—0, HUT*P"(UT)H?/WYQ Ja— 0.

The following result can be found in a slightly modified version in [26] and is the

main result of this section:

Theorem 8. Let u = u' be a solution of the inverse problem F(u) = Iy. Under

the above assumptions and with R(u) = ||Vul]®, the sequence {tmy ny, (ks O) }
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has a convergent subsequence. The limit of every convergent subsequence is an
R-minimizing solution.

If in addition the R-minimizing solution u' is unique, then

lim Up,n = ul .
6 —0,m—o00,n—00

Proof. Let n be large enough, then according to Theorem 7, P, (u') € A,. Recall
that F(u) = Iy, ||y — onmHz < §. Moreover according to Lemma 1 the conditions
on I ,,, imply that HFm(Pn(uT)) — F(Pn(uT))H2 < Céy,. Since tyy, , minimizes (12)
we have
(19)
HFm(Um,n) - IO,mH2 + aR(um,n) S
2
< |En(Pa(uh)) = Iom||” + aR(Pa(uh))
2 2
< 2[|| B (Pa(u)) = F(Pa(uN)||” + || F(Pa(uh)) = F(u)]|” +
t 2 t
[F () = Tom ] + aR(Pa(uh))
<2 (k7105 + G Juf = Pa(ul)[|* + 08) + aR (Pu(ul)) -

From this we obtain
1Pt n) = Toml* < (K105 + O3 [uf = Pu(u)[[* + 6 )+ [R(Pa(u!)) = Rltm,n))] -

Taking the limit m,n — oo, we know from the assumptions on «,d,, and P, that

[ut = Po(u)||;

L= 0 and o« — 0. Hence
(20) ”Fm(umn) - IO,M” —0.

Moreover, from (19) together with Theorem 7 implying that R(P,(u!) — R(ul)

and the assumptions on « it follows that
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lim inf R (tum,n)

< diminfa™ (K700 + CF fluf — Pah)|* 4+ 0% ) + R (Pa(u)

IN

limsupa ™! (kflé,l,; +C% HuT - Pn(uT)H2 + 555) + limsup R (Pn(uT))

e 0 + limsup R(P, (u')) = R(u').

Since U, r, is a Wh2_bounded sequence, we know that Um,n has a weak-convergent
sequence with limit w € U which we again denote with u,, . Moverover taking
into account (19), the fact that u' is an R-minimizing solution and the weak-lower

semicontinuity of R, we obtain
R (@) < liminf R () < R(ul) .

Thus, R (@) = im R (ty.n) = R(ul) and Iy = im F(u, ) = F (7).

Moreover, (11) implies that for any subsequence tp, n, Of Umn

2 2 2
||F(umk7nk) - IOH <2 ||F(umk7nk) - Fm(u77lk7"k)” +2 ”ka (umk,nk) - IO”

<2k71S0 APy (W ny ) — Toml|” + 465 .
e —~

—0 —(20)0 —0

Taking the limit my, ny — oo such that §,, — 0, this implies that
||F(umh7"k) - 10”2 -0,

Hence w is an R-minimizing solution. (Il

6. SOLVING REGISTRATION PROBLEM WITH FINITE ELEMENTS

In order to solve the registration problem numerically we use a finite element
approach, that is, we approximate the solutions by piecewise linear splines on tri-

angles. Particularly, we take least squares functional S as in 1 to compare the
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reference and the deformed template image and Ry(u) := ||Vu|” as a regulariza-
tion functional.

At the beginning of this section we introduce a penalty functional P to inco-
operate the determinant constraints. The objective is this to minimize 7 (u) =
S(u) + aRz(u) + pP(u). We derive the weak formulation of the corresponding dif-
ferential equation and solve this system of equations with a semi explicit fixpoint

iteration.

6.1. Constraints with Penalty Functional. The following penalty-term is used

to include the determinant-constraint u € A;’;’g. We define the functional

P(u) = /¢>g (det (I*** 4+ Vu(z)) — 1) d,
where

0 if |¢|] <%

¢z : R — (0,00, ¢e(c) =

(c—%8)? ife>e

N

(c+%8)? ife< -2

N|—

6.2. Numerical Example. The above scheme was implemented in C++ (2D and
3D) using the imaging?2 class written by Matthias Fuchs. The imaging2 class pro-
vides an object-oriented implementation of basic mathematical objects and func-
tions used in image processing. It includes a FEM module that provides functions
to assemble the stiffness matrix and force vector for user-defined equations. The
following computations are performed on a Intel Core(TM)2 Duo CPU @2.66GHz
under Fedora.

The results for simplified examples are shown in Table 6.2 and Figures 6.1
and 6.1. For a stable solution of the constrained image registration problem we

first calculate 150 iterations with g = 0, then we start increasing p in each step.
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TABLE 1. Parameters of the example shown in Figure 6.1.

unconstrained | constrained
regularization parameter: a | 0.8 0.8
step size parameter: (3 0.5 1.0
penalty parameter: u 0.0 0.1
box parameter: ¢ - 0.2
error: ||I1(u + id) — Ip| 1.24 1.62
0.020 % 0.025 %
min(det(id + w)) -0.20 0.35
max(det(id + u)) 2.49 1.63
number of iteration steps: 200 800
computation time 40s 80s
template image I reference image Iy

- -

(u + id) unconstrained solution I (u + id) constrained solution

F1cURE 2. Image size: 6 x 8 x 7, Template box: lower left corner
(0,1,2) upper right corner at (4,5,5), reference box: lower left
corner at (1,0, 1), upper right corner at (3,8,4).

7. CONCLUSIONS

In this paper we have investigated the existence of minimizing elements of spe-

cial registration functionals. One motivation for studying these is due our previous
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F1GURE 3. Deformed grid. Top image: without volume preserving
constraints, the supports of the elements intersect each other. The
color indicates the volume change (red - increase in volume, blue
decrease in volume.

work, where we introduced numerical methods for volume preserving image registra-
tion [17]. Here we used variational techniques to prove the existence of minimizers

of the registration functional.
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Moreover we clarified the difficulties caused by the discretization of the area
preserving constraints and proposed two ways to approximate the set of area con-
strained transformations. At the end we proposed a numerical scheme to implement

area/volume-constrained 2D /3D-registration using finite elements.
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