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ABSTRACT. We consider image registration, which is the determination of a
geometrical transformation between two data sets. In this paper we propose
constrained variational methods which aim for controlling the change of area
or volume under registration transformation. We prove an existence result,
convergence of a finite element method, and present a simple numerical example
for volume-preserving registration.

1. INTRODUCTION

Registration is concerned with the determination of a geometrical transformation
that aligns points in one view of an object with corresponding points in another
view of the same or a similar object. There exist many applications, particularly in
medical imaging, which demand for registration. Examples include the treatment
verification of pre- and post-intervention images, the study of temporal series of
cardiac images, and the monitoring of the time evolution of a contrast agent injec-
tion subject to patient motion. Another important application is the combination
of information from multiple images, acquired using different modalities such as
computer tomography (CT) and magnetic resonance imaging (MRI), a technique
also known as fusion. In the last two decades, computerized non-rigid image reg-
istration has played an increasingly important role in medical imaging, see, e.g.,
[21), 277, 12 [35] [24] and references therein.

Recent work on image registration concerns taking into account prior information
on the geometrical transformation. For example, many applications require the
transformation to be one-to-one. In this context two major directions have been
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suggested. One approach facilitates diffeomorphic or geodesic splines; see, e.g.,
[32, 9, 4 23] 22] 33, [19]. The underlying idea is to add time as a further dimension
and to establish an energy minimizing flow of correspondent particles. An additional
regularization enforces that particles can not cross and as a consequence, the flow
and hence the transformation is one-to-one. These techniques are of particular
interest for constructing transformation groups and for performing shape analysis.
However, these techniques require an additional time integration and do not provide
full control on the transformation. The second approach is based on constrained
optimization. Introducing the displacement u with y(z) = z + u(z), the constraints
are based on the determinant of the Jacobian

C(u)(z) = det (V(z +u(z))) for almost all =z .

Equality C(u)(z) = 1 as well as inequality k(z) < C(u)(xz) < K(z) constraints
have been discussed in the literature [I6] [I8]. The choices 0 < k(z) < K(x) < oo
provide lower and upper bounds for volume changes. In contrast to the diffeo-
morphic approach, the equality constrained approach guarantees that the volume
of tissue is constant under transformation. The inequality approach enables the
usage of pre-knowledge. For example, one could restrict on subregions displaying
bones with k(z) = K(x) = 1 and on subregions displaying soft-tissue with some
relaxed bounds. It is worthwhile noticing, that there is a connection to local rigidity
constraints, where with I; the identity matrix in ]Rd, the constraints are essentially

crieid (y)(z) = Vu' (2)Vu(z) — Iy = 0.

Volume preservation and local rigidity have been treated in terms of soft-constraints
and hard constraints. For soft-constraints, an appropriate penalty term is added
to the overall objective [30, B1L 25, [34], whereas hard constraints are much more
delicate. For the local rigidity approach, it has been shown that a Lagrangian
framework leads to linear constraints and thus enables an efficient numerical im-
plementation and analysis [I5]. Numerical schemes have been proposed for the
non-linear and differential volume preserving hard constraints [16, [I8]. However,
existence theory has only be established for a finite dimension setting.

In this paper, we use variational techniques to derive an existence theory for a
minimizing element of the constrained optimization problem in an infinite dimen-
sional setting. From a mathematical point of view the work most closely related
work is [8], where variational regularization methods motivated from nonlinear elas-
ticity have been used. However, there the minimization problem is treated in an
unconstrained setting.

This paper is organized as follows. In Section [2] we introduce the registration
setup for this paper, then we quote some important results from the calculus of
variation, that are relevant for this work. Using them we prove existence of min-
imizers of the constrained regularization functionals for registration in Section
Theorem indicates that in the volume constrained case, the spacial dimension
determines the choice of the regularization functional strongly. A central part of
this work is the convergence analysis of the finite dimensional approximation of the
minimization problem. In Section [5] we explain how to approximate the constraints
and the involved functionals, and show in Theorem that under certain condi-
tions, the approximated regularized solution converges to a solution of the original
registration problem. At the end we give a brief outline how we implemented the
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VOLUME CONSTRAINED REGISTRATION 3

area/volume preserving image registration problem and show a simple numerical
result.

2. THE REGISTRATION SETUP

Given a reference image Iy and a template image I;, which are assumed to be
compactly supported functions Iy, I; : @ — R, where Q =]0,1[% and d = 2 or
d = 3. Hence, I (x) is a gray value at spatial position x and Ip(z) = I1(z) = 0
for all ¢ Q. The objective is to find a displacement u = (u',...,u%) : Q@ — R?
such that the distance between the transformed template image I (id 4+ u) and the
reference is small in an appropriate sense. In principle every integral based distance
measure can be used; see, e.g., |29, [20] 24] for an overview. The most widely used
distance measure is the squared distance

2
(1) S(u)= [ |L(zx+ux))— L(z)| dx .

