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Abstract

In this paper we show that the standard causality condition for atten-
uated waves, i.e. the Kramers-Kronig relation that relates the attenuation
law and the phase speed of the wave, is necessary but not sufficient for
causality of a wave. By causality of a wave we understand the prop-
erty that its wave front speed is bounded. Although this condition is
not new, the consequences for wave attenuation have not been analysed
sufficiently well. We derive the wave equation (for a homogeneous and
isotropic medium) obeying attenuation and causality and with a gen-
eralization of the Paley-Wiener-Schwartz Theorem (cf. Theorem 7.4.3.
in [5]), we perform a causality analysis of waves obeying the frequency
power attenuation law. Afterwards the causality behaviour of Szabo’s
wave equation (cf. [11]) and the thermo-viscous wave equation are inves-
tigated. Finally, we present a generalization of the thermo-viscous wave
equation that obeys causality and the frequency power law (for powers
in (1,2] and) for small frequencies, which we propose for Thermoacoustic
Tomography.
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1 Introduction

In physics an attenuated wave is modeled by replacing the real frequency de-
pendent wave number by a complex frequency dependent wave number. For an
attenuated spherical wave with origin (x,¢) = (0,0), this yields [3, 10, 7]

—a(@) x| =@ (t= oGy

(1) palx,1) = é—w/ — o
R

where a = a(w) > 0 is called the attenuation law, which is assumed to be a
positive real-valued even function, and ¢ = ¢(w) is called the phase speed. The




complex wave number is given by k(w) = oy T i a(w). With the notion

(2) au(w):=aw)—1 (ﬁ - ;d_()) = —ik(w) + i‘:—o (co > 0 const.),

the standard causality requirement for waves of the form (1) read as follows
(cf. [13] and Section 3.3 in [1])

(3)  Re(an(w)) = —Im(H(a(w))) and Im(a.(w)) = Re(H(ax(w))).

These relations are the Kramers-Kronig relations for a, and are equivalent to
the relation (cf. [13])
w w
— — — = —H(a(w)).
(4) @ o (a(w))
Here H denotes the Hilbert transform.

In this paper we require that every wave has a finite front speed v,. Of
course, this is not a new requirement (cf. [2]), but the consequences for wave
attenuation have not been analysed sufficiently well. If a wave p, of the form (1)
has a finite front speed v, bounded from above by a constant vg > 0, then the
distribution

x|

Jo(x,t) := 47 |X| pa (X,tJr—) xeR* teR
UB

is causal for any x € R3, i.e. its support lies in [0,00) for any fixed x € R3.
Conversely, if go(x,-) is causal for any x € R3, then the front speed of the
wave p, is bounded from above by vp > 0. Let §o(x,w) denote the Fourier
transform! of go(x,t). Then g, is causal if and only if the Kramers-Kronig
relations for g, holds (cf. Section 3.3 in [1]), i.e.

() Re(ga) = —Im(H(go)) and  Im(ga) = Re(H(ga)),
If g0 (x, -) is a Schwartz function then these conditions imply the Kramers-Kronig
relations (3) for ... This can be seen as follows: Let x € R3 be arbitrary but

fixed and let *; denote the time-convolution. For a spherical wave of the form (1)
with ¢g := vp we have

1
6 (%, ¢ :—.7:(6_“*(“’)"4) t xeR3 teR
© b= o= CI )
with «, defined as in (2). Since the causality of g,(x, ) implies the causality of

(7) Vga(X, t) = _g &*(t) *t ga(xv t) ’

i (t) must be causal. But the causality of &.(t) means that the Kramers-Kronig
relations (3) for a..(w) hold. We note that in general, the causality of &, or Vg,
does not imply the causality of g, (cf. Section 4).

Hf f € S(R), then f(w) = F(f)(w) := \/;_ﬂ Jre i@t f(t)dt and f = FY(f). This
convention implies f g = \/%—7[ fxgand fg= \/;—W m

[\



The phase speeds induced by the frequency power laws a(w) = o |w|” with
v € (RT\N) U {1} and the Kramers-Kronig relation (4), are derived in [13, 16,
15, 14, 12]. For example if v € (0,00) and v ¢ N, then the phase speed reads as
follows

1
c(w)  c(wo)

m _ _
= a0 tan (37) (P = o™ (weR),

which implies
ag (—iw)Y

cos(5 )

(8) oy (w) = + i tan (g ’y) lwo| "t w.
In Section 4 it will be shown that the wave (1) with this a, is causal only if
wo =0 and v € (0,1). This shows that the Kramers-Kronig relation (4) for o
is necessary but not sufficient. Moreover, this shows that the frequency power
law for v > 1 is not an admissible attenuation law.

A standard calculation shows that the wave (1) with «a, defined as in (8)
satisfies the following wave equation:

(670} 1 8 2
——— D]+ — — o = — ;
cos(5 ) e co Ot p 2(x)o(?)

(9) VQP@ -
where ap > 0 and D] denotes the Riemann-Liouville fractional derivative de-
fined by (6, 9])

(10) FHD] ()W) = (=iw)? f(w).

We note that the causality of the kernel of D; implies the Kramers-Kronig
relation (4) and vice versa.

A different wave equation was derived by Szabo in [11]). A comparision of
the dispersion relations of the 1d— thermo-viscous wave equation and the 1d—
electromagnetic wave equation for conducting media lead Szabo to the following

dispersion relation k(w)? = “C“—j +i2 & ag |w[” with v > 0, which implies the wave
0
equation:
(11) Vo — 2P s08)
Pa Cg 8t2 v *t Do = .

For example, if v > 0 and 7 ¢ N, then

2 (67} . 1
12 Ly=———r " F((—iw)").
(12) K 27 cos(§y) co (¢ )
Since L., is the kernel of the operator W@E % D], Szabo’s equation can be
2

obtained by neglecting the term D?7 in equation (9). In Section 5 we

%9
cos?( Z7)

show that Szabo’s equation admits causality only if v € (0, 1).

