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ABSTRACT. This article is concerned with the representation of curves by
means of integral invariants. In contrast to the classical differential invariants
they have the advantage of being less sensitive with respect to noise. The inte-
gral invariant most common in use is the circular integral invariant. A major
drawback of this curve descriptor, however, is the absence of any uniqueness
result for this representation. This article serves as a contribution towards
closing this gap by showing that the circular integral invariant is injective in a
neighbourhood of the circle. In addition, we provide a stability estimate valid
on this neighbourhood. The proof is an application of Riesz—Schauder theory
and the implicit function theorem in a Banach space setting.

1. Introduction. In many applications one faces the challenge to model objects, or
parts of objects, in a mathematical framework. As an example, one important task
is to extract an object from a given data set and manipulate it in a post-processing
step in order to obtain further information. Typical applications include medical
imaging, object tracking in a sequence of images, but also object recognition, where
the post-processing step consists of the comparison of the extracted object with
a database of reference objects. Similarly, such a comparison can be necessary in
medical imaging in order to distinguish between healthy and diseased organs. To
that end, however, one has to be able to decide whether two given objects are similar
or not. This requires a representation of the objects that makes the application of
standard similarity measures possible.

Finding a suitable representation of the object of interest, depending on the type
of application, is crucial as a first step. For simplicity, it is often assumed that the
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object is a simply connected bounded domain, allowing for the identification of the
domain with its boundary. From a mathematical point of view, this assumption
reduces the complexity of the representation. In addition, there exists a larger
number of descriptions of boundaries than of domains, and, consequently, more
mathematical tools to analyze the geometry of the underlying objects.

In 2D a common approach is to encode the contour of an object by the curvature
function of its boundary curve. This approach has, for instance, been used in
[8], where the authors set up a shape space of planar curves, where the shapes
are implicitly encoded by the curvature function. The main advantage of using a
differential invariant — the most prominent representative being the curvature —
to represent an object is the well investigated mathematical framework of this type
of invariants (see [1, 10, 13]).

Since all kinds of differential invariants are based on derivatives, they suffer from
the shortcoming of being sensitive with respect to small perturbations. To bypass
this shortcoming Manay et al. [11] proposed to use integral invariants instead of
their differential counterparts (see also [5, 7, 16]). Integral invariants have similar
invariance properties as differential invariants, but have proven to be considerably
more robust with respect to noise. Their theory, however, is not that well investi-
gated as opposed to the theory of their differential counterparts.

Beside the classical approach of differential invariants and the novel approach of
integral invariants, there exist several other concepts for encoding an object. For
instance, in [3] the authors use the zero level set of a harmonic function, which is
uniquely determined by prescribing two functions on the boundary of an annulus,
to encode the boundary of a 2D object (see [4] for a generalization to compact
surfaces in 3D). A similar encoding of the object by a function is given in the article
of Sharon and Mumford [15]. Here, the authors first map the 2D object, which is
supposed to be a smooth and simply closed curve, to the interior of the unit disc
in the complex plane via the Riemann mapping theorem. This conformal mapping
is composed with a second one, generated out of the exterior of the original object,
and the composition is restricted to the boundary of the unit disc. Thus, the final
mapping, which the authors call the fingerprint of the object, is a diffeomorphism
from the unit circle onto itself.

One of the challenges in object encoding is the question of uniqueness of the en-
coding. More precisely, in many applications, e.g. object matching, the correspon-
dence between the object and its encoding should be one-to-one. Thus, a thorough
investigation of the operator that maps an object to its encoding is needed. In case
of the encoding by a harmonic or conformal mapping — if possible — uniqueness is
well known. Also for the encoding of an arc length parameterized curve by its cur-
vature function, it is known that one obtains a one-to-one correspondence between
the curve and its encoding (up to rigid body motions). One even has a complete
characterization of the set of functions that arise as curvature functions of a class of
sufficiently regular curves (see [2]). For integral invariants the situation is different;
the cone area invariant, first introduced in [5], is an injective mapping independent
of the space dimension, but its application is limited to star-shaped objects. In
contrast, for the circular integral invariant, which is the integral invariant most
common in use, there exists no proof for the uniqueness conjecture so far.