Q
Minimizing the distance measure is known to be ill-posed, in the sense that the min-
imizers of the distance measure are non unique. Therefore regularization becomes
inevitable. For regularization, in this paper we focus on regularization functionals
involving gradients, for instance

R(u) =/Q|Vu|pda:, pe N,

where |[Vu|? := Zf =1 }&uj |p . Another choice for regularization functional (elastic
potential) is discussed in Remark The considered regularized registration problem

then read as follows

(2) minimize 7T (u) := S(u) + aR(u) subject to we€ A,
where A is an intersection of two of the following sets of constraints:
(3) AP = {ue WP | ||ull» < b}, b< oo},

(4) Al = {ueW*?|C(u)=1ac. inQ},

(5) AP = {ueW? k< C(u) <K ae. inQ} .

The set of bound constraints A} is very general. In particular bounding the dis-
placement by twice the diameter of 2 does not provide a constraint to the regis-
tration problem at all. The set A% (E stands for equality constraints) is the set
of all volume preserving transformations. The elements of the sets A7? allow for
some tolerance for local volume preservation. Note that for the particular choices
K(z) = k(z) = 1 the equality constraints are a special case of the inequality con-
straints.

Remark 1. For spatial dimension d = 1 and a smooth and differentiable displace-
ment u, the condition u € A}E’p implies u/(z) = 0 for all x € Q. Hence the only
feasible transformation is a translation y(z) = « +b with b € R. For d = 2,
the situation is already much more complex. For example, any transformation
y(z) = 2 + u(z)? with u(z) = (0,g(z1))T does fulfill the constraints C(u) = 1,
independent on the choice of g:
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In general, C(u) = 1 leads to non-linear differential constraints since the determi-
nant results in a polynomial of degree d in the partial derivatives of u. For example,

det (Vu) = ul u?, —ul u2 ford=2.

3. THE VARIATIONAL SETUP

The goal of this paper is to characterize and identify feasible choices and com-
binations of regularization functionals and set of constraints guaranteeing the ex-
istence of minimizing elements of problem . The main result in this section is
Theorem [£.1} The first part of this section concentrates on existence results in gen-
eral and the second part is dedicated to the set of volume constrained functions.
Theorem [3.3] states under which assumptions the constraint sets are weakly closed.

To formulate the results of this subsection we use the concept of Carathéodory
functions [T, page 74].

Definition 3.1 (Carathéodory [7]). Let Q € R? be an open set and let f : Q x
R%x R™? - R:= R U{+oco}. Then f is a Carathéodory function if

1. f(x,-,-) is continuous for almost every x € ,
2. f(-,€, A) is measurable in z for every (£, 4) € R? x R,

It is convenient to rewrite the functional 7 from as
(6) T(w) = [ o u(a), Vule) d.
Q

with f: Qx RYx R L R, (z,u,A) — f(z,u, A) . For example, choosing
R(u) = [, [Vu(@)[” dx results in f(z,&,A) = |[I1(z +&) — Io(z)]* + o |A]P .
Finally, if second order derivatives are involved, we use the notation

T (u) = /7(x,u(x),Vu(x),Hu(x)) dzx |

where the last component Hu stands for second order terms. Definition [3.1] extends
straightforwardly to the higher order case.

3.1. EXISTENCE THEOREMS IN THE CALCULUS OF VARIATIONS. We summarize
conditions on f which ensure that the constrained problem has a minimizing
element. The following results from [7, Chapter 3] are reviewed. For our registration
problem we have to modify these results a little bit, since boundary-settings in the
original problem are too strong for our application (see Remark for the difference).

Theorem 3.2. Let f: Qx RYx R*? R be a Carathéodory function satisfying
the coercivity condition

(7) [l u, A) = BIA[P + ~(z)

for almost every x € Q, for every (u,A) € R? x R for some function v €
Ll((z, R), B > 0 and p > 1. Assume that f is convexr in A. For ug € WhHP,
let A C up+ Wol’p be a weakly closed set of admissible functions and T as in @

defined on WYP. Moreover, assume that there exists z € A with T(z) < o0, then
7T (u) attains a minimum.

