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Abstract

Although the residual method, or constrained regularization, is fre-
quently used in applications, a detailed study of its properties is still
missing. In particular, the questions of stability and convergence rates
have hardly been treated in the literature. This sharply contrasts the
progress of the theory of Tikhonov regularization, where for instance the
notion of the Bregman distance has recently led to a series of new re-
sults for regularization in Banach spaces. The present paper intends to
bridge the gap between the existing theories as far as possible. We de-
velop a stability and convergence theory for the residual method in general
topological spaces. In addition, we prove convergence rates in terms of
(generalized) Bregman distances.

Exemplarily, we apply our theory to compressed sensing. Here, we
show the well-posedness of the method and derive convergence rates both
for convex and non-convex regularization under rather weak conditions. It
is for instance shown that in the non-convex setting the linear convergence
of the regularized solutions already follows from the sparsity of the true
solution and the injectivity of the (linear) operator in the equation to be
solved.

Key words. Ill-posed problems, Regularization, Residual Method, Spar-
sity, Stability, Convergence Rates.
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1 Introduction

We study the solution of ill-posed operator equations

F(z) =y, (1)



where F': X — Y is an operator between the topological spaces X and Y, and
y € Y are given, noisy data, which are assumed to be close to some unknown,
noise-free data y' = F(xT). If the operator F is not continuously invertible,
then () may not have a solution and, if a solution exists, arbitrarily small
perturbations of the data may lead to unacceptable results.

If it is known that the given data satisfy an estimate ||yt — y|| < 3, one
strategy for defining an approximate solution of () is to solve the constrained
minimization problem

R(x) — min subject to  ||F(z) —y|| <5 . (2)

Here, the regularization term R: X — [0,+00] is intended to enforce certain
regularity properties of the approximate solution and to stabilize the process of
solving (). In [29] [45], this strategy is called the residual method. It is closely
related to Tikhonov regularization, which consists in minimizing the regulariza-
tion functional

T(z,y) = ||F(z) — y|* + oR(2)

for some regularization parameter o > 0.

While the theory of Tikhonov regularization has received much attention in
the literature (see [1} 2], 12} 18] [19] 24, 27] 35 [41], [43] [46], [4]] ), the same cannot be
said about the residual method. Nevertheless, several results are available. The
existence theory of (2] and also the question of convergence, which asks whether
solutions of (2)) converge to a solution of () as ||y — y'|| < B — 0, have been
treated in a quite general setting in [28] (see also [44] [45]). Also, convergence
rates have for instance been derived in [4] in a Hilbert space setting for a linear
operator F' and in [5], [7] for the reconstruction of sparse sequences. Still, no
attempts have been made to carry over these results to more general spaces and
functionals, as opposed to the recent developments in Tikhonov regularization
(see [20, [36, [38, [39, [42]).

Even more, it seems that the problem of stability, that is, continuous depen-
dence of the solution of (2)) on the input data y and the presumed noise level (3,
has hardly been considered at all. One reason is that, in contrast to Tikhonov
regularization, stability simply does not hold for general non-linear operator
equations. But even for the linear case, where we indeed prove stability, so far
results are non-existent in the literature.

The present paper intends to carry out the above indicated generalizations
of the existent theory as far as possible. We assume that X and Y are mere
topological spaces and consider the minimization of R(z) subject to the con-
straint & (F (z), y) < (. Here S is some distance like functional taking over the
role of the norm in (2)). In addition, we discuss the case where the operator F'
is not known exactly. This subsumes errors due to the modeling process as well
as discretizations of the problem necessary for its numerical solution.

We provide different criteria that ensure stability (Theorem and Propo-
sitions 310 3)) and convergence (Propositions 3.9} [£3)) of the residual method.
In particular, our conditions also include certain non-linear operators (see Ex-
ample [L6]). Section[Blis concerned with the derivation of convergence rates. We



define a generalized Bregman distance that allows us to state and prove rates
on arbitrary topological spaces (see Theorem [1.5]). In Section [B] we apply our
general results to the case of sparse ¢P-regularization with p € (0,2). We prove
the well-posedness of the method and derive convergence rates with respect to
the norm in a fairly general setting. In the case of convex regularization, that
is, p > 1, we derive a convergence rate of order (9(51/7”). In the non-convex case
0 < p < 1, we show that the rate O(4) holds.

2 Definitions and Mathematical Preliminaries

Let X and Y be sets and F: X — Y. Assume moreover that R: X — [0, +o00]
and §: Y xY — [0,400] is such that S(y,z) = 0 if and only if y = z. We
consider for given y € Y and $ > 0 the constrained minimization problem

R(z) — min subject to S(F(x),y) < 0. (3)

For the study of the properties of the solutions of (@), it is convenient to
introduce the following notation. Let 3 >0,t >0,y €Y, and F': X - Y. We
define the feasible set for the solution of (3) as

B,y F) = {z € X :S(F(x),y) <} .
In addition, we denote
Cr(8,y, Fit) == @(B,y, F) N {x € X : R(z) < t}.
The value of [B]) is defined as
v(B,y, F) = inf{R(z) ix € CID(ﬂ,y,F)} .
The set of solutions of (@] is denoted by
S8y, F) = {z € ®(B,y, F) : R(z) = v(B,y, F)} .
Remark 2.1. An immediate consequence of the definition of (3, y, F') is the
identity
E(ﬁay7F) = ¢R(ﬁay7F7U(ﬁay7F)) .
The elements of (0, y, F') satisfy F'(x) = y and are referred to as R-minimizing
solutions of the equation F(x) = y. n

Lemma 2.2. The sets Pr satisfy

Pr(B,y, Fit) C Pr(B+0,y,F,t +e) (4)
for every e >0 and § > 0, and
Or(B,y, Fit) = (| ®r(B+6,y, Fit+e). (5)
8,e>0
In particular,
S8y, F) = (] = (8,y. F.v(B.y, F) +e) . (6)
e>0



Proof. The inclusion () is a trivial consequence of the definition of ®%. For the
proof of (B) note that x € (5 ..o Pr(B+6,y, F,t+¢) if and only if S(F(z),y) <
B840 for all § > 0 and R(zx) < t+e for alle > 0. This, however, amounts to saying
that S(F(z),y) < 8 and R(x) < ¢, which means that z € ®r(0,y, F,t). This
proves one inclusion in (@], and the other inclusion is an obvious consequence
of @). Finally, equation (@) follows from Remark 21l and (). O

In the next section we study convergence and stability of the residual method,
that is, the behavior of the set of solutions (8, yx, F') for B — (0 and yr — y.
In [I8] 26l [42], where convergence and stability of Tikhonov regularization have
been investigated, the results are of the form: every sequence (zj)ren with
zy, € argmin{||F(z) — yx|* + axR(x)} has a subsequence (xy,)jen converging
to some element z € argmin{||F(x) — y||> + aR(x)}. We prove similar results
for the residual method but with a different notation involving a type of con-
vergence of sets (see [31, §29]). In addition, it is necessary to define a notion of
convergence of (yi)ren in a way compatible with the distance measure S on Y.

Definition 2.3. The sequence (yi)ren C Y converges S-uniformly toy € Y, if
sup{|S(z,yx) — S(z,9)| : 2 €Y} — 0.