This paper is organized as follows: The general properties of attenuated waves
assumed in this paper are introduced and discussed in Section 2. With these as-
sumptions we derive the general wave equation for a homogeneous and isotropic



medium obeying attenuation and causality in Section 3. The first causality anal-
ysis of attenuated waves is performed in Section 4 for the case of the frequeny
power law. Afterwards the causality analysis of Szabo’ equation (Section 5) and
the thermo-viscous wave equation (Section 6) are perfomed. Finally, a gener-
alization of the thermo-viscous wave equation, is derived in Section 7, which
admits causality and obeys the power frequency law for sufficiently small fre-
quencies and 7y € (1,2].

2 General properties of attenuated waves

In this section we postulate the basic properties of attenuated waves propagating
in homogeneous isotropic media and infer the structure of attenuated waves.
The main goal of this section is to clarify our assumptions on which we base our
casuality analysis of attenuated waves.

Assumptions

Let po denote the solution of the standard wave equation V2py — % 8;%’ =—f

with pgli<o = 0 and %Lf|t<0 = 0. Let A, denote the map that associates to

each source term f the corresponding attenuated wave p,. « = 0 means no
attenuation, i.e. po = Ag(f). We assume a homogeneous isotropic medium,
which implies that

A, commutes with all translations in x and ¢.
We also assume that for a # 0:

A, is a linear continuous mapping
that maps C§°(R?) into S(R, C>(R3)),

and that
Aa(8(x)d(t)) € S(R, C(R3)) .

Here S denotes the space of Schwartz functions, 6(x) denotes the 3D—delta dis-
tribution and §(t) denotes the 1D —delta distribution. The last two assumptions
take into account that wave attenuation smoothes and decreases the wave.

Superposition law

Since the operator A, satisfies the assumptions of Theorem 4.2.1 in [5], A, is
a space-time convolution operator with kernel G, (x,t) := A, (d(x) §(¢)). Since
d(x) 0(t) is the source term of a spherical wave for a = 0, we interprete G, as
an attenuated spherical wave and thus

(13) Ao (f)(x,1) = Go(x,t) *x ¢ f(x,1)

is nothing else but the superposition law of attenuated waves. In analogy to
partial differential equations and linear system theory we call G, the Green
function of the wave model.



Causality condition

We require that any attenuated spherical wave (G, has a positive finite wave
front speed v,,, which is equivalent to the requirement that

(14) Jo(%,1) := 47 |x| Gy (x,t + T(x)) (ve, > 0)

is a causal distribution i.e. supp(ga(%,-)) C [0, 00). Here T'(x) := le‘ - 1(,,_) dr >
0 denotes the travel time of G,. Then any attenuated wave A, (f) with com-
pactly supported source f has finite front speed if and only if the Green function

Go(x,-) has finite front speed. We note that property (14) implies
supp(Ga(x,-)) C [0, 0) for all x € R3.

Moreover, we assume that the front speed v, is continuous, which implies T'(x) €
C(R?) and g, € S(R,C(R?)). For the standard case were the wave front speed
is assumed to be constant, this assumption is satisfied.

General structure of attenuated waves

The property g, € S(R,C(R?)) implies that

(15) ga(x,t) = \/%_77]: (efﬁ*(\xl,w)) 7

with Re(8,) := —log (V27|ja|) and Im(B,) := —arg (ja). Here ga(x,-) denotes
the inverse Fourier transform of g,. Since g, is real-valued, it follows that
Re(f4) is even and Im(f,) is odd with respect to w. (We note that the causality
of go(x, ) implies that z € R+iR™ — §,(x, z) € Cis analytic (cf. Theorem 4.1)
and thus —Re(B.(z)) : R+iR" — [—00, 00) is subharmonic (cf. Example 4.1.10
in [3]).

If %Im (Be(ryw)) < #(T), then (3, can be written as follows

x|

(16) ﬁ*<|x|,w>as<w>+/[a<r,w>z'( £ )] dr,
0

c(ryw)  wve(r)

where a and ¢ are positive and even with respect to w and lim,,_ . Re(8x) = oo.
Moreover, ag is a complex valued function such that

9a(0,t) € S(R).

By S, we denote the time-convolution operator with kernel ¢,(0,t) that maps

S(R) into S(R). If 5, depends only on w, i.e. B« = ag, then the attenuated

wave satisfies the standard wave equation with source term f replaced by S, f.

We note that g, is causal if and only if Theorem 4.1 (cf. Section 4) is satisfied.
The standard normal form (1) assumes that

So=1Id, wvy=cop=const, a=aw) and 0<alw)<oo,

which together with the Kramers-Kronig relation (4) imply that ¢ = ¢(w). More-
over, Ay (x|, w) = a.(w) |x| with c, defined as in (2). We note that g, is causal
if and only if «, satisfies Lemma 4.2.



Since wave attenuation is an irreversible thermodynamic process, 3. can de-
pend on time or equivalently on the distance to the origin. We will see that in
general, wave attenuation depends on its history, even if o depends only on w.
In particular this is the case if the support of the kernel of S, is not discrete.
Moreover, it is not evident that the front speed of an attenuated spherical wave
is constant. Therefore we see no reason to assume that 0, and the front speed
vq depend only on w.

Remark 2.1. If v,(r) < vp for all > 0 (vp = const.) and g, is a causal
distribution, then §(x,t) := 47 |x| Go (x,t+ %) must also be a causal distri-

bution. In this case &, corresponding to §(x,t) is given by (16) with v, replaced
s(t—1xh)

by vp and the Green function reads as follows G (X,t) = Ga(X, 1) *¢ e

This fact will be used to prove the non-causality of some wave models.