Proof. The central assumption is that the Carathéodory function f is convex with
respect to A. This is a sufficient condition for 7 to be weakly lower semi-continuous
in WL [7, Section 3.3]. From this and the coercivity of f it follows that attains a
minimum on ug + VVO1 P O
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Remark 2. A central assumption of Theorem [3.2)it is that the weakly closed set
A is a subset of ug + Wol’p. This means, that for v € A, u = uy on I, hence in
our numerical implementation, we would have to set boundary conditions. Since
for our registration problem we do not know wug and we do not want to fix u on
the boundary of 2, hence we need to replace the condition A C g+ VVO1 P my a
more reasonable condition, under which we still can proof existence of a minimizing
element (see blow).

In the original proof of Theorem in [7, Theorem 4.1, p. 82] the condition
A Cou+ VVO1 P guarantees that a minimizing sequence (ug)ren is bounded in
the LP-norm (via the Poincaré-inequality). However, in our application all elements
of A are bounded in the LP-norm, hence it is sufficient to assume that the set of
admissible functions is a subset of W2 instead of ug + Wy *. This implies that no
additional boundary conditions on the transformation have to be imposed.

To see that A is closed weakly closed in W*, consider A} for some b < co. Note
that A? is convex and closed in WP, The mapping M : W'? — R, u — |jul|,, is
continuous. Thus Aé’p is the pre-image of [0, b] under a continuous mapping, thus
it is closed with respect to the W' P-norm. Thus, since A} is convex and closed in
WLP it is weakly closed in WP,

The previous theorem can be extended to higher order derivatives.

3.2. WEAK CLOSEDNESS OF THE SETS OF CONSTRAINTS. In the previous sub-
section, we showed existence of a minimizing element of the registration functional
assuming that the sets of constraints A are closed with respect to the weak topolo-
gies (see Theorem and Remark [2)). We now prove the weak closedness of the
sets ARY, A7? as defined in and , respectively.

Theorem 3.3.

1. Ford > 2 and p > d, the sets A}’p,A}E’p are weakly closed with respect to the
WLP_topology.
2. The sets A?’p, A%p are weakly closed with respect to the WP -topology.

Proof. For part (1) we distinguish the cases p = d and p > d. For p > d, the mapping
M : ApP — Li(Q, R), u— C(u), is continuous with respect to the weak topology
on both W' and L4 (Q, R); see [IT} Section 8.2.4, Lemma, p. 454]. Hence, the set
A}P is a pre-image of the closed set {u € LP/?: k < C(u) < K a.e. in Q} under the
weakly continuous mapping M with respect to the weak topology on W'P. Thus
ALP is weakly closed.

For p = d, we assume 0 < K < B < oo and define the set

BY = {u e W' | |C(u)|p~ < B}.

First we prove that B'? is weakly closed with respect to the WP-topology, then we
show that the mapping M : BY? — L(Q, R), u — C(u) is continuous with respect
to the weak topology on WP and the weak topology on L9. With this we can
argue as before, that A}’p is the pre-image closed set of a weakly closed mapping
and consequently it is weakly closed.

Every weak convergent sequence (uy)x in BY'? with weak limit u induces a se-
quence ¢ = C(uy) in L. Since supyey {|/ckl| ~} < B and according to the
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Alaoglu-Bourbaki-Kakutani Theorem, (ci); contains a weak * convergent subse-
quence (cg, ); with a weak limit z € L*,

(8) VoeL'Q,R): lim [ Clu, )¢ do = / z¢ dx
Q

k—oo Q

From [7, Chapter 4, Theorem 2.6, p. 172] we know that for ur, —=w1.» u, C(ug) =
C(u) weakly in D’(£2), meaning that

V¢ely: /QC’(uk)gb d:c%/QC(u)qS dzx.

Moreover, since C§°(2) C L*(2) we have z = C(u) and thus C(u) € L>(€). Hence
BYP is weakly closed.

Since Q is bounded, L>®(Q) C L(2) and LY () € L1(Q), for 1 < ¢ < oo, where
%+ % = 1. Hence for uy, € B, C(uy,) € L%, and thus (8) also holds for all ¢ € L?.
This implies that the mapping M is weakly closed with respect to the weak topology
on WP and the weak topology on L?. Thus A}’p C B'? is the pre-image of the
closed set

{fue LY RY | k< Cu) < K ae. in Q}

under a weak continuous mapping. Hence, A}’p is weakly closed.