The sequence of mappings Fj: X — Y converges locally S-uniformly to
F: X —>Y,if

sup{ [S(Fx(z),y) — S(F(z),y)| :y €Y,z € X, R(z) <t} — 0
for t > 0. []

Remark 2.4. If the distance measure S = d equals a metric on Y, then the
S-uniform convergence of a sequence (yx)ren to y coincides with its convergence
with respect to the metric. This result easily follows from the triangle inequality,
as

‘d(zayk) - d(zay)‘ < d(ykay)
forall z €Y. n

Lemma 2.5. Assume that (yr)ken converges S-uniformly to y € Y and the
mappings Fr: X — Y converge to F': X — Y locally S-uniformly. Then there
exists for every B >0,t >0, and € > 0 some ky € N such that

(I)’R(ﬁ - E7yaFa t/) C (I)R(ﬁayk;Fkvt/)
CPr(B+e,y,Fit') foreveryt' <tandk >ky. (7)

Proof. Since y — y S-uniformly and Fj, — F locally S-uniformly, there exists
ko € N such that

|S(Fr(2), yk) — S(Fi(x),y)|
— S(F(x),y)|

‘S(Fk(x)vy)
for all x € X with R(x) <t and k > ko.

<e/2,
<eo. (8)



Now let € @ (8 — €,y, F,t). Then () implies that

|S(Fk(x)7yk) - S(F(l‘),y)|
< |8(Fk($)ayk) - S(Fk(x)vy)| + |8(Fk($)ay) - S(F($),y)| <e,

and thus
S(Fi(z),yx) < S(F(z),y) +e < B,

that is, © € ®x (8, yk, Fk, t), which proves the first inclusion in (7). The second
inclusion can be shown in a similar manner. Il

Definition 2.6. Let 7 be a topology on the set X, and let Uy C X, k € N, be
a sequence of subsets of X. We define the upper limit of (Uy)ken as

7-Lim sup;, Uy, := ﬂ (T—Cl U Uk/) .

keN K >k
Here 7-cl denotes the closure with respect to 7. n

Lemma 2.7. Let Uy, C X, k € N, be a sequence of subsets of X. Then x €

7-Lim sup,, Uy, if and only if for every neighborhood N of x and every k € N
there exists k' > k such that N N\ U # 0.

Proof. This is a direct consequence of the definition of 7-Lim sup,, Uk. O

Now assume that X satisfies the first axiom of countability, that is, every
point z € X has a countable basis of neighborhoods, an assumption that is for
instance satisfied for the weak topology on separable Banach spaces. Then one
can characterize the upper limit of sets in terms of subsequences.

Lemma 2.8. Assume that X satisfies the first axiom of countability. Then x €
T-Lim supy, Uy if and only if there exists a subsequence (Uy,)jen and elements
xj € Uy, such that z; —; x.

Proof. See [31], §29.1V]. O

Definition 2.9. Let 7 be a topology on the set X, and let Uy C X, k € N, be
a sequence of subsets of X. An element x € X is contained in the lower limit
of the sequence (Ug)ken, in short, € m-Liminfy, Uy, if for every neighborhood
N of z there exists k € N such that N N Uy # (0 for every k > k'.

If the lower limit and the upper limit of the sequence (Uy)ren coincide, we
define 7-Limy, Uy, := 7-Lim infy, Uy = 7-Lim supy, U. u

Lemma 2.10. We have the characterization U = 7-Limg Uy, if and only if
every subsequence (Uy;)jen satisfies U = 7-Lim sup; Uy, .

Proof. See [31], §29.V]. O



Lemma 2.11. Assume that the topology 7 on X is defined by a metric d. Then
x € T-Limsupy, Ui, if and only if

hrr}ginf dist(z, Uy) = limkinf inf{d(z,u) :ue€ Uy} =0.
Similarly, x € T-Liminfy Uy, if and only if

lim sup dist(x, Ux) = lim sup inf{d(lﬂ,u) Tu € Uk} =0.
k k

Proof. See [31], §29.1,§29.111]. O

The following lemma clarifies the relation between the stability and conver-
gence results in [I8] (26, [42] and the results in the present paper.

Lemma 2.12. Let U, C X, k € N, be non-empty and assume that there exists
a compact set K such that Uy, C K for all K. Then T-Lim supy, Uy, is non-empty.

If, in addition, X satisfies the first axiom of countability, then every sequence
xk € U has a subsequence converging to some x € T-Limsupy, Uy.

Proof. By assumption, the sets Sy, := 7-cl|J,,~, Ui form a decreasing family of
non-empty, compact sets. Thus also their intersection [, oy Sk = 7-Lim supy, Uy,
is non-empty (see [30, Thm. 5.1]).

Now assume that X satisfies the first axiom of countability. Then in par-
ticular every compact set is sequentially compact (see [30, Thm. 5.5]). Let now
xp € U, k € N. Then the sequence (x1)ren has a subsequence (2, )jen con-
verging to some x € K. From Lemma we obtain that « € T-Limsup,, Uy,
which shows the assertion. O

3 Well-posedness

In the following we investigate the existence of minimizers, and the stability
and the convergence of the residual method. Throughout the whole section, we
assume that (X, 7) is a topological space, Y a set, F: X — Y some operator,
y €Y, and 8> 0.

Theorem 3.1 (Existence). Assume that ®r(05,y, F,t) is T-compact for every
t and non-empty for some t. Then Problem (Bl has a solution.

Proof. Remark 2Tland (@) show that
S8y, F) = () ®r(B,y, F,0(8,y, F) +¢)
e>0

is the intersection of a decreasing family of non-empty 7-compact sets and thus
non-empty (see [30, Thm. 5.1]). O



Remark 3.2. Recall that a mapping 7: X — [0,+o0] is called lower semi-
continuous, if its lower level sets {:E eX :T(x)< t} are closed for every ¢ > 0.
Moreover, it is coercive, if the lower level sets are pre-compact. Thus, 7 is lower
semi-continuous and coercive, if and only if its lower level sets are compact.
Since the intersection of a closed set and a compact set is itself compact, the
sets Dr(8,y, F,t) are T-compact, if both mappings R and = +— S(F(:c), y) are
lower semi-continuous and at least one of them (or their sum) is coercive.

The lower semi-continuity of z — S (F (x), y) certainly holds if F' is contin-
uous and S lower semi-continuous with respect to the first component. It is,
however, also possible to obtain lower semi-continuity, if F' is not continuous
but the functional S satisfies a stronger condition. Assume therefore that the
mapping z — S(z,y) is lower semi-continuous and coercive, and F': X — Y has
a closed graph. Then the set {z €Y :8(z,y) < ﬂ} is compact for every 8 > 0.
Because F' has a closed graph, the pre-image under F' of every compact set is
closed (see [28, Thm. 4]). This shows that {z € X : S(F(z),y) < 3} is closed
for every 3, that is, the composition z — S(F(x),y) is lower semi-continuous.g

Stability is concerned with the continuous dependence of the solutions of (3)
of the input data, that is, the element y, the parameter 8, and, possibly, the
operator F. Given sequences Oy — [, yx — vy, and Fj, — F, we ask whether
the sequence of sets X(0k, yk, Fi) converges to X(05,y, F'). As already indicated
in Section 2] we will make use of the upper convergence of sets introduced in
Definition The topology, however, with respect to which the results are
formulated, is finer than 7.

Definition 3.3. The topology g on X is generated by all sets of the form
Un{z € X :s < R(x) <t} withU € 7 and s <t € R. A sequence
(zk)ken C X converges to x with respect to 7r, if and only if xx —, = and
R(zx) — R(x). [ ]

Below we provide conditions that guarantee upper semi-continuity of the set
of solutions with respect to 7% in the sense that () # Tr-Lim sup,, X(8k, yx, Fx) C
X(B,y, F). That is, the minimizing sets for O, yr, and Fj converge to the
minimizing set for 3, y, and F. If ¥(8,y, F) consists of a single element zf,
then this already implies that every sequence of approximate solutions converges
to zt. Before proving these results, we require an additional lemma stating that
the value of the minimization problem (@) behaves well as the regularization
parameter 3 decreases.