3 Wave equation obeying attenuation and causal-
ity
Now we derive the wave equation satisfied by the attenuated waves described
in Section 2 and discuss its Cauchy problem.
First we derive the wave equation for the Green function G,. The most

convenient derivation uses the representation of the Green function introduced
in Remark 2.1:

Ga = ga *: GB with

(17) Gp(x,t) 6(t — %) d (x,1) L f’( B (1] w)) (t)

x,t) = ——=-  an w(X,t) = —F (e ' .

B 47 |x| g V2r

Here the constant vp is an upper bound of the front speed of G, and [, is
defined as in (16) with v, (x) replaced by vp. We recall that S, is the time
convolution operator such that S, d(t) = ga(0,t) € S(R). To formulate the
wave equation we need the time convolution operators D, : D/ (R) — D/ (R)
and D, |, : D/ (R) — D/ (R) with causal kernels

(18) K*(nt):\/%_ﬂf(%(r,wo (t) and Ko (nt) :aa—r(r,t)

for all r, ¢ > 0, respectively. Here D’ (R) denotes the space of causal distribu-
tions. From (17), it follows

X
Vga:—mK* *¢ o and
2
vzga = |:_|; K* - K*7‘z‘ +K* *¢ K*:| *t Jov -

This together with (17) imply

V3G, —

*

1 0%G, 5 20
= [P o e~ D G = 0000 6.



Due to causality of g, we have

0G4

(19) Calicg =0, =

t<0

From
9o, %, V?29a € S(R, C(R?)) forj=1,2,3,

J

it follows that

2 0
Ky, = |D? + o B D, — D, ;| Ga € S(R,C(R?))

and that the space-time-convolution operator A, with kernel K _ maps S(R, C>(R?))
into S(R, C°°(R3)). Since an arbitrary attenuated wave is of the form p, =
G #x,t [, the general wave equation reads as follows:

*pa
ot?

1
V2pa — - = (Ao — Sa)(f) with
20 B

(20) e
Palico =0, 7

t<0

This equation has for every f € S(R,C*°(R?)) with compact support a unique
solution

) dx' € S(R,C=(R3))

Palx,t) = / [Aa(f) = Sal)] (X’,t— x|

47 |x — x|
R3

with finite wave front speed.

If the attenuation law and the phase speed do not depend on the spatial
position, then the operator D, does not depend on the spatial position, too,
and

(21) D*(Ga) *xt f = D*(pa)

holds. Moreover, then D, |, is the zero operator. In this case we can write the
wave equation as follows

1 977
(22) V2po¢_ |:D*+Ea:| Pa :_Soz(f)7

with pa|t<0 =0 and C{%a 0= 0. In general the supports of the kernels of D,

and S, are subsets of [0, 00) with positive Lebesgue measure, which means that
the attenuated wave depends on its history. Since the values of the wave in the
past are required, the Cauchy problem of wave equation (22) is not reasonable.
In the next theorem we formulate a generalization of the Cauchy problem and
state its properties for the special case o = a(w), ¢ = ¢(w) with ag = 0.



Proposition 3.1. Let D, be the time-convolution operator with causal kernel
K, defined as in (18) and let ¢ € S(R®* x Ry), ¢ = q|,_, and ¢ = %

Moreover, let G, denote the Green function of wave equation (22) with S, ::Id
and wave front speed < vg. Then the solution of the generalized Cauchy problem

V2p —D—&—igZp =0 on R3 x RT
“ * g Ot “ 0
Ipa
p(,\tg(]:q and Wt:O v,
is given by
pa:Ga*x,tf On]RLSXR(—)F,
with ¢ Lo
P oo 2
- Yo -Lswy— D2+ <D, Mm .
f= =)= 5 0 - [P+ o 5D M|

Here My sy denotes the multiplication operator, H = H(t) the Heaviside func-
tion and [,] denotes the commutator, i.e. if A, B are operators then [A, B] =
AB - BA.

Proof. Let po, Ga, f and H (t) be defined as in the Proposition. For convenience
let A, :=D?+ L 2 D, Then p, := H(t)p, satisfies the following properties:

vp Ot

V2po = H(t) Vpa ,

0%*p *p
— 2 =H(t) =5 + Y6t &' (t
and
A*ﬁa = HA*(pa) + [A*aMH]pav
since ¢ = pal,_, and ¢ = ‘%‘* . From these properties we infer
|
1 0%p P %)
Vo — = =2t — Ay P = —— 0(t) — = &' () — [As, M| o ,
p UJQB o2 b v% (t) U2B (t) [ H]p
OPa
Palieg =0 and — =0,
t<0 ot +<0

which has the solution po = G4 *x+ f and thus p, = G4 #x,t f on R3 x Rg.
This proves the Proposition. O

4 Causality analysis of attenuated spherical waves
obeying the frequency power law

In this section we show that not every attenuated spherical wave of the form (1)
has a finite front speed although its phase speed is properly related to the
frequency power law via the Kramers-Kronig relation (4). Other attenuated
spherical wave models are analysed in Section 5, 6 and 7

In the following we use the notions R* = (0,00), R{ = [0,00), R~ = (—00,0)
and Ry = (—00,0]. The next Theorem is a reformulation of Theorem 7.4.3
in [5] for the case of causal tempered distributions.



Theorem 4.1. A distribution u € S'(R) is causal, i.e. supp(u) C RY, if and
only if
(A1) R+iR™ — C, z — u(z) is analytic and

(A2) 3¢ >03C > 03N >0Vz € R+i(—o00,—¢): |u(2)] <C(1+|z))V.
Applying Theorem 4.1 to attenuated spherical waves of the form (1) yields

the following Lemma.