For the second statement we show that A?’p is weakly closed. Using again the
result in [7, Chapter 4, Theorem 2.6, p. 172] and the compact imbedding W?2? C
W% one can proof that M : A7? — L'9(Q, R), u+ C(u) is continuous with
respect to the weak topologies on W2P? and L'*9(Q, R). The set A?’p is thus the
pre-image of the closed set

{fue L' |k <Cu) <K ae. inQ}

under the weak continuous mapping M, and hence weakly closed. O

4. MINIMIZING ELEMENTS FOR THE REGISTRATION PROBLEMS

In the previous section we proved the weak closedness of the constraint sets. We
are now ready to prove the existence of minimizing elements for the registration
problem with respect to the different constraints. According to Theorems
it remains to check the following conditions for f (or f in case of higher order
regularization):

1. f or f is a Carathéodory function,

2. f or f satisfies the coercivity condition or f(x,u, A, H) > 3|H|?, respec-
tively,

3. the admissible set of functions A C A;’p is weakly closed with respect to
Whre A C g+ WOQ"p is weakly closed with respect to W?2?.

Theorem 4.1. Assume that Iy and I, are continuous and that the sets A;’p and
AP are as in and , respectively. For the following constrained image regis-
tration functionals there exist minimizing elements:

1. ford>2,p>d, and

T (u) = S(u) + a/ |Vu|’ de — min subject to u € .A}’p N A;’p,

INVERSE PROBLEMS AND IMAGING VoLuME X, No. X (200X), X-XX
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2. ford > 2, p>1, and higher order reqularization
T (u) = S(u) + al/ |Vul? dx + ag/ |H (u)|” dz — min
Q Q

subject to u € AP N (uo + Wf*’). Here H(u) is the hessian of u.

Proof. Since the images Iy and I; are assumed to be continuous, the functions f or
f are Carathéodory functions.

1. For d > 2 and p > d we have
fl2,6 4) = (h(z + &) — Io(x))” + a|A]”,

thus o |Vul? < f(x,u,Vu), and hence f is coercive in WP, Moreover,
A;’p N A}’p is weakly closed with respect to the W1 P-norm; cf. Theorem
According to Theorem 7 attains a minimum.

2. For higher order regularization,

Fl@, & A H) = (L@ + &) = Io(@))* + an| AP + as| HP.

Since aq|H (u)[P < f(z,u, Vu, H(u)) the coercivity condition is satisfied in
W2P. The set of admissible functions A7? N (ug + W3P) is weakly closed
with respect to the W?2P-norm; cf. Theorem An application of a straight-
forward extension of Theorem [3:2] to higher order derivatives completes the
proof.

O

Remark 3 (Elastic Regularization Functional). Theorem indicates that in our
existence analysis, the spacial dimension d influences the choice of the regularization
functional R strongly. The limiting factor in this existence result is the determinant
constraint, since the determinant is a polynomial of degree d. For example, the
probably most commonly used elastic reqularization [1l, Bl 2, 5l 14 [17] is given by

. MOU AW | N (0w D\’
(9) Relas(u) T Z Z /Q ( 2 0x; ij * 4 (axﬂ i axl) )dx7

i=1..dj=1..d

with material parameters A1, Az > 0. Using min {\1/2, A\2/4} [, [Vu|? < Relas(1),
and Theorem existence of a minimizing element for the volume preserving
constraint registration functional is only guaranteed for d = 2.

5. FINITE DIMENSIONAL APPROXIMATION

In this section we study a finite dimensional approximation of the minimization
problem in . The main result of this section is stated in Section where we give
necessary assumptions under which the solutions of the discretized minimization
problem converge to a solution of the original registration problem.

An index m is connected to the approximation of the images, an index n to
the approximation of the Sobolev spaces, and A,, are the approximated spaces of
functions, satisfying the constraints as explained in the next section.
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5.1. APPROXIMATION OF THE MINIMIZATION FUNCTIONAL. We assume that Iy, I; €
CY(R? R) and that the components of VI are bounded by Cy, := V1| . We
consider the following operator

(10) F-Wh? S L2(RYR), wes I(id +u).
We approximate the images I; by piecewise affine functions such the approximated

image I, satisfies |1}, — Il||2L2 < 6!, The parameter m is connected to the
image-resolution. Moreover we define the approximated operator F,, by

(11) Fp:Wh2 5 L2(R2 R), wurs Iy o (id +u).

Since we have assumed that the images I; are continuous, the operator F' in
is compact and satisfies a Lipschitz condition; cf. Lemma [5.1} This properties are
exploited in Theorem which states convergence of the solutions of the approxi-
mated problem to a solution of the original problem.

In the following we consider the case of inequality constraints, i.e, the sets A7”.

Lemma 5.1. Assume that I € Cg(Rd, R), and F, F,, as in ,. Then

1. F is compact,
2. F is Lipschitz continuous: there exists Cp > 0 such that |F(v) — F(u)| <

Crllo—ull,
3. Assume that 0 < k < det(id + u) < K, then
(12) [ Fo(u) — F(u)||* < k7'6),  for allu e D(F)NAp?.
Proof.