Lemma 3.4. Assume that Pr(v,y, F,t) is T-compact for every v and every t.
Then the value v of @) satisfies

v(ﬁ,y,F)=SgIO>v(ﬁ+s,y7F)- 9)

Proof. Since ®r(8,y, F,t) C Pr(8+¢,y, F,t), it follows that

v(B,y, F) Zv(B+e,y,F)



for every e > 0, and therefore v(8,y, F)) > sup.sov(6 +€,9, F).
In order to show the converse inequality, let § > 0. Then the definition of
v(8,y, F) implies that &g (ﬁ, y, Fuo(B,y, F) — (5) = (). Since (cf. Lemma 2.2))

Q]:q)R(ﬁayaFaU(ﬁayaF) _6) = ﬂ (I)R(ﬁ+57yaFaU(ﬁayaF)_5) (10)
e>0

and the right hand side of (0] is a decreasing family of compact sets, it follows
that already CIJR([? +e,y, Fu(B,y, F) — 5) = () for some ¢ > 0, and thus

v(B+e,y, F) >v(B,y,F) =4 .
Since § was arbitrary, this shows the assertion. O
For the main stability results we make the following assumption:

Assumption 3.5. Let 8> 0, (Br)ren be a sequence of non-negative numbers,
yeY, (yr)ken CY, and F, F,: X — Y, k € N. The sets Or(vy,w, Fy,t) and
O (v, w, F,t) are compact for all v, w, t, and k and non-empty some t.

Theorem 3.6 (Stability). Let Assumption hold. Assume that (yg)ken
converges S-uniformly to y € Y, the mappings Fi,: X — Y converge locally
S-uniformly to F: X =Y, and By — §. If

hmsupv(ﬂkaykaFk) Sv(ﬂayaF) < 0, (11)
k
then
0 # Tr-Limsupy, ¥(Bk, yr, Fi.) C (B, y, F) . (12)
If the set (B, y, F') consists of a single element xg, then
{l‘ﬁ} = TR—Limk E(Bk;yk;Fk) . (13)

Proof. Define the set T := 7-Lim sup;, (0%, yx, Fr.). Because the topology T
is finer than 7, it follows that 7&-Limsup; X(05k, yx, Fx) C T. We proceed by
showing that ) # T C X(8,y,F) and T C tr-Limsup, X(8k, Y, Fr), which
then gives the assertion (I2)).

In order to simplify the notation, we define

(I)k(t) = ¢R(ﬁk7ykaFk‘7t)) q)(t) = q)R(ﬁayaFat)7
Vg ::U(ﬁk‘ayk‘)Fk‘)7 ’U::U(ﬁayaF)7
Ek = E(BkaykaFk)ﬂ Y= 2(ﬂayaF)
The inequality ([ implies that for every ¢ > 0 there exists some kg € N

such that vy < v+ ¢ for all k > ky. Since 0y — (8, we may additionally assume
that By < 8+ e. Applying Lemma [2Z.5] we see that, after possibly enlarging kg,

Dy (vi) C Pr(B+ €, Yk, Fioy vk)
C¢R(ﬁ+257yaFa’Uk)C¢R(ﬁ+2g7yaFa’U+€) (14)



for all £ > kg. Thus,

T = 7-Limsup, X = m (T—cl U Ek/)

kEN k' >k
= m (T—cl U (I)kf(ka)> C Or(B+2¢,y,F,v+e). (15)
k>ko k' >k

The sets 7-cl|J,/~, Zxr are closed and non-empty and, by assumption, the set
O (B+2¢,y, F,v+e) is compact. Thus T is the intersection of a decreasing fam-
ily of non-empty compact sets and therefore non-empty. Moreover, because (T3]
holds for every € > 0, we have

0#£TC () Pr(B+2,y, Fo+e)=dv)=3. (16)
e>0

Next we show the inclusion T" C 7g-Lim sup;, 2. To that end, we first prove
that
v= lilgn Vg - (17)

Recall that Theorem Bl implies that ®(vy) = Xk is non-empty. Therefore,
() implies that also ®r (8 + 2¢,y, F,vx) is non-empty, which in turn shows
that v, > v(8 + 2¢,y, F) for all k large enough. Consequently,

limkinf v > (B4 2e,y, F) (18)

for all ¢ > 0. From Lemma 4] we obtain that v = sup..ov(8 + 2¢,y, F).
Together with (I8) and () this shows (7).

Let now x € N, let N be a neighborhood of x with respect to 7, let § > 0
and ko € N. Since T' C 3 (see (I8)), it follows that R(z) = v. Thus it follows
from (I7) that there exists k1 > ko such that

lvp — R(z)] < ¢
for all £ > kq. In particular,
S C{ZTe€X:R(z) -0 <R(Z) <R(z) +4} (19)
for all kK > k;. Lemma 2.7 implies that there exists ko > k7 such that
NNy, #0. (20)

Now recall that the sets NN {zZ € X : R(z) —§ < R(Z) < R(z) + 6} form
a basis of neighborhoods of x for the topology 7r. Therefore ([I9), (20), and
the characterization of the upper limit of sets given in Lemma 2.7 imply that
x € Tr-Limsupy, Xj. Thus the inclusion ([I2)) follows.

If the set (5, y, F') consists of a single element x 3, then the first part of the
assertion implies that for every subsequence (k;)jen we have

TR'Lim Supj E(ﬁkj y Yk Fk‘j) = {xﬁ} :
Thus the assertion follows from Lemma 2. 101 O



The crucial assumption in Theorem is the inequality (IIJ). Indeed, one
can easily construct examples, where this condition fails and the solution of
Problem (@) is unstable (see Example B.7 below). What happens in the example
is that 7r-Lim supy, X(8k, yr, F') consists of local minima of R on (8, y, F) that
fail to be global minima of R restricted to ®(3,y, F).

0 1
Figure 1: The nonlinear function F' from Example B7 The set X(8,y, F)
consists of an interval and the isolated point {0}.

Example 3.7. Consider the function F: R — R, F(z) = 2® — 22, and the
regularization functional R(x) = 2. Let y > 0 and choose 3 = y. Then

argmin{R(z) : |F(z) —y| < B} = argmin{a? : [2° —2® —y| <y} =0. (21)
Now let y; > y. Then
argmin{R(z) : [F(x) — yi| < B} = argmin{a? : |28 — 2? — y| <y} = 2,

where zj, is the unique solution of the equation F(x) = yx — y. Thus, if the
sequence (yx)ken converges to y from above, we have x; > 1 for all k and
limg z, = 1. According to (2II), however, the solution of the limit problem
equals zero. n

In the above example the solution is unstable, because the feasible set
®(f,y, F) for y contains elements that cannot be reached by the sets ®(S, yi, F).
As a consequence, the limit of the sets X(0g, yk, F') consists of local minima of
the limit problem instead of global ones. The next result shows that by only
slightly increasing the parameters 0, the feasible sets ®(0,yr, F') becomes
sufficiently large as to contain the solution set (3, y, F).

Proposition 3.8 (Approximate Stability). Let Assumption hold. As-
sume that (yx)ken converges S-uniformly toy € Y, the mappings F,: X — Y
converge locally S-uniformly to F: X — Y, and B, — B. Then there ezists a
sequence €, — 0 such that

0 # tr-Limsupy, X(Br + €, yx, Fr) C (B, y, F) .