Lemma 4.2. Let p, be defined by (1) with real-valued functions a = a(w) > 0
and ¢ = c(w), and let py(x,-) € S'(R) for any x € R®. The wave defined
by (1) has a finite wave front speed if and only if «. defined by (2) satisfies the
following conditions:

(B1) an = a.(—=2) is analytic on R+ iR~ and

(B2) 3¢ >03C > 03N >0Vz e R+1i(—o00,—¢):

— Re(a(—2)) <C + N log(l+ |z]).
Proof. According to Theorem 4.1 go(x, ) defined as in (14) is a causal distri-
bution for any fixed x € R3, if properties (A1) and (A2) hold for u := g,(x,-)
for any x € R3 . Let x € R3 be arbitrary but fixed. According to (6) we have
ga(x,) = F (em@xl) = F=1 (eme(=w) x|} and thus

(23) Jo(x,w) = e~ (Z@) x| (weR).

Let £1(2) := —Re(ax(—2)) |x| and fa(z) := —Im(a.(—2))|x|. Since e=+(=2) Xl
is analytic on R +¢R™, the Cauchy-Riemann equations are satisfied

o5 0m] L [0m 0m]
(24) ox y oy ox
%_% sin By = — %+% cos 3
Ox Oy 2 Oy  Ox >
which imply for all z with cos 82(2) # 0 and sin 82(z) # 0 the equations
0 _ 08 4 9B _ 0B
Ox Oy Ay Ox

This means that (1(z) + ¢ 82(z) is analytic for all z € R + iR~ satisfying

cos B2(z) # 0 and sin B2(z) # 0. The same equations follow easily if sin 52(z) # 0

but cos B2(z) = 0, and for cosf2(z) # 0 but sinf2(z) = 0 and thus a,(—z) is

analytic on R+ ¢R~. This shows that condition (B1) is satisfied. Conversely if

. (—2) is analytic on R 4+ iR~ then due to the chain rule e=®+(=2) %I must be

analytic on R + iR~ since the complex exponential function is analytic on C.
From condition (A2) in Theorem 4.1 together with (23) we infer

e~Re(@. (-9 x) < ¢ (1 4 [2))V

whereby we can assume without loss of generality C' > 1. Let C' := logC' > 0.
Since the real (natural) logarithm function is monotonic increasing, we can apply
it onto the previous inequality, which yields condition (B2) with C' replaced by
%. Conversely, if (B2) holds then condition (A2) holds, too. This concludes
the proof. O



For the analysis of the causality properties of the standard models of spher-
ical attenuated waves we need the following Lemma.

Lemma 4.3. Let x € R? and v > 0 be arbitrary but fived. Moreover, let
s5(y) be the sign of cos(§ ) if cos(5 ) # 0 and let s(y) = 1 if cos(§ ) = 0.
The distribution F((—iw)?) is causal on R for any v > 0 and the distribution
Fle=s i) ) s causal if v € (0,1] and non-causal if v > 1.

Proof. 1) First we prove the causality of F((—iw)?). Sincew € R — (—iw)? € C
is a slowly increasing function, it is a tempered distribution and hence t € R —
F((—iw)7)(t) € R is also a tempered distribution. Therefore Theorem 4.1
can be applied. Let v € (0,00) be arbitrary but fixed and let U denote the
complex plane without the non-negative real axis. Then 27 := 7 1°8% is analytic
on U (cf.[8]). Therefore (iz)7 is analytic on R 4+ iR~ and condition (A1) in
Theorem 4.1 is satisfied. Moreover, z € U — (i 2)" € C satisfies condition (A2)
in Theorem 4.1 with C = 1 and N = ~, which shows that F((—iw)7)(¢) is
causal on R.

ii) For the rest of the proof let x € R3 be arbitrary but fixed. Now we prove
that V27 ga(x,t) := F(e 5 (=1«)7[x]) i5 causal for v € (0, 1] and non-causal
for v € (1,00). Since (—iw)? = |w|7[cos(5v) — isgn(w) sin(5 )], it follows
that |e_s(7) (—iw)? |x‘| = e~ leos(ENl" X is bounded for each v € Rt and thus
.7:(6’5("’) (—iw)” |x‘) is a tempered distribution and Lemma 4.2 can be applied.
Using the same notion as in (15), yields a.(—2) = s(v) (i 2)7.

Let z =re'¥ with 7 > 0 and ¢ € (—,0). Then z € R+4iR~ and Re((i2)Y) =
cos(y(p + %)) |2|7, and thus the inequality in (B2) reads as follows

(25)  —s(3) cos(y(p+5) |" SC+Nlogl+|:)  (v>0).

This shows that condition (B2) is satisfied if and only if s(v) cos(y(¢+ 7)) > 0.
a) For v € (0,1] we get s(y) =1 and v(p+ %) € (=5, §) for any ¢ € (—7,0)
and thus s(7) cos(y(¢ + 5)) > 0, i.e. condition (B2) is satisfied for any e > 0.
Therefore F(e=5(0) (=1)" x|} i5 causal for v € (0,1].

b) Now we prove the non-causality of F(e=*(0) (=2«)" IxI) for v € [3, 5]U[7, 9)U- - -.
Since for these y—values s(y) = 1 we have to find a ¢ such that the sign

of cos(y(¢ + 5)) is negative. For v > 1 let 0 < § < min (%,1—: %) and

w5 = (% - 1) 7+ %. Since 5 € (—5,—0) and y(ps +5) = 5 +0 € (5, 2F), it
follows that z :=re’¥> € R+ iR~ and cos(y(¢s + 5)) < 0 and hence condition
(B2) cannot be satisfied for any € > 0.