1. First we prove that F' is compact. Assume therefore that we have a ||-||;1.2-
bounded sequence {u;}, which defines a sequence {F*} in L2(R? R), by the
relation F* := F(id + u;) = I o (id + u;) . Since I} € C§(R?* R), F is
bounded in W2, which can be seen by the following inequalities

[F| 2 < 1 (id + wi) = Ti(id) + L1 (id)]| 2
<M (id 4+ wi) — L(id)|| g2 + [T (@d) ||
< COp il e + 11 ()] 2

and ||[VF!||,, < [[VIi(id 4+ w)V(id +u;)| - < Cr, |V(id + u;)|| > . Thus
according to the assumptions {F 1} is bounded and has a weakly convergent
subsequence {F ik} in W2, Using Sobolev embeddings it follows that {F “f}
is strongly convergent in the L?-norm. Hence F is compact.

2. For arbitrary z, & € Q we have |I1(z) — [;(Z)| < Cp, |x — Z|. Thus we get the
following estimate:

[F(v) = F(u)llp> = Mo (id+v) = Iy o (id+u)| - < Cp, [lo—ul[L2 .

The Lipschitz-constant of F' is less or equal to C7, .

3. Since we assume that 0 < k < det(id+u) < K we can use the transformation
formula and obtain

k/Q|I1(:U+u(x))—Il,m(x+u(x))| dzx

Iz

< |11 (z + w(x)) — I m (2 + w(z)))? det(V (id + u)(x))da
= [ |h(z) = m(2)f do < 5}, .
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O

In the following we consider the approximated functionals. Setting S,,(u) :=
[ 11.m o (id + ) — Iy and R(u) := ||Vu||'zd , the approximated objective func-
tional reads

(13) T (u) = Sy (u) + aR(u) — min over A,

5.2. APPROXIMATION OF THE CONSTRAINTS. The final step is the approximation
of the box constraints A}’d by a sequence of finite dimensional subspaces A,. We
aim for an approximation which allows easy handling of the determinant-constraint.
In particular, we choose linear finite elements on triangles or tetrahedrons of poly-
nomial degree one. With these the determinant of the approximation is a constant
on each triangle of the triangulation.

In the two dimensional case, starting with a triangulation as shown in Figure[l} a
refinement is obtained by dividing each triangle into four congruent triangles. This
leads to a family of regular triangulations T',, := (71, , T2.920) . Analogously we
handle the 3d-triangulation, which is denoted again by I',.

T1

T2 T1

T2

FIGURE 1. Refinement of the triangulation. Left: 'y, right: T's.

The displacements are elements of the following set:
ur = {u cC’(Q, Rd) | ujr, € (9, Rd) for every 7; € Fn} ,

where I1; is the set of polynomials of degree 1. By this choice of the refinement we
have a nested sequence of spaces

cocurcurtt e | Jum | ur=wr
méeN neN
For d = 2, uy, is of the form:
al +blwy + clag bt ¢}
ur, (x) = <a12 + b2y + ci and hence Vu,, (z) = o2

The challenging part in the registration problem is to incorporate the determinant
constraints. For the ease of presentation, we restrict ourself to the case of constant
bounds k and K (that appear in definition of A}”). The case of non-constant box
constraints is along the same lines.

We distinguish two cases: the integrated or global and the local constraints.

INVERSE PROBLEMS AND IMAGING VoLuME X, No. X (200X), X-XX
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o The integrated constraints are based on the L'-norm, and give the constraint a
global nature. The bound for the discrepancy is a function of the discretization
parameter h,, i.e. basically the size of the triangles/tetrahedrons. Note that
||det(Id + Vu,) — 1] ;1 < €(hy) does not prevent det(Id+Vu,,) to be negative
in some of the triangles. Here Id € R4 denotes the identity matrix.

For the global Li-norm based integrated determinant-constraint we work
with

(14) ALy i= {un € U™ | [[det(Td + Vuy) — 1|0 < (b)) -
In the 2d case this reads

ha
(15) Ay = {un cu" | <5 Z [(1+b))(1+cF) —cjbl — 1| < e(hn)} .