This article is a contribution towards this goal: We first prove that the integral
invariant is ¢-times continuously Fréchet differentiable in a neighborhood of the
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circle, seen as a mapping from C*+*! to C* k > 0. Then we show that the
Fréchet differential is injective on some C*+¢*1_neighborhood of the circle, k > 1,
£ > 1. The proofs of these results are based on the implicit function theorem on
Banach spaces and an application of Riesz—Schauder theory. Using the injectivity
result, a Taylor series expansion, and an interpolation inequality for C™ norms, we
obtain the injectivity of the integral invariant on a C**6 neighborhood V, k > 1.
More precisely, we show that, in V, the C*-norm of the difference of the integral
invariants of two curves can be estimated from below by their C'*-distance.

2. Setting. Let Emb be the space of all continuous embeddings from S! to R2.
Then every curve v € Emb has a unique interior, denoted by Int(y). Following
[5, 11], this allows us to introduce the circular integral invariant:

Definition 2.1. For given r > 0 we define the circular integral invariant
L[y]: S' =R
of a curve v € Emb as

I[7)(¢) := area(Br(v(y)) NInt(v))
where B,.(p) denotes the ball of radius r centered at p € R2.

The circular integral invariant behaves well under several group actions:
e [, is invariant with respect to Euclidean motions: For A € SE[2] we have
I.[Aory] =TL[].
e [, is equivariant with respect to reparametrizations: For every homeomor-
phism ®: S! — S! we have
IL[yo®|=1.[y]o®.

e For every scalar t > 0 we have

Ir[t’)/] = tzfr/th/] .
The observations above suggest to consider the integral invariant on the space
C of all curves modulo Euclidean motions and reparametrizations. Moreover, we
assume as an additional smoothness property that the considered curves are of class
C*, k > 1. Then it makes sense to use the following representation of C, as it avoids
working with equivalence classes of curves.

Definition 2.2. Denote by C;, C Emb, k > 1, the space of all curves v € C*(S'; R?)
satisfying the following conditions:
o 7 has constant speed, i.e., there exists a constant ¢, > 0 such that || y(¢)|| = ¢,
for all ¢ € S*.
e v(0) = (1,0) and 4(0) = (0,c,), where we identify the circle S' with the
interval [0, 27).
e ~ is an embedding, that is, y(¢) # v(v) for all ¢ # 1.

For the proof of our main theorem we need the following result from differential
geometry concerning the manifold structure of Cy:

Theorem 2.3. For k > 1 the space Cy, is a smooth submanifold of the Banach space
of all C*-curves from S' to R2. Its tangent space T,Ci at a curve v € Cy, consists
of all C*-curves o with

(6(p),¥(p)) = c for some c e R, o(0)=(0,0) and (5(0),7(0)) =0.
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Proof. The proof of the submanifold result is similar to [14, Thm. 2.2]. In our case
the situation is less complicated, as we only deal with C*-curves instead of Sobolev
curves. The constant speed parameterization yields the condition

2¢ = 0:lo(F(p) + €0 (), (@) +ed(p)) = 2(c(), ¥()) -

The remaining constraints follow directly from the initial conditions. O

Under additional smoothness assumptions on v we obtain the following charac-
terization of the tangent space T,Cy.

Lemma 2.4. Let k > 1 and v € C,, N C*T(SY;R?) with curvature function

()" ()
Ky () = =
B!
Then the tangent space T,Cy, consists of all C*-curves () = a(e)¥ ()L +b(p)¥(p)
satisfying:

o b(ep) = b(0) + a()rir ().
e a(0) =b(0) = 0.
e a(0) =0.

Proof. Theorem 2.3 and the fact that (¥(¢),5(¢)) = 0 imply that there exists a
constant ¢ € R such that

= (6(2), 7(#) = (3(9), ale) (@) + ale)ilp) " + ble)i(p) +blp)i ()
= al@) (), () ) + ble)S = —alp)cry () + bp)c -
Using the initial conditions for o, we obtain the initial conditions for a and b and
the value of ¢ = ¢2b(0). O

We are now able to formulate the main result of this article. Here and in the
following we denote by ||v|/x the C* norm on the space of curves. Similarly, if
F: C* — C* is a bounded linear operator, we denote its operator norm by || F||x ¢,
and we use the same notation for norms of multi-linear operators.