¢) Now we prove the non-causality of F(e=5(") (=2«)7Ixl) for ~ € (1,3) U (5,7) U
(9,11)U---. Since for these y—values s(y) = —1 we have to find a ¢ such that
the sign of cos(y(¢+%)) is positive. For ¢ = —% it follows that z = re?® € iR~
(r > 0) and cos(y(¢+7%5)) = 1, which implies at once that condition (B2) cannot
be satisfied for any € > 0. This proves the Corollary. a

The following two Corollaries clarify for which values of v and wg the fre-
quency power law a(w) = ag |w|” together with the phase speed determined by
the Kramers-Kronig relations (4), yield an attenuated spherical wave that sat-
isfies the causality requirement. The derivation of the phase speed ¢ = ¢(w)
corresponding to frequency power law with various y—values can be found
in [13, 16, 15, 14, 12].

10



Corollary 4.4. Let ag and wo be positive constants, v € RT\N and let the
attenuation law « and the phase speed ¢ be defined as follows:

a(w) = ag lw|7,
1

@ ooy = oo tan (37) (o™ = o).

Then . defined as in (2) reads as follows

(26)

ag (—iw)?

(27) a*(w) = COS(% '-Y)

+ iag tan (g 7) lwo|" "t w

and the wave defined by (1) has finite front speed if v € (0,1) and wo = 0. For
these cases the wave front speed is equal to ¢(0). If wo = 0 and v € (1,00)\N or
wo > 0 and v € RT\N, then the wave defined by (1) cannot have a finite front
speed.

Proof. Let x € R3 be arbitrary but fixed. From (26) and (2) we get at once
identity (27).

i) Let wy = 0, then according to Lemma 4.3 F(e~ I¥)(¢) with a, defined as
in (27) is causal if v € (0,1) and non-causal if v € (1, 00)\N.

ii) Now let wp > 0. Then it follows that

—Re (as(—2)) = —a1(7) |2]” + az2(v) Im(2)] forall z e R+4iR™,

cos((p+3) )
cos(5 )

where a1(7y) 1= ag , ¢ € (—m,0) is the argument of z and as(7) :=

ap tan (5 ) |wol?™t.
a) If v € (0,1) then ay, az > 0 and

—Re (ax(—i22)) = —a1(y) |z2|” + az2(7) | 22] for all zo <0,

i.e. —Re(a.(—iz22)) growths like |zo| for sufficiently large —z5. Since this term
cannot be bounded by log(1 + |z2]), condition (B2) in Lemma 4.2 cannot be
satisfied for wy > 0 and v € (0,1).

b) Now let v > 1 and v ¢ N. We note that a;(y) has the same sign as
5(7y) cos((¢ + 5)7), where s(v) is defined as in Lemma 4.3. As in the proof
of Lemma 4.3 one shows that for an appropriate choice of ¢ € (—m,0) the
constant a; is negative, which shows that —Re (a.(—2(r))) growth like |z|7 for
sufficiently large |z|. Therefore condition (B2) in Lemma 4.2 cannot be satisfied
for wg > 0 and v € (0,1). In summary we have shown that the front speed of
the wave defined by (1) and (27) cannot be finite if wp > 0 and v € RT\N.

iii) Now we show that the front speed for the case wy = 0 with v € (0,1) is equal
to ¢(0). We recall that if go(x,t) is causal, then the front wave speed satisfies
the condition v, < ¢(wp). If the front wave speed v, at x is smaller than ¢(0)
(wo = 0), then go(x,t + 0 |x]|) is causal for some § > 0. This means that there
exist constants € > 0, C > 0 and N > 0 such that for all z € R + i (—o0, —¢):

(28) —Re(ax(—2)) —Re(i(—2)§) < C + N log(1 + |z|).
Since wy = 0, we have as = 0. As above we get for all z =429 € R™

—Re (a(—2)) = —a1 |22|” + § |22 (a1 >0),

11



which grows like |z if 6 > 0 and thus condition (28) cannot be satisfied.
This contradicts the fact that g, (x,t) is causal and hence we conclude that
0 = 0. This proves that the wave front speed is equal to ¢(0) and concludes the
proof. O

Now we come to the special case v = 1.

Corollary 4.5. Let ag, wg > 0 be constants and

ag (—w)”
(29) (W) == }/lgi % + i tan (g 7) w0|71w] ,
2
then
1 1 2 w
30 = _ = —ag = log | =
(30) a(w) = ag |w|, I I R P

and the wave defined by (1) cannot have a finite front speed. Moroever, F(a.(w))
s not causal.

Proof. Definition (29) implies

ax(w) = ag |w] —iapw lim ol = ol
* 0 0% S0t cot(E (1+e)

Since both the numerator and the denominator of the last expression converge
to zero, we can apply the rule of de I’Hospital, which yields

o] log eo] — wol* log Jupl
-5 sin2(g (1+¢))

(W) = ao |w| = —iapw lim
.2
=iap —w (log |w| — log |wol) -

The result for the limit ¢ — 0— follows analogously. Comparing «, with (2)
yields (30). For (z,y) € R? let

2
u(z,y) := apg /2?2 + y% — ag — y (log /a2 + y? — log |wol)

T
and

2
v(z,y) == o — (log /2% + y? — log |wo]) -

Then a.(z) = u(x,y) + iv(z,y) for z € C with © = Re(z) and y = Im(z), and
% # %‘Z’y) for every (z,y) € R?\(0,0). Since u(z,y) and v(z,y) do not
satisfy the Cauchy-Riemann equations for every (z,y) € R?\(0,0), a.(—2) is
not analytic on R+¢R™, i.e. condition (B1) in Lemma 4.2 is not satisfied. This
shows that for fixed x € R® F(a,(w))(t) and F(e~*+() xI)(#) cannot be causal

and concludes the proof. O
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5 Causality analysis of Szabo’s wave equation

The Green function of Szabo’s equation (11) for v > 0, v ¢ N is given by (1)
with the following attenuation law and phase speed:

a(w) = Re(an(w))  and - o= e

clw) ¢ w
where
1 —iw)r+H
(31) ax(w) = — (—iw)2+2aoco%+ii
Co cos (£7) co

(cf. dispersion relation above equation (11).) Here the square root is understood
as the primitive square root, since a(w) has to be positive. Since for v € (0, 1)

i)Y
(W) = # for |w| >>1
cos (27)
and for v > 1, v ¢ N
—iw)Y
s (w) ~ (zic:) for lw| << 1,
cos (37)

Szabo’s model is a high frequency approximation of equation (9) if v € (0, 1)
and as a small frequency approximation of equation (9) if v > 1, v & N.