The reason for this choice is that under the right choice of the tolerance e(h,,)
in dependence of h,,, (see Lemma [5.3)) we can use the W1 2-norm projection

(16) Pﬁ W2 Yt ue— argmin, cpn |ju — unH%,VL2 .

in order to project onto this space. As a consequence we have to specify a
condition on €(+) that guarantees that P} (u) € Ai(hn). This condition is given
in Lemma [£.3]

e The measure for the local determinant-constraints is based on the L°°-norm.
This implies that we take the maximal change of the determinant on each
triangle. A disadvantage of this choice is that we cannot guarantee that
W12-norm projected functions are elements of the set of functions satisfying
the local determinant constraints. Hence we have to introduce an alternative
projection operator. Since the corresponding sets are not convex, the projec-
tion onto them does not have to be unique. For the local L*°-norm based
determinate-constraints we work with

(17) Ane = {un €U | [|det(Vu, + )]0 <€},
with a constant €. For the 2d case this reads:
A ={un €U™ [ |(b] +1)(c] +1) —c}b] — 1| <Ei=1...2-2°"} .
As projection operator we choose

n,e’

(18) P Wh? 5 A u— argmin,, ¢ 4o_[lu — UnH%/Vl,z .

When minimizing over A%, we solve a finite dimensional minimization prob-

lem. Existence of a minimum is assured, due to the continuity of the absolute
value and the determinant, in the finite dimensional setting. In our algorithm,
the condition u,, € A;% is realized via a Lagrangian method [28, p. 317-319],
described in Section [Gl

In the following we provide a Lemma that gives a condition on the function e(h,,)
used for the definition of the global determinant constraint sets, that assures that
the least squares approximation P} (u) in is an element of the set of integrated
determinant constraints. A central estimation in the proof of Lemma [5.3]is given
by the following theorem, see Cialet [6l, Theorem 18.1. , p 138] or [10, Corollary
110, p. 61-62].

Theorem 5.2 (Approximation of W22 functions). There exists a constant Cq < 00
such that

ujIellf/‘{” ||u - UnHw1,2 < Cq HU”sz hn,

INVERSE PROBLEMS AND IMAGING VoLuME X, No. X (200X), X-XX
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for every u € W22,
The following Lemma suggests the choice of €(h) as in (19).

Lemma 5.3. Let u € W22 and h,, be the mesh size parameter. If
(19) €(hn) > CaClet ||id + ul| 2.2 b

then Pl(u) € Ai(h”). The constant Cq depends on  and the regularity of the
triangulation. The constant Cger depends on the space dimension d and on Vu.

Proof. Given A € R4 for 1 < 4,5 < d, define Agj e R4 1X471 ¢4 be the sub
matrix of A, formed by removing from A its i*" row and j** column. Then we can

write
d

det(A) =Y (—1)"7 A;; det(AY) .
j=1
For the gradient of the the determinant-function we obtain

V det(A) = ((_1)f+f det(ASJ))ISMSd .
We denote [M|gaxa := 3 1<; j<q|Mijl, and (M, M) g axa is the point wise product
of matrices. Let A, € R?*? then Taylor-expansion gives:

(20) det(A) = det(A,) — (Vdet(A,), A — A,) paxa + O((A — A,)?) .

The entries of |V det(A)| are polynomials of degree d — 1 in the variables A;;. With
this we can estimate the norm by

|V det(A)|gaxa < [Algaxe = c(4,2), for d =2
|V det(A)|gaxa < 2|A|?RS><3 =c(4,3) ford=3.
which together with implies
|det(A;,) — det(A)] = [(Vdet(A),A— Ay)ga| + O ((A — An)Q)
< |Vdet(A)||A - A,|+ O ((A — An)2)
<c¢(A,d)|A-A,|+0 ((A — An)Q) .

For v = id +u € W22 Theorem states that ||P}(v) — vHWL2 < Ca ||v|lyy2.2 hn
Set

oo lle (Vu3||L2 [o |Vu(@)[?de  ford=2
e llc(Vu, 3) ||L2 fQQ\VU a?)| dr ford=3.

Then we obtain following estimate:
[|det (VP (v)) — det (V)|

:/|det(vp;< r)) = det (Vo(x))| da

Q

/ e(Vo(a),d) [VPA(w) (@) ~ Vo(a)| dz + O (||VEAw) — Vel 2.)
Q

< (T, )] 2 [ VPL@) = Fo]| o + O ([ VPLw) = To] 7. )
S C’det CQ ||U||W2,2 hn

Thus if €(hy,) > C|vlly2z [V 2 b then Pl(v) € Ai(hn) (set with integrated
determinant constraints). O
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A necessary ingredient for the convergence of solutions of the discretized problems
to a solution of the inverse problem is that the projection operators converge to the
identity.