10



Proof. Define

€k = inf{g >0: (I)R(ﬁayaFa’U(ﬁayaF)) - (I)R(ﬁk +57yk7Fk7U(ﬁayaF))} :

Lemma and the assumption that 8, — (@ imply that £, — 0. Since by
assumption

Q] 7é 2(ﬂayaF) = Q)R(ﬂayaFav(ﬂayaF)) - Q)R(ﬂk +€kayk;Fkav(6ayaF))a

we obtain that v(Bk + ek, Yk, Fr) < v(8,y, F). Thus the assertion follows from
Theorem O

Proposition 3.9 (Convergence). Let Assumption[Z3 hold. Assume that the
sequence (yk)ken converges S-uniformly to y € Y and S(y,yr) < B — 0.
Assume moreover that there exists v € X with R(z) < oo and F(x) =vy. Then

hmsupv(ﬂka Yk F) < U(Oa Y, F) . (22)
k
In particular,
@ 7£ TR‘Limsupk E(ﬂkayka F) - E(Ovya F) . (23)
If the set %(0,y, F) consists of a single element x', then
{2} = 7r-Limy, (B, yr, F) . (24)

Proof. By assumption S(y,yr) < OBk, which implies that v(Bk, yk, F) < R(z')
for all 2’ € ®(0,y, F'). This proves [22)). Now [23)) and (24) follow from Theo-
rem [3.6 O

Proposition 3.10 (Stability). Let Assumption[328 hold. Assume that the se-
quence (yr)ken converges S-uniformly to y € Y, the mappings F,: X — Y
converge locally S-uniformly to F: X — Y, and B, — 3 > 0. Assume moreover
that

(I)R(ﬁayaF)t) - m(T_CIU (I)R(ﬁ_gay7F7t+6)> (25)
6>0 e>0
for every t > 0. Then
limksup v(Br, Yk, Fr) < v(B,y, F) . (26)
In particular,
0 # rr-Limsupy, X(Bk, yr, Fi.) C (B, y, F) . (27)

If the set X(B,y, F') consists of a single element xg, then

{xﬁ} = TR'Limk E(ﬁka Yk, Fk‘) .

11



Proof. The convergence of (0k)ken to 8 and Lemma imply that for every
€ >0 and t € R there exists kg € N such that

(I)R(ﬂ - €,y,F, t) C (I)R(ﬂkayk;Fkat)

for all k > kg. Consequently,

lim sup v(6k, yx, Fr) = lim sup inf{t : DR (Bk, Yk, Fiyt) # (Z)}
k k
< infi : — .
< ggfomf{t Or(B—e,y, F,t) # (Z)}
From (25) we obtain that
ir;%inf{t tOR(B—c,y, Fyt) #0} <inf{t: ®r(8,y,F,t) # 0} =v(B,y,F) .

This shows (26). Now (1) follows from Theorem 3.6 O

4 Linear Spaces

Now we assume that X and Y are topological vector spaces. Then their linear
structure allows us to introduce more tangible conditions implying stability of
the residual method.

Assumption 4.1. Assume that the following hold:
1. The sets X and Y are topological vector spaces.

2. For all xg, v1 € X with S(F(xo),y), S(F(Jcl),y) < oo, and all0 < A <1
we have

S(F()\:Eo +(1- )\):El),y) < max{S(F(:Eo), y),S(F(:El), y)} .

Moreover, the inequality is strict for all0 < A < 1 whenever S(F(Jco), y) #+
S(F(xl), y) )

3. For every 3> 0 there exists x € X with S(F(x),y) < 8 and R(z) < o0.

4. The domain domR = {z € X : R(z) < +oo} of R is conver and for
every xo, r1 € domR, the restriction of R to

Lz{)\xo—i—(l—)\)xl :OS)\Sl}
18 continuous.

We now show that the Assumption [£.]] implies the main condition, the in-
clusion (2H), of the stability result Proposition BI0l

Lemma 4.2. Assume that Assumption [{.1] holds. Then [28)) is satisfied.
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Proof. Let xg € ®r(8,y, F,t) for some § > 0. We have to show that for every
neighborhood N C X of xg and every d > 0 there exist ¢ > 0 and 2’ € N such
that '’ € P (8 —e,y, F,t +9).

Item Bl in Assumption 1] implies the existence of some z1 € X satisfying
S(F(Jcl),y) < B and R(x1) < co. Since S(F(Jcl),y) < f and S(F(xo),y) <8,
we obtain from Item Pthat S(F(xz),y) < § for every x € L := {Azg+ (1—A)z; :
0< A< 1}. Since zg, 1 € dom R, it follows from Item Ml that R is continuous
on L. Consequently limy_,1 R(Azo+(1—X)z1) = R(xo) < t. In particular, there
exists A\g < 1 such that R(Azg + (1 — N)zq) <t 46 for all 1 > XA > A\g. Since X
is a topological vector space (Item[I)), it follows that ' := Azg + (1 — A\)x; € N
for some 1 > A > A\g. This shows the assertion with € := 8 — S(F(x'), y) > 0.0

Lemma allows us to apply the stability result Proposition B.10, which
shows that Assumption 1] implies the continuous dependence of the solutions
of @) on the data y and the regularization parameter (.

Proposition 4.3 (Stability & Convergence). Let Assumption[{.1] hold and
assume that O (y,w, F,t) is compact for every v > 0, t € R, and w € Y.
Assume moreover that (yi)ren converges S-uniformly toy € Y, and B, — (.
If =0, assume in addition that S(y,yr) < Br. Then

@ 7é TR'Limsupk E(ﬂkayka F) C 2(ﬂaya F) .
If the set (B, y, F') consists of a single element xg, then
{Ig} = TR_Limk E(Bkayka F) .

Proof. If 8 = 0, the assertion follows from Proposition 3.9 In the case 8 > 0,
Lemma implies that (28) holds. Thus, the assertion follows from Proposi-
tion 0

Proposition 4.4 (Stability). Let Assumption[[.1] hold. Assume that (yi)ren
converges S-uniformly to y € Y, the mappings Fi,: X — Y converge locally
S-uniformly to F: X — Y (see Definition[Z33), and B, — 8 > 0. Assume that
the sets {x eX :R(z) < t}, DR (v, w, Fi,t) and Or(vy,w, F,t) are compact for
everyy>0,teR, andw €Y. Then

0 # tr-Limsupy, X(0k, yx, F1.) C (3,9, F) .
If the set 3(0,y, F) consists of a single element x3, then
{zg} = mr-Limy X(Bk, Yk, Fi) -

Proof. Again, Lemma shows that (28] holds. Thus the assertion follows
from Proposition B.10 O

Item 2] in Assumption [£]] is concerned with the interplay of the functional
F and the distance measure S. The next two examples consider two situations,
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where this part of the assumption holds. Example considers linear operators
F and convex distance measures S. Example[d.lintroduces a class of non-linear
operators on Hilbert spaces, where Item [2 is satisfied if the distance measure
equals the squared Hilbert space norm.

Example 4.5. Assume that F: X — Y is linear and S is convex in its first
component. Then Item 2]in Assumption [4.1]is satisfied. Indeed, in this case

S(F(Azo + (1 = N)z1),y) = S(AF(20) + (1 — N\)F(21),y)

If moreover, S(F(:L’o), y) #+ S(F(:L’l), y) and 0 < A < 1, then the last inequality
is strict. |

Example 4.6. Assume that Y is a Hilbert space, S(y,2) = ||y — z||, and
F: X — Y is two times Gateaux differentiable. Then Item 2lin Assumption A1l
is equivalent to the assumption that for all zg, z1 € X the mapping

tios Tt v, 1) = | Fao + ta1) — g2

has no local maxima. This condition holds, if 9?7(0;xg,z1) > 0 whenever
0T (0;x0,21) = 0. The computation of the derivatives of T'(-;xo,x1) at zero
yields that

0T (0; o, x1) = 2(F'(wo)(z1), F(z0))

and
OPT(0; w0, 1) = 2(F" (20) (w1; 1), F(wo)) + 2||F' (o)1 || -

Consequently, Item 2] in Assumption 1] is satisfied if, for every zg, z1 € X
with 21 # 0, the equality (F”(zo)(z1), F(zo)) = 0 implies that

<F”(ac0)(x1;x1),F(aco)>—i—HF’(aco)(xl)HQ >0. -

Example 4.7. Let p > 1 and X = LP(Q, u) for some o-finite measure space
(€, 1). Assume that Y is a Banach space and F': X — Y is a bounded linear
operator with dense range. Let R(z) = ||z[|} and S(w,y) = ||w — y||. We thus
consider the minimization problem

[|]|F — min subject to  |[Fx —y|| < 5.