The next Proposition investigates the causality behaviour of Szabo’s equa-
tion.

Proposition 5.1. Let v € RT\N. The Green function G, of Szabo’s equa-
tion (11) has finite front speed only if v € (0,1). For~ € (0,1), the front speed
of Gu s co.

Proof. For the proof let x € R be arbitrary but fixed. The Green function
G(x,t) of wave equation (11) has a front speed < ¢y < o0, if G(x,t + %) is
causal, i.e. if o (w) defined by (31) satisfies Lemma 4.2. For convenience we set

i) First we prove the Proposition for v € (0,1). Since /(i 2)% +2dq co (i 2)7F!
(primitive square root) maps R+ iR~ analytically into R+ ¢R™, a,(—2) maps
R + iR~ analytically into R +¢R~. This proves condition (B1).

Let 2 =21 + 729 with 21 € R, 29 € R™ and

1\'7
B(Z) =4 /14+2a0c (—) -1,
1z

then Re(a.(—2)) = Re(izB(z)) = —z1 Im (B(z)) — 22 Re (B(2)). Moreover,
for Proposition 5.1 property (B2) in Lemma 4.2 reads as follows: there exist
constants € > 0, C' > 0 and N > 0 such that for all z € R+ i (—00, —¢):

(32) % (21 Tm (B(2)) + 22 Re (B(2))) < C + N log(1 + |2|).

13



We prove this inequality by showing that its left hand side is always negative
or zero.

a) First we prove that Re (B(z)) > 0 if 2o € R™, which implies 23 Re (B(z)) <0
if zp € R™. From v € (0,1) and 2z, < 0, it follows that (i z)'~7 has positive real
part. Since the inversion of a complex number with positive real part yields a
complex number with positive real part, 1+ 2 ag cg (%) "7 has a real part > 1.
This implies that B(z) has positive real part.

b) Now we show that z;Im (B(2)) < 0if 20 € R~ and z; € R. Let 23 > 0,
then the imaginary part of (iz)'~7 is positive and since the inversion of a
complex number with positive imaginary part yields a complex number with
negative imaginary part, 1 4+ 2 &g co (i)l_W has negative imaginary part. This
implies that B(z) has negative imaginary part and therefore z; Im (B(z)) < 0
if 2 € R~ and 2; > 0. Now let 2; < 0. Then the imaginary part of (iz)!=7 is
negative and since the inversion of a complex number with negative imaginary
part yields a complex number with positive imaginary part, 1+2do co (7) '
has positive imaginary part. This implies that B(z) has positive imaginary part
and therefore z; Im (B(z)) < 0 if 20 € R~ and z; < 0. Clearly, if z; = 0 then
z1Im (B(z)) = 0. In summary we have proven that the left hand side of (32) is
smaller or equal to zero and thus the inequality holds.

ii) The second part of the theorem is first proven for v € (1,3)\{2} and then
for v > 3 with v ¢ N.

a) Let v € (1,3)\{2}. (Indeed the following arguments hold for any v € (4n +
1,4n + 3)\N with n € Ng.) Then & < 0 and for z = 29 with 20 < 0,
condition (32) simplifies to

1
_2 _ZRe (\/Zg +2apc (—Zz)wl) < C+ N log(1+|2]).
Co Co

Because v > 1 and ap < 0, the term under the root is negative for sufficently
large —z5 and thus the real part of the root vanishes, which leads to the con-
tradiction Ii—zl < C + N log(1 + |22]). Therefore condition (B2) cannot be valid
for any v € El, 3\{2}.

b) Now let v > 3 and z = 21 +i20 with 23 € R and 22 < 0. We recall
that B(z) = \/1+2dapco(iz)7"t — 1. Let Z(r) = re'¥ with r > 0 and
¢ = %7 — §. Since v > 3, we have ¢ € (=%,0) and thus #; > 0 and
Zy < 0. Since (y —1)(¢ + §) = m we have cos((y — 1) (¢ + 5)) = —1 and
sin((y — 1) (¢ + §)) = 0. This shows that

(33) 14+2a9co(i2(r))"" <0  for sufficiently large 7.

Therefore Re(B(%)) = —1 < 0, which together with Z, < 0 implies Z; Re(B(2)) =
—Z2 > 0. This shows that the first left hand side term of (32) is positive. More-
over, (33) implies that Im(B(2)) = Im(B(2) + 1) > 0 for sufficiently large —Zs.
From this together with Z; > 0 we obtain Z; Im(B(2)) > 0, which shows that
the second term on the left hand side of (32) is positive, too. If r is sufficiently
large then Im(B(2(r))) is of the order of |7“|WT_1 with v > 3 which cannot be
bounded by C + N log(1 + r). Hence condition (B2) cannot be true for v > 3.
In summary we have shown that the Green function of Szabo’s equation cannot
be causal for v € (1, 00)\N.

iii) Now we show that the front speed of G,, is ¢, if v € (0,1). Since G(x,t+ ‘Ciol)
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is causal, the front wave speed v, satisfies v, < ¢g. If v, at x is smaller than
co, then G(x,t + % + 0 |x|) is causal for some ¢ > 0. This means that there
exist constants € > 0, C' > 0 and N > 0 such that for all z € R+ i(—o0, —¢)
(cf. (28) in Corollary 4.4):

—Re(iz (B(z) —9)) < C+ N log(1+|z|),

Re(a«(—2)) + Re(i (—%2) ) = —Re(iz (B(z) — 9)).