Theorem 5.4. Let Ae(h ) Ane be as in (15), (T7) and P}, P as in (16), (13).
1. Equality constraints: Assume that u € .AE’ , limy, o0 €(hy) = 0 and
e(hn) = C[Vul| g2 ully2.2 bn
For P} as in (16), limy, o || PL(u) — uHWLQ =0.

2. Box constraints: Assume u € A?’d with constant bounds k =1—¢, K = 1+F¢€.
For P as in we have lim,, o ||P°(u) — ulljy12 = 0.

Proof. For the first part we use that P! is the W!2-least square spline approxima-
tion of u onto U™ and u € A%* ¢ W24 ¢ W22, Hence we can apply Theorem
Moreover Lemma [5.3|states that Pl (u) € .Ae(h ) by the choice of €(hy,).

For the second part, we denote with the closure in W12, Note that by the
choice of k =1—¢€ K =1+, we have that A7>. =U"N A}’d. Since U™ is dense in
W22 [6], we have

U Ax.=J urnay?={J urnap? =w>2nap? = A2,

neN neN neN

Thus, for u € A?’d it holds that lim, . [|u — P5°(u)|| 1.2 = 0. O

5.3. CONVERGENCE OF THE APPROXIMATE SOLUTIONS. The proof of the theorem
that finite dimensional solutions converge to a solution of the registration problem
is based on the following assumptions and definitions.

1. Constraints: Let Ag,, denote the constraints and satisfying the volume pre-
serving constraints, i.e A.op, = .A}E’d NAZ or Acop = A NA¢ (see . ) for
the definition of the sets). Assume u € Aeon N W2 d. Let (An)neN denote
either Ai(hn) with operator P! or AL with operator Pre.

2. Define D" := D (F) N A,,, where D (F) is the domain of F' (see (10)). Since
0 € D™, it follows that D™ # 0 .

3. Images: Forl =0,1,let I, € CJ(R 2R ), with approximations I ,, as outlined
in Section thus, ||I; — Il’m||2L2 <6l — 0 as m — oo; set 8, = k7100 +
5k where k is the lower bound for the determinant constraint, as in Lemma

61l

4. let @ = a(m,n) such that for m,n — oo it holds that
(21) a—0, On/a—0, HUT_Pn(“T)HiVl,z Ja — 0.

The following result can be found in a slightly modified version in [26] and is the
main result of this section. However, in [26] they consider only the special case with
a regularization function R(u) = |ju — u0||§1, and projection P, : H — H, where H
is a Hilbert space.

Theorem 5.5. Let u = ul be a solution of the inverse problem F(u) = Iy. Under

the above assumptions and with R(u) := ||Vu||id, the sequence {tUm, n, (K, 0k)}
has a convergent subsequence. The limit of every convergent subsequence is an R-
mintmizing solution.
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If in addition the R-minimizing solution ul is unique, then

lim Up,n = ul .
8m—0,m—00,n—00

Proof. Let n be large enough, then according to Theorem|5.4, P, (u') € A,,. By defi-
nition F(u') = Iy and by assumption we have ||Iy — Iy ,,||° < §10. Moreover accord-
ing to Lemmathe conditions on Iy ,, imply that ||Fm(Pn(uT)) — F(P,(ul)) H2 <
Cdyy,. Since u,,, , minimizes we have

(22)
[ Fn () = To,mll” + @R (tm,n) <
< (B (Pa@h) = Tou]|” + aR(Po(u1))
< 2[|[En(Pa(uh)) = F(P @) + [[F(Pauh)) = P+
[P = Ton|*] + aR(Pu(uh))

<2 (k7100 + C Jul = Pa(u)[[* + 0) + aR (Po(ul)) -

From this we obtain
| Fos(ttmn) = Toml* < (K700 + CF [[uf = Pa(u)||” + 65 +
a|R(Pa(uh)) = R(um,n))| -

Taking the limit m,n — oo, we know from the assumptions on «,d,, and P, that
|ut — Pn(u‘L)HL2 — 0 and v — 0. Hence

(23) [ Fm (mn) = Tomll — 0.

Moreover, from together with Theorem implying that R (P, (u')) — R(u')
and the assumptions on « it follows that

lim inf R (um,n)
< liminfa™! (kilék +C% HUT - Pn(uT)||2 + 5,1;3) +R (Pn(uT))
< limsupa™* (k_lé,],% +C% HuT - Pn(uT)H2 + 6}2) +limsup R (P, (u'))

0 + limsup R(Py (u')) = R(u").