We now show that in this situation the assumptions of Proposition are
satisfied. To that end, let 7 be the weak topology on LP(, u). As LP(Q, u) is
reflexive, the level sets {:c € X :R(z) < t} are weakly compact. Moreover,
the mapping = — |[[Fz — y|| is weakly lower semi-continuous. Thus all the
sets Pr(vy,w, F,t) are weakly compact. Example shows that Item [l in
Assumption £ holds. Item[Blfollows from the density of the range of F. Finally,
Item @l holds, because R is norm continuous and convex.
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Now assume that yr — y and By — [. If § = 0 assume in addition that
llyx — vl < Br. The strict convexity of R and convexity of the mappings = +—
|Fz — yi|| imply that each set (S, yk, F) consists of a single element xy.
Similarly, YX(3,y, F') consists of a single element zf. From Proposition we
now obtain that (24)ren weakly converges to ' and ||zx[|5 — [[«7||2. Thus, in
fact, the sequence (z1)ren strongly converges to ' (see [34, Cor. 5.2.19]).

Let 8 > 0 and assume that F: X — Y is a sequence of bounded linear
operators converging to F' with respect to the strong topology on L(X,Y), that
is, sup{ || Frz — Fa| : ||z|| <1} — 0. Let again 8y —  and y — y, and denote
by xj, the single element in X(8k, yi, Fi). Applying Proposition 4, we again
obtain that z; — . n

Remark 4.8. Example L7 relies heavily on the assumption that p > 1, which
implies that the space LP(£), i) is reflexive. In the case X = L1(£2, i), the level
sets {z € X :||z|1 <t} fail to be weakly compact, and thus even the existence
of a solution of Problem () need not hold. n

Remark 4.9. The assertions of Example 7] concerning stability and conver-
gence with respect to the norm topology remain valid, if X is any uniformly
convex Banach space and R the norm on X to some power p > 1. Also in
this case, weak convergence and convergence of norms imply the strong conver-
gence of a sequence [34] Thm. 5.2.18]. More generally, this property is called
the Radon—Riesz property [34, p. 453]. Spaces satisfying this property are also
called Efimov-Stechkin spaces in [45]. n

5 Convergence Rates

In this section we derive quantitative estimates (convergence rates) for the dif-
ference between regularized solutions xg € (5, y, F') and the exact solution of
the equation F(z') = yf.

For Tikhonov regularization, convergence rates have been derived in [4} [26]
39] in terms of the Bregman distance. However, its classical definition,

D¢(z,2") = R(z) — (R(z") + (¢, 2 — a¥)x- x)

where ¢ € OR(x"), requires the space X to be linear and the functional R to be
convex, as the subdifferential R (z1) is only defined for convex functionals. In
the sequel we will extend the notion of Bregman distances to work for arbitrary
functionals R on arbitrary sets X.

Definition 5.1 (Generalized Bregman Distance). Let R: X — RU{+o0}
and let
2t € dom(R) := {ze X :R(z) <}

be an element in its domain.
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A functional 7: X — RU {+oo} is called a Bregman tangent for R at ' if
T (2') =0, dom(R) C dom(7T), and the mapping

R(z) — (R(z") + T (2)), ifz € dom(R),

28
+00, if x € X \ dom(R), (28)

z+— Dy(z,zt) = {

is non-negative. The mapping D7 (-, ') is called the Bregman distance corre-
sponding to 7. -

Remark 5.2. Let X be a Banach space, let R be convex, and let £: X — R
be a bounded linear functional. Then the mapping

Te(w) = (&, o —aT) (29)
ais a Bregman tangent for R at z', if and only if ¢ € OR(z"). Thus, the standard
Bregman distance D¢ = D7, is indeed a special case of our generalized notion.g

Convergence rates in terms of the Bregman distance D, will be obtained
under the following assumption:

Assumption 5.3.

1. There exists a monotonically increasing function 6 : [0,00) — [0,00) such
that
S(wl,wg) < 9(8(11)1,103)-1—8(102,11)3)) (30)

for all wy, we, wy €Y.

2. There exists an element x' € dom(R), a Bregman tangent T for R at 7,
and constants 1 € [0,1) and 2 > 0 such that

~T (z) < 1 D7 (z,2") + 1S(F(z), F(z)) (31)
for every x € ®x (0(283), F ('), F,R(z")).

Remark 5.4. In a Banach space setting (see Subsection 5] below), the source
inequality [BI) has already been used in [26], 42] to derive convergence rates for
Tikhonov regularization with convex functionals. n

Theorem 5.5 (Convergence Rates). Let Assumption[5.3 hold. Then
sup{ D1 (zp,2") : 25 € 2(B,y, F)} < 11—271 0(3+S(F(zh),y)) . (32)

for ally € Y with S(F(a'),y) <.

Proof. Let x5 € £(8,y, F). This, together with (30) and the assumption that
S(F(xT), y) < 3, implies that

S(F(xp), F(z1) < 0(S(F(zp),y) + S(F(2'),y)) < 0(28) .
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Thus we can apply 1)) and the definition of the Bregman distance, to deduce
that

— T (23) < nDr(xs, ") + 128(F(zp), F(ah))
=n(R(zp) = R(z") = T(p)) + 128 (F(xp), F(z')) .

Together with the assumption 1 € [0,1) this shows the inequality

~T(rg) € T2 (Rlag) = RG) + 2= S(F(aa), Fla) - (39)

Since S(F(xz'),y) < B, it follows that R(zg) — R(z") < 0. Therefore (B3)
implies that

Dr(zg,2") < S(F(xp), F(h)) . (34)

-Nn
Consequently we obtain from (B0) and the estimate S (F (:Cg),y) < 3 the re-
quired inequality

Dr(zg,at) < 112% 0(5 +S(F(z1),y)) . O

Remark 5.6. Typically, convergence rates are formulated in a setting which
slightly differs from the one of Theorem (see [4, [18] 26l [42]). There one
assumes the existence of an R-minimizing solution zf € X of the equation
F(zt) = yf, for some exact data y' € Y. Instead of y', only noisy data y € Y’
and the error bound S(y',y) < 3 are given. For this setting, (32)) implies the
rate

Dr(ap,a) < —2—0(28) = O(8(28))  as §—0,

-MN
where 25 € 3(8,y, F') denotes any regularized solution. n

5.1 Convergence rates in Banach spaces

In the following, assume that X and Y are Banach spaces with norms ||-||x
and |||y, and set S(y,z) := |ly — z|ly. Let R be a convex and lower semi-
continuous functional on X, and let D¢ := Dz, with £ € OR(z") denote the
classical Bregman distance (see Remark [5.2)).

Given data y satisfying ||F(z') — y|| < 8, Theorem implies the conver-
gence rate D¢(zg,27) = O(fB), where x5 € X(8,y, F) is a regularized solution
and z' satisfies the source inequality

(.2~ at) <1 De(w,ah) + 128 (F(2), Flah)) (35)

Equation (B5) has already been used in [26] to derive convergence rates for
Tikhonov regularization.