For the setting z = 7 29 with 25 < 0, we obtain

1—ry

. < C+ N log(1+ |z2|),
2

Re |2’2‘ (5+1—\/1+26{000

which cannot be true if |zg| is sufficiently large. Hence we conclude that 6 = 0.
This proves that the wave front speed is ¢y and concludes the proof. O

6 Causality analysis of the thermo-viscous wave
equation

The operator of the thermo-viscous wave equation (cf. e.g. [7])

has order 3 and principal part Ps(X) = 1ot E?:1 z;, where X := (t, 21,29, 23)7 €
R%. Since P3(N) = 0 for N := (1,0,0,0)T, the plane {X € R*|(X,N) = 0}
in R* is characteristic with respect to P(D). According to Theorem 8.6.7 in [5]
the thermo-viscous wave equation with vanishing source term has a solution
Py € COO(R4) such that supp(p,) = R3 x Ry . This shows that the Green
function of the thermo-viscous wave equation is not uniquely determined. (The
existence is guaranteed, since P(X) := (1+ 7ot) ijl x5 — % is not the zero
polynomial.) Theorem 6.2 below shows that the Green function of the thermo-
viscous wave equation cannot have a finite front speed and that a solution of
the thermo-viscous wave equation depends on its history. This explains why its
Cauchy problem has no unique solution. For this theorem and Theorem 7.1 we
need the following lemma.

Lemma 6.1. Let Sy = {f € S(R) | supp(f) C RS} and v € (1,2]. The time-
1

convolution operator T defined by the kernel

1 1
k 1(t):= F t
Tf( ) V2 ( 1+(i70w)7—1> ®)
is an isomorphism of Sy. Here the square root is understood as the primitive

1 1
square root. The inverse of Ty is the time-convolution operator L3 with the

kernel
(t) = \/%f( 1+ (—imw)vfl) (1).

Again the square root is understood as the primitive square root.

k

1
2
L2
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1 1
Proof. First we show that the kernel of 77 and L3 have supports in [0, 00).

Let B(z) :=+/1+ (i1702)Y"! and z € R+ 4R™. Then

supp (kﬁ) C[0,00) and supp (ﬁ;) C[0,00),

v v
if and only if @1(z) := B(z) and ua(z) := % satisfy Theorem 4.1. Since

1+ (i702)7~! maps R+ iR~ analytically into [1,00) +iR and 1+ (i 79 2)7~*
cannot vanish on R + ¢R™, 41(z) and tz(z) map R + iR~ analytically into
[1,00) + ¢ R. Therefore property (Al) in Lemma 4.2 is satisfied. We have for all

z € R+ iR~ with |z| >> 1:
1 (7_1)/2
<cz< ) (7€ (1,2)

|B(2)] < C1|2|07Y/2  and ’ i

1
B(z)
for some constants Cy, Co > 0. Therefore property (A2) in Theorem 4.1 is

1 1
satisfied for (%) and 42(z), which proves that the kernels of T? and L2 have
support in [0, c0).

Since L
T? f €D, for every f € S,
and
f(w)

1+ (—itow)r—!

esS for every f € Sy,

FH T 1) () =

1
the convolution operator T is well-defined on S;. Since § is invariant under

1
multiplication by a polynomial, it follows analogously that L maps Sy into Sy
and is well-defined. Since the Fourier transform is an isomorphism on & and

11 . 11 .
F1 (L§ 77 f) —f=F1 (T$ L2 f) for every f € S,
1 1 1
it follows that LJ : &4 — Sy is the inverse of T} : Xy — Sy and 77 is an
isomorphism of S . |

With the help of the Laplace transform table in [4] (cf. Appendix 2), the

1
kernel of T} can be calculated as follows:

0= 752 # () 0= Ve () 0

=2, /e 7 H(t),
Tot

where H (t) denotes the Heaviside function. This shows that for v = 2 the kernel

1 1 1
of Ty decreases exponentially. In the following we denote T:; T3 by T .

Proposition 6.2. Let 79, co > 0 be constants and A(w) := 1+ /1 + (1ow)?
for any w € R. The Green function of the thermo-viscous wave equation

0 9 1 9°G(x,t) 3
(34) (I—|—T0 E) \% G(X, t) — %T = —5(X) (S(t) R x R
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cannot have a finite front speed and is given by G = Ty p,, where py is defined
as in (1) with attenuation law

(35) a(w) =
and phase speed
(36) c(w)= —————0¢9.

Proof. Applying the inverse Fourier transform to the thermo-viscous wave equa-
tion yields

d(x)
\/ﬂ(l — iT()w)

V2G(x,w) + K (w) G(x,w) = — with

(37) s

coVI—inpw

i ) ) 3 e — 1
This problem has the solution G(x,w) = (i) A
root of 1 — i7gw is understood as the root with positive real part. We assume
that G satisfies the causality requirement (14) which in particular implies that

supp(G(x,-)) € [0,00). Then the Green function can be written as follows

k(w) =

i B) Ix|

where the square

—i (wt—k(w) [x])

1 /e
2T 47T|X|
R

(38) G(x,t) =T dw | = Te pa(x,t),

where T, denotes the time-convolution operator in Lemma 6.1 for v = 2. The
last identity is equivalent to

(1070 35 ) Gx.t) = patxct).

which shows that p, has finite front speed if and only if G has finite front speed.
Let ¢; > 0 be arbitrary but fixed. We prove a contradiction by showing that

Do (X, + %) cannot be a causal distribution for any x € R3. Comparing (38)

and (1) shows that a(w) = Im(k(w)) and c(i;) = Ref(w). Since a > 0 is
required, the imaginary part of k(w) must be positive and therefore we choose

the positive sign for k, i.e.