Bl

Since {um.n} is a Wh2-bounded sequence, we know that Um,n has a weakly con-
vergent subsequence with limit @ € U. For the sake of simplicity of notation, we
denote this weakly convergent subsequence again with {u,,,}. Moreover taking
into account , the fact that v is an R-minimizing solution and the weak-lower
semi continuity of R, it follows that

R (@) < lminf R () < R(ul).
Thus, R (@) = im R (ty,n) = R(ul) and Iy = lim F(u, ) = F (7).
Moreover, implies that for any subsequence w;,, n, Of Um n
2 2 2
1 F (tmpeni) = Loll™ < 2[[F (tmyng) = Fon (e i) 17+ 2 | Fo (e i) — Lol
<200 4 Py (g i) — Tom | + 40, .
———

~—
—0 —E3)0 —0
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Taking the limit my, ngy — oo, this implies that
||F(umk7nk) - IO||2 —0,

Hence @ is an R-minimizing solution. O

6. SOLVING THE REGISTRATION PROBLEM WITH FINITE ELEMENTS

To show that this theory can be applied to determinant based constraints, we
present a simplified example for the equality case. An implementation of the more
general box constraints is subject of current research. In order to solve the reg-
istration problem numerically we use a finite element approach. In particular, we
use triangles and tetrahedron to ensure a nested sequence of the finite element
spaces. Particularly, we use the least squares functional S in to compare the
reference and the deformed template image and R = Rqs: (elastic) as in @D or
R(u) = ||VU||ig (cubic) as regularization functionals. We note that for the elastic
regularizer the existence of a minimizing element is only guaranteed in the 2d case.

We apply the Augmented Lagrangian method [2§] to incorporate the deter-
minant constraints det (Vu + Id) = 1, that is, we iterate the following minimization
problem

uy € argmin, ey, { S(u) + aR(u) + 8w = llj +...

7 (u)
KR 9
(24) “ Y (det(Vu + Id) — 1)° — /pk,l (det(Vu+Id) — 1) }
Q
Pk = pr—1 + £k (1 — det(Vuy + Id))

in order to minimize S(u)+ aR(u) under the local determinant equality constraints
with € = 0 (volume/area preserving).

We do not set any boundary conditions, instead, we achieve that wy stays
bounded by adding an additionally term 3 ||u — ||, that stabilizes the minimiza-
tion process (steepest decent iteration) and vanishes, if the minimizing sequence
converges to a minimum of with 8 = 0. We solve with a semi-implicit gra-
dient decent method. In each iteration step (for the minimization of ) we have
to update the stiffness-matrix, and u;. We mention again that we do not minimize
over Wy® but over W3, Since we bound u, we can still guarantee the existence of
a solution (see Remark [2).

For the cubic regularization, in order to avoid solving a nonlinear problem, we
approximate the gradient of the cubic regularization functional by

R(um):% Z / uijvijw Z /‘(ﬁl);]

i,j=1..3 i,j=1..3

i i
uZL’j uZ]' v:L’j
where again % is the solution of the previous step in the gradient decent minimiza-
tion process.

6.1. NUMERICAL EXAMPLE. The above scheme was implemented in C++ (2D and
3D) using the imaging2 class written by Matthias Fuchs [I3]. The imaging2 class
provides an object-oriented implementation of basic mathematical objects and func-
tions used in image processing. It includes a FEM module that provides functions
to assemble the stiffness matrix and force vector for user-defined equations.

The results for a simple 3D-example are shown in Table [I] and Figures 2] and [
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FIGURE 2. Minimal and maximal values of det(I 4+ Vu,)—1. The
jumps in the plot for the constraint case, indicate an update of the
Lagrange parameter pg.

1(UC) | 2 3
error: ||I(u+id) — Ip|3. | 0.26 | 0.11| 0.22
min(det(id 4 u) — 1) -0.13 | -0.06 | -0.08
max(det(id +u) — 1) 0.21 | 0.05| 0.06

TABLE 1. Parameters of the example shown in Figure 4t § = 1,
Example 1 (unconstrained): ki = 0,A\; = 0.1, Ay = 0.2. Example
2 (constrained, elastic regularization): x; = 0.1,A\; = 0.1, s =
0.2. Example 3 (constrained, cubic regularization R(u) = ||Vu|\i2:
K1 = 0.1, a=1.

7. CONCLUSIONS

In this paper we have investigated the existence of minimizing elements of area/
volume preserving registration functionals. One motivation for studying these is due
to our previous work, where we introduced numerical methods for volume preserving
image registration [I7]. Here we used variational techniques to prove the existence of
minimizers of the registration functional. Moreover we provide convergence analysis
of the finite dimensional approximation of the minimization problem, clarified the
difficulties caused by the discretization of the area/volume preserving constraints
and proposed two ways to approximate the set of area constrained transformations.
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