In the special case where X is a Hilbert space and R(z) = ||x||% /2 we have
De¢(z,2") = ||z — 2'(|% /2, which implies the rate O(y/B) with respect to the
norm. In Proposition (.8 below we show that this rate holds on any 2-convex
space. For r-convex Banach spaces with r > 2, we derive the rate (9((51/’“).
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Remark 5.7. The book [42, pp. 70ff] clarifies the relation between (B3] and
the source conditions used to derive convergence rates for convex functionals
on Banach spaces (see [} [39]). In particular, it is shown that, if F and R
are Gateaux differentiable at 2 and there exist ¥ > 0 and w € Y* such that
Yllw|ly= < 1 and

E=F (2" wedR(="), (36)

[F(z) = Fah) = F'(a") (2 — 2T}, < yDe(x,2") (37)

for every € X, then (B5) holds on X. Here F'(z)* : Y* — X* is the adjoint

of F'(xz"). Conversely, if ¢ € OR(z) satisfies [35), then ([B6) holds for every
re X.

In the particular case that F': X — Y is linear and bounded, the inequal-

ity (1) is trivially satisfied with v = 0. Thus, B8] is equivalent to the source-
wise representability of the subgradient,

¢ € OR(z") Nran(F*). (38)
Here ran(F*) = {F'(z")*w : w € X*} denotes the range of F’(z7)*. n

Recall that the Banach space X is called r-convex (or is said to have modulus
of convexity of power type ), if there exists a constant C' > 0 such that

inf{1—[[(z+y)/2]l : Izl = lyll = 1, o —yll = e} = C"

for all € € [0,2]. Notice that all Hilbert spaces are 2-convex and that there is
no Banach space (of dimension > 2) that is r-convex for some r < 2 (see [32]
pp. 63ff]).

Proposition 5.8 (Convergence rates in the norm). Let X be an r-convex
Banach space with v > 2 and let R(x) = ||z||%/r. Assume that there exists
zt € X, a subgradient ¢ € OR(x1), and constants v € [0,1), 42 > 0 such that
B5) holds for every x € O (26, F(z'), F, R(x')).
Then there exists a constant ¢ > 0 such that
1/r

sup{llag — || 125 € (8,9, F)} < e(B+ [F@h) —y)'"" (39)

for all B3>0 and y € Y with ||F(z") —y|| < 8.

Proof. Let J,. : X — 2% denote the duality mapping with respect to the
weight function s — s"~1. In [49] Equation (2.17)] it is shown that there exists
a constant K > 0 such that

ot + 2ll% > 2% + (o (1), 2)x,x- + K2 (10)

for all zf, 2 € X and j.(2") € J.(27). By Asplund’s theorem [IT, Chap. 1,
Thm. 4.4], the subgradient of R(x) = ||z||"/r equals the duality mapping J,.
Therefore, by taking z = 2 — z' and j,(z') = £, inequality (@Q) implies

De(x,2") > K/r ||z — 2T||% for all ',z € X and € € OR(z").  (41)
Consequently, (39) follows from Theorem .51 O
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Exact values for the constant K in ({#I)) (and thus for the constant ¢ in (39)))
can be derived from [49]. Bregman distances satisfying ([41]) are called r-coercive
in [25]. This r-coercivity has already been applied in [3] for the minimization of
Tikhonov functionals in Banach spaces.

Example 5.9. The spaces X = LP(2, u) for p € (1,2) and some o-finite mea-
sure space (2, 1) are examples of 2-convex Banach spaces (see [32, p. 81, Re-
marks following Theorem 1.£.1.]). Consequently we obtain for these spaces the
convergence rate O(\/ﬁ) The spaces X = LP(Q, u) for p > 2 are only p-convex,
leading to the rate O(ﬂl/p) in those spaces. ™

6 An Application: Sparse Regularization

Let A be an at most countable index set, define
52(/\) = {x = (I)\))\EA CcR: Z|I)\|2 < OO}7
A

and assume that F': X := ¢2(A) — Y is a bounded linear operator with dense
range in the Hilbert space Y. We consider for p € (0,2) the minimization
problem

Ry(x) = el yy = Y laal? —min  subject to [[Fa—y|} < 5. (42)
AEA

For p > 1, the subdifferential R, (x1) is at most single valued and is identified
with its single element.

Remark 6.1 (Compressed Sensing). In a finite dimensional setting with
p = 1, the minimization problem ([@2]) has received a lot of attention during the
last years under the name of compressed sensing (see [5L [0 [8, [14] (15 16} 2] [47]).
Under some assumptions, the solution of [@2) with y = Fx and 3 = 0 has been
shown to recover z! ezactly provided the set {)\ eA: ac; #* O} has sufficiently
small cardinality (that is named, it is sufficiently sparse). Results for p < 1 can
be found in [9, [13] 20 [40]. n

In this section we prove well-posedness of [@2]) and derive convergence rates
in a possibly infinite dimensional setting. This inverse problems point of view
has so far only been considered for Tikhonov regularization

Rp(z) + ol Fz -y} — min

(see [10, 12, 22| 23, 33, 37, [51]).

In the following 7 denotes the weak topology on ¢?(A), and 7, := 7, denotes
the topology as in Definition Then a sequence (z)ren C £%(\) converges
to z € £2(\) with respect to 7, if and only if 2 — z and R, (zx) — R(z). As
shown in [23, Lemma 2] this already implies R, (xr — ) — 0. In particular, the
topology 7, is stronger than the topology induced by ||-[[s2(a)-
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6.1 Convex (P Regularization
We first assume that p € [1,2), in which case the functional R, is convex.

Proposition 6.2 (Well-Posedness). Let 1 < p <2 and let F: (?(A) — Y be
a bounded linear operator with dense range. Then the following hold:

1. Existence: For every 8 > 0 and y € Y, the set of reqularized solutions
X(8,y, F) is non-empty.

2. Stability: Let (8x) and (yr) be sequences with B, — >0 and yr, — y €
Y. Then () # 7p-Limsup, N(Bk,yx, F) C N(B,y, F).

3. Convergence: Let ||lyr — ylly < Br — 0 and assume that the equation
Fx =y has a solution in (P(A). Then () # 7p-Limsup, 3(Bk, yx, F) C
2(0,y, F). If the equation Fx =y has a unique Ry-minimizing solution
xt, then Tp-Lim, ¥(Be, yx, F) = {xT}.

Remark 6.3. In the case p > 1, the functional R, is strictly convex, and
therefore the R,-minimizing solution z' of Fz = y is unique. Consequently
the equality 7,-Lim, X(8e, yx, F) = {2} holds for every y in the range of the
operator F. ]

Proof (of Proposition[6.3). In order to prove the existence of minimizers, we
apply Theorem [B] by showing that &% (3,y, F,t) is compact with respect to
the weak topology on ¢2(A) for every ¢ > 0 and is nonempty for some ¢. Because
F' has dense range, the set

Or(8,y, F.t) = {z € (2(A) : Rp() < t,[[F(2) —yl} < B}

is non-empty for ¢ large enough. It remains to show that the sets ®x(5,y, F,t)
are weakly compact on £2()) for every positive t.

The functional Ry,(z) = > calalP is weakly lower semi-continuous (on
£2(X)) as the sum of non-negative and weakly continuous functionals (see [17]).
Moreover, the mapping F' is weakly continuous, and therefore z — | Fz —
y||3- is weakly lower semi-continuous, too. The estimate R,(z) > ||$H§2(A)
(see [23, Equation (5)]) shows that R, is weakly coercive. Therefore the sets
O (0,y, F,t) are weakly compact for all ¢ > 0 (cf. Remark B2). Thus, Theo-
rem [3.] shows that (3, y, F) # 0.