L w 1 Alw) . Tw
(39) k) = a1 ( 5t 2(14((0))

with A(w) := 1+ /1 + (7pw)?. From this we get the attenuation law (35) and
the phase speed (36). If p,(x,t+ |x‘) is causal, then property (B2) in Lemma 4.2

Cc1

must be satisfied for —ik(w) +1i 2, i.e. for each x € R? there exist constants
€>0,C >0and N > 0 such that for all z € R+ i (—00, —¢€):

Re(ik(—2)) + Re <z i) < C+ Nlog(1+|z]).

C1

17



For z =i 2o with 20 < 0 we get

1 z9
7———<C+N10 1+ |z
V1—T920 co C1 g( | 2|)

which cannot be true for sufficiently large —z5 and finite ¢; > 0. Hence property
(B2) cannot be satisfied for .. of the wave p, if ¢1 is finite. This contradiction
proves that the front speed of G cannot be finite and concludes the proof. O

7 Causal wave equations obeying attenuation power
laws with v € (1, 2] for small frequencies

As we have seen in Section 4, the frequency power law for v > 1 cannot hold.
Now we present admissible attenuation laws that permit approximate frequency
power laws with v € (1, 2] for sufficiently small frequencies.

For given constants vy € (1,2], 0 < ¢; < oo and 79 > 0 we define
—tw
1+ (—iTO w)vfl ’

(40) as(w) :=

where the square root is understood as the primitive square root. This implies
for the attenuation law:

sin(3 (v - 1))

a(w) = ap|lrow]?  with  «p =
70 C1

1 1
for sufficiently small frequencies. Moreover, let T} and Lj be defined as in
Lemma 6.1 and let the operators D, and D, || be defined as in Section 3. Then

D.=—T72  and D,y =0
1

and wave equation (22) (with vg replaced by c¢p) reads as follows

2
1,177 10%
41 Vipy — [Id+ —T2| =222 =_7.
(41) p [ * e | @ o /
For v = 1 we obtain the classical wave equation without damping and for

v = 2, we obtain a modified thermo-viscous wave equation. Since Re(a,) is
equal to (35) for v = 2, the modified thermo-viscous wave equation obeys for
v = 2 the same attenuation law as the thermo-viscous wave equation (if the
source term f is replaced by Lo f).

Proposition 7.1. The Green function of wave equation (41) has finite and
constant wave front speed cg.

Proof. For the proof let x € R? be arbitrary but fixed. The Green function
G(x,t) of wave equation (41) has a front speed < ¢y < 00, if Gp(x,t + Ix‘) is
causal, i.e. if a.(w) defined by (40) satisfies Lemma 4.2. We recall that the
square root in the definition of a, is understood as the primitive square root.
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a.(—z

According to the proof of Lemma 6.1 —Z) satisfies property (B1) and thus

o (—2) satisfies property (B1), too.
Property (B2) in Lemma 4.2 reads as follows: there exist constants € > 0,
C >0 and N > 0 such that for all z € R+ i(—o0, —¢):

12
a1+ (’ZTO Z)'Y*l
Therefore (B2) is satisfied if —Re (a«(—2)) < 0 for each z € R+ iR™. Let
B(z) :=c1y/1+ (iTg2)" L and 2 = 21 +i20 € R+ iR~ then

—Re (o (—2)) = z1 Im (B7'(2)) + 22Re (B '(2)) .

(42)  —Re(as«(—2)) = —Re ( > < C+ N log(l+ |z7]).

Since v € (1,2] and z3 < 0, it follows that (i792)?~! has positive real part
and thus B(z) has also positive real part. The inversion of a complex number
with positive real part yields a complex number with positive real part and thus
Re (B7!(z)) > 0 for any z; < 0. This proves that

(43) zRe(B7'(2)) <0 forany z € R+iR™ .

For z; > 0 the imaginary part of (i7g2)?~! is positive and thus Im (B(z)) >
0. The inversion of a complex number with positive imaginary part yields
a complex number with negative imaginary part and thus Im (Bfl(z)) < 0.
Therefore we infer that z; Im (B’l(z)) < 0 for any z € RT + iR~ with 2; > 0.
For z; < 0 the imaginary part of (i 79 2)7~! is negative and thus Im (B(z)) < 0.
Since the inversion of a complex number with negative imaginary part yields a
complex number with positive imaginary part we conclude that Im (B _1(z)) >
0. Hence z; Im (B*I(z)) < 0forany z € R~ 4+iR~ with z; < 0. For z; =0 we
get z1 Im (Bfl(z)) = 0. In summary we have proven that

(44) z1Im (B7'(2)) <0 forany z € R+ iR~ .

(43) and (44) imply that the left hand side of (42) is always non-positive and
therefore (42) is true. This shows that G(x,t) has a front speed < ¢g < c0.

Now we show that the front speed of G is equal to cg. If the front speed is
va(X) < ¢ for any x € R3, then (42) must hold for

ax(—2) = au(—2) +ie(—2).

For z := iz with sufficiently large —z2 we obtain

—Re (ax(—2)) = 2 +e(—22) ,

114 (—1022)7 1

which is positive and of the order |z2|. This shows that condition (B2) can only
be true if € = 0. This concludes the proof. [l

Remark 7.2. Fory =2 let G., denote the solution of wave equation (41) and
let Gy, denote the solution of the thermo-viscous wave equation (34) with cy
replaced by c1. Then one can show that

lim LG, (x,t) = G(x,1) for eachx € R® and t € RT,

cop—00

which shows again that the front speed of Gy, is infinite.
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