Taking into account Example 5] it follows that R,, S, and F satisfy As-
sumption Il Consequently, Items 2] and [3] follow from Proposition O

In the following, we derive two types of convergence rates results with respect
the ¢2-norm: the rate O(v/d) (for p € (1,2)) and the rate O(6'/?) (for every
p € [1,2)) for sparse sequences—here and in the following, 2t € ¢£2(A) is called
sparse, if

supp(z') := {xeA: :L'J;\ #0}
is finite. The same type of results has also been obtained for sparse Tikhonov
regularization in [23] 42].
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Proposition 6.4. Let 1 <p <2, zf = (ﬂCJ,r\)AeA € (?(A), and let F: (*(A) - YV
be a bounded linear operator. Moreover, assume that there exists w € Y with
OR,(z") = F*w.

Then there exists a constant d, > 0 only depending on p such that

Sup{“:ﬂﬁ - ﬂCTH?z(A) 1T € 2(ﬂayaF)}
dp|lwlly
T 34 2R,(xf)

(B+I1Fz" —ylly) (43)
for all >0 andy € Y with |[F(z") —y|ly <.
Proof. The assumption OR,(z") = F*w implies that

—(ORy ("), — aT) < (IR, (2T), 2 — 2T)| < wly | F(z =Dy . (44)

Thus (31)) holds with 41 = 0 and 72 = ||w||y. Theorem [E3] therefore implies the
inequality

sup{ Dor, (o1) (25, 2") 1 25 € D(B,y, F)} < |lwlly (8 + [|F2’ —ylly) . (45)
From [23] Lemma 10] we obtain the inequality

d
112 P T
r—T < D T, T

|| ||€2(A) 3 2Rp(ﬂfT) Rp(l') 87?1,(;&)( )

(46)

for all z € dom(R,). Now, @3] follows from (@5) and [g). O

Remark 6.5. Since ¢P(A) is 2-convex (see [32]) and continuously embedded in
?2(A), Proposition 5.8 provides an alternative estimate for x5 — z' in terms
of the stronger distance ||'||zp( A)- The prefactor in 9), however, is constant,
whereas the prefactor in (@3] tends to 0 as R,(x') increases. Thus the two
estimates are somehow independent from each other. -

Proposition 6.6 (Sparse Case, p > 1). Let p € (1,2), let a7 = (JU;)/\EA €

(2(N) be sparse, and let F: (*(A) — Y be bounded linear. Moreover, assume
that there exists w € Y with OR,(z') = F*w and that F is injective on

V :={x € (*(A) : supp(z) C supp(z')} .
Then

sup{||:ng — :cT||gz(A) cxp € X(B,y, F), ||F:13Jr —ylly < ﬂ} = O(ﬂl/p) as 3—0.
(47)

Proof. The injectivity of F' on the finite dimensional space V implies the exis-
tence of a constant C' > 0 such that

CllF($)||y > Hx||42(A), forallx € V.
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Denote by 7, 7+ : X — X the projections
Tr = Z ) €N, ﬂlx = Z )€y .
Aesupp(zt) A¢supp(zt)

By means of the inequality (a + b)? < 2P~1(a? + bP) for a, b > 0, it follows that
for every x € £2(A)

—1 p —1 1 |IP
[l — xTH;Z?(A) <27 |m(x - xT)HZ?(A) +20 7 |m x”z?(A)
< 2P71CP||F (n(z — ah)) |5 + 227! H?Tl.ﬁH;ZQ(A) . (48)
Applying the inequality (a + b)? < 2P~1(aP + bP) a second time shows that
|F (w(x —aN)) | < 227 H|F (@ — a5 + [|[Frt (2 — 2T)15
<27 F(a — 2} + | FIPIntalfy - (49)
In [23] it is shown that
”7er”§2(/\) < Rp(’/TL:L’) < Dan(ﬂ)(% :L'T) :
Together with inequalities @8] and ([@9), this implies

||x*xT||:Zz(A)

< 220 0C?|[F(a = o)+ 207 (14 207 P FIP) taBa
(50)
< 22~ DCP||F(z — 2")||? + 277! (1 - 2pflcp||F||P)D6Rw)(x,:J) :

As in the proof of Proposition [6.4] one verifies that the inequality (@8] holds for

all y € Y with ||F(2") — y|| < 8. Therefore @T) follows (G0). O
Next we derive the rate O(9) for p = 1.

Proposition 6.7 (Sparse case, p = 1). Let 27 = (JU;)/\EA € (2(A) be sparse.

Assume that there exist £ = (§x)ren € OR1 and w € Y with £ = F*w, and that

F' is injective on

V ={z €A :supp(z) C{A€A:[&] =1}

Then
sup{llzs — 2l 2a) : 25 € BBy, F), ||Fa’ —ylly < 5} = O(B) asf—0.
(51)
Proof. Analogously to the proof of (B0) one shows that
o = atlew < CF@—a)y + (1+ CIFN) Intallen  (52)
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holds for every = € £?(A). Further, in [23] it is shown that

Dor, (zt)(z, 1)

7zl a) < . (53)
W =T Tmax{|6 ] A e A, 6] < 1}
Finally one verifies as in the proof of Proposition that
Do, o) (@s,2") < |lwlly (B + ||1F(z") — ylly) (54)
holds for every x5 € X(0,y, F). Combining the estimates (54), (52), and (E3)
shows (BIl) and concludes the proof. O

Remark 6.8. Let p € [1,2). If V is any finite dimensional subspace of ¢?(A)
and F is injective on V, then there exists a constant C}, > 0 such that

CollF(@)|ly = l|zller(ay » forallz e V.

Arguing as in the proofs of Propositions and [6.7, one therefore derives the
convergence rate

sup{ 25 — 2"l (n) s 25 € £(B,y, F), [|Fa" —ylly <8} =O(B) as §—0
for the reconstruction of sparse sequences . n

The convergence rates results for constrained ¢P regularization are summa-
rized in Table [

Rate | Norm | Premises (besides ran(F*) N R, # 0) | Result

B2 ll-Ile2 pe(1,2) Prop. 64
B2 e | pe(1,2) Rem.
pH/» (RIPE p € [1,2), sparsity, injectivity on V Props. [6.6]
p/r Il er p € [1,2), sparsity, injectivity on V' Rem. 6.8
p € (0,1), uniqueness of z,
. . . . .11
B H ”62 sparsity, injectivity on V' Prop

Table 1: Convergence rates for constrained P regularization.

6.2 Non-convex Regularization

We now drop the requirement that p > 1 and instead choose 0 < p < 1. That is,
we consider the minimization problem ([@2) with 0 < p < 1. In the following we
show that most results of the superlinear case p > 1 carry over to the sublinear
case. Note, however, that the functional R, is non-convex for p < 1 and thus
its restriction to a set of the form {x € ¢ : |[Fz —y|| < 3} may have local
minima. Also, the Rp-minimizing solution of Fz =y need not be unique.
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Proposition 6.9 (Well-Posedness). Let F: 2(A) — Y be a bounded linear
operator with dense range. Then constrained ¢P regularization with 0 < p < 1 is
well-posed:

1. For every >0 andy € Y the set of solutions X(8,y, F') is non-empty.

2. Let B, — >0 and yp — y €Y. Then () # 7p-Limsup, X(Bk, yx, F) C
X8y, F).

3. Let |lyx — yll < Br — 0 and assume that the equation Fx = y has
a solution in (P(A). Then O # 7p-Limsup, X(6k,yx, F) C X(0,y, F).
If the equation Fx = y has a unique R,-minimizing solution x', then
Tp-Lim, ¥(Bk, yr, F) = {xT}.

Proof. This is similar as Proposition O

Remark 6.10. In case the Rp-minimizing solution zt of Fx = y is unique,
Item [l in Proposition [6.9] implies that

sup{|lzs — @[l en(a) 1 25 € 2(B,ys, F), ly—ysll < B} > 0as B —0;

otherwise there would exist a sequence By — 0, yr € Y with |lyx — y| < B
and £ > 0 such that ||z, — zT[|m@) > € for some z, € S(By,yx, F), k €
N. This, however, contradicts the assertion of Proposition £ that {zf} =
TP_Limk E(Bk,yk,F). ]

Now we prove convergence rates for non-convex /P regularization. Similar,
but weaker results have been derived in [22] [51] in the context of Tikhonov reg-
ularization. In [51]), the conditions for the convergence rates result are basically
the same as in Proposition [6.1T], but only a rate of order O(\/g) has been ob-
tained. In [22], a linear convergence rate O(9) is proven, but with a considerably
stronger range condition: each standard basis vector ey, A € A, has to satisfy
ex € ran F'*,

Proposition 6.11. Let F': (>(A) — Y be a bounded linear operator with dense
range and let xf = (ﬂCJ,r\)AeA € (%(A) be sparse. Assume moreover that there
exists a unique Rp-minimizing solution zf of Fx = Fa', and F is injective on

V :={z € (*(A) : supp(z) C supp(z')} .
Then
sup{|lzs — ¥l 2(a) : 2 € B(8,y. F), |[Fa' —ylly < B} = O() as 5 —0.

Proof. Denote € := supp(z'), which by assumption is a finite set, and let T,
7t £2(A) — £2(A) be the projections

Tr = E TNEN , 7TL$= E TNE) -

AeQ AZQ
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As in the proof of Proposition [6.1 (see (G2)), we obtain the existence of Cy > 0
such that

lz =M@y < C|Fl@ =Dy, + (1 + Ol F)In2len)  (55)

for every = € £2(A).
We now derive a bound for ||7tz||p(a). For every o € {£1}?, we define
(o) € £2(Q) by
Clo)a = 0’,\|$T/\|p_1, AeQ.

Note that (o), is well-defined, because by assumption :ci # 0 for every \ € Q.
Now let = € £2(A) and let o) = sgn(zy — :ci) for every A € Q with z # :cir\ and
oy=1ifx) = :L'J;\ Then

Ry(a") = Ry(ra) = Y (el = [aal") < D2 (el = [aal?)

AEQ BEN
Sl el —aal < Y el Pl - 2al = (o), m(z — 2T)) .
BEN AEQ
Consequently,

Uer?ﬁc}nKC(J), m(x — :cT)>| > Ry(xh) — Ry(mx) for every = € £2(A) . (56)

Denote by i: £2(Q) — ¢2(A) the embedding i(z) = z. Since F o7 is injective
and i* = m, it follows that (F o¢)* = 7o F'* is surjective (see [50, Cor. VIL.5.2]).
In particular, ((o) € ran(r o F*) for every o € {£1}%%. Thus, there exists for
every ¢ € {£1}* some w(o) € Y such that m o F*w(o) = ((0). With the
abbreviation

Coi= max_[w(@)ly
oce{£1}%

we therefore obtain that

|(C(0), 7(z — zP))|

(0 F*wl(o), n(a — )|

|(F*w(o x—xT>|+‘F* o), m(z —ah))|

[(w(o), F(z = 2N)| + | F*w(o)llemlm(z — 2")llen)
CollF(z = aY)lly + Cel| Flllm ez a)

I/\ INIA

for every z € £2(A) and o € {£1}%%. Together with (58], this implies that
Col| Pz — ")y > el?jf}ﬂKC(U)ﬂf(fE — )| = Co|l Fllll7 2] 2

> Rp(a') = Ry(mz) — Co|| Fl|[ 7t alleza)  (57)

for every = € £2(A).
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Since p < 1, there exists € > 0 such that
(Co||F|| + 1)t < P whenever ¢t € R with [¢| < e .

Thus, for every z € £2(A) with ||7F2]/s=(s) < € we have

(C2|IFll + Dlimzllezay < (CallFll + Dllmtallena)
=Y (Gl Fll + Dlza| < Y laalP = Ry(nta) .

AEQ AEQ
Thus (57) implies that, for every z € £2(A) with ||75z||s=(a) < €,
Ry(zh) = Rp(@) + 7zl 2(ay < Col| Fla — 2Py (58)

Remark 610 and the assumption that z' is the unique Rp-minimizing solu-
tion of Fx = Fz! imply that

sup{||:cg - :L'THp(A) cxg € X(6,y, F), ||F:ET —ylly < 6} —0 asfB—0.

Since |25 — 2t ||go(a) < |lws — 2T ||g2(a), it follows that there exists 3y such that
lxg — Z’T”goo(A) < e for all z5 € X(B,y, F), |Fa' —ylly < 3, and 8 < fo.
In these cases, (B8) applies. The estimates (B3) and (BS), and the inequalities
Rp(r5) < Rp(2) and ||F(zs — 21)|| < 28 therefore imply that

lzs = a¥llez(ay < CillF(zg — aV)lly + (1 + CLllFID 7+ a2 a)
< Cil|F (x5 — 2"y
+ 1+ CIFNCa(IIF (25 — 2Nl + Ry (25) — Rp(a))
(C1+Co+ LG FI) | F (25 — 2Py

<
<2(Cy + Co + C1Cs| F|) 3,

which proves the assertion. O

7 Conclusion

Due to modeling, computing, and measurement errors, the solution of an ill-
posed equation F(x) = y, even if it exists, typically yields inacceptable re-
sults. The residual method replaces the exact solution by the set X(3,y, F) =
argmin{R(z) : S(F(z),y) < B}, where R is a stabilizing functional and S de-
notes a distance measure between F(z) and y. This paper shows that in a very
general setting X(08,y, F') is stable with respect to perturbations of the data y
and the operator F' (Theorem and Proposition BI0), and the regularized
solutions converge to R-minimizing solutions of F(z) = y as 8 — 0 (Proposi-
tion B9)). In particular the stability issue has hardly been considered so far in
the literature.
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In the case where F' acts between linear spaces X and Y, stability and con-
vergence have been shown under a list of reasonable properties (see Assump-
tion I]). These assumptions are satisfied for bounded linear operators, but
also for a certain class of nonlinear operators (Example [L.0]). If Y is reflexive,
X satisfies the Radon—Riesz property, F is a linear closed operator, and R and
S are given by the norms on X and Y, the set X(8,y, F) consists of a single
element 3. This element is shown to converge strongly to the minimal norm
solution z' as 3 — 0. In this special situation, norm convergence has also been
shown in [29] Theorem 3.4.1].

In Section Bl we have derived quantitative estimates (convergence rates) for
the difference between 2 and minimizers x5 € ¥(3,y, F) in terms of a (gener-
alized) Bregman distance. All these estimates hold provided S(F(z'),y) < S8
and a source inequality introduced in [26] is satisfied. For linear operators, the
required source inequality follows from a source wise representation of a subgra-
dient of R at x'. This carries on the result of [4] for constrained regularization.
In the case that X is an r-convex Banach space with » > 2 and R is the r-
th power of the norm on X, we have obtained convergence rates O(ﬂl/ ™) with
respect to the norm. The spaces X = LP(Q) for p € (1,2] are examples of
2-convex Banach spaces, leading to the rate O(\/B) in those spaces.

As an application for our rather general results we have investigated sparse
(P regularization with p € (0,2). We have shown well-posedness in both the
convex (p > 1) and the non-convex case (p < 1). In addition, we have studied
the reconstruction of sparse sequence. There we have derived the improved
convergence rates O((3'/?) for the convex and O(/3) for the non-convex case.
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