Theorem 2.5. The circular integral invariant I.: Cpypr1 — Ck(Sl;R), k>1,
> 1 is b-times continuously Fréchet differentiable on a neighborhood U C Cip41
of the circle of radius R > r/2 and its tangential mapping is injective on this
neighborhood.

Moreover there exists a neighborhood U of the circle with respect to the topology
induced by the C**t6-norm and a constant ¢ > 0 such that for every v, 7 € U the
stability estimate

1] = L[Allle = elly = Yk
holds. In particular, the mapping I is injective on V.
Remark 1. The condition on r to be smaller than 2R is necessary, because oth-
erwise the circular integral invariant in each point ¢ is constant equal to R?m, the

area of the circle, and the same holds for any sufficiently small deformation of the
circle which preserves the area.
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3. Fréchet Differentiability of the Circular Integral Invariant. In the fol-
lowing, we discuss the differentiability of I, and derive an analytic formula for I..
and, under certain smoothness assumptions, its derivative I. valid in a neighborhood
of the circle. As a first step, we recall the following result on the differentiability
of the composition mapping. To that end, we need the following definitions of
differentiability of mappings on Banach spaces.

Definition 3.1. Let X, Y be Banach spaces, F': X — Y, and £ > 1. The mapping
F ' is called /-times weakly differentiable, if it is ¢-times Gateaux differentiable and
its Gateaux differential d°F is continuous as a mapping

d'F: Xt .

In contrast, it is called (-times continuously Fréchet differentiable or of class C¥, if
it is /-times Gateaux differentiable and d*F is continuous as a mapping

d'F: X — LY(X,Y).

Here LY(X,Y) is the Banach space of (-linear mappings from X¢ to Y equipped
with the operator norm.

Note that the continuity requirement for weak differentiability is weaker than
for continuous Fréchet differentiability, and thus a weakly differentiable mapping
need not be Fréchet differentiable of the same order. The following Lemma shows,
however, that it is Fréchet differentiable of lower order.

Lemma 3.2. Let X, Y be Banach spaces and F: X — Y (£ 4+ 1)-times weakly
differentiable with £ > 1. Then F is {-times continuously Fréchet differentiable.

Proof. Let x € X and € > 0.
We have to show that there exists 6 > 0 such that for every y € X with ||[z—y|| < ¢
the inequality

ld°F(z) — d"F(y)lle(x,vy = sup ld°F(z)(2) = d°F(y)(2) |y <e

llzll xe=1

holds.
Using the continuity of d**'F: X2 — Y at the point (z,0,0) € X x X x X*
and the fact that d**'F(x,0,0) = 0, we obtain the existence of 7 > 0 such that

||de+1F(l‘1,I2, 2)

<e whenever lz1 = || + |Jz2]] + 1|12]] < 3.

Now let ¢ := min{n**1 1}, let y € X with ||y — 2| < § and z € X with [|z] < 1.
Then we have

HdgF(a?)(Z) — deF(y)(z)Hy = H/Ol 8td€F(x iy —2),2) dtH
= H/1 AT F(z+tly—2),y —z,2) dtH
;
< /O Hd£+1F(x +iy — ),y —x, Z)H dt

1 —
:/ Hd“lF(x—i—t(y—x),%,nz)“dt<5.
0 n

O
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Lemma 3.3. For every k >0, £ > 1 the composition mapping
Comp: C*H+1(S1: R?) x Diff*(S1) — C*(S';R?),
(f,9) = fog,

is (£ + 1)-times weakly differentiable and therefore £-times continuously Fréchet dif-
ferentiable.

Proof. The result on weak differentiability has been shown in [12, Section 6.9] (note
that the result in [12] has been shown for the space HC"™, which, however, is equiv-
alent to C™ in the case of a compact manifold). The statement concerning the
continuous Fréchet differentiability follows from Lemma 3.2. O

Remark 2. In order to simplify the notation, we will sometimes omit the domain
and range of the function spaces in expressions like C*(S'; R) and write C* instead,
if no confusion is possible.

Remark 3. We will need two different types of derivatives for the formulation
of our results: First, Fréchet derivatives in the function space C*, and, second,
derivatives of functions f € CF(S!) with respect to their argument ¢ € S'. In
order to highlight this difference, we use the following notation: For a function
F: CF — C7, we denote by F': C* — L(C*,C7) its Fréchet derivative. In contrast,
if f € C*, then f denotes its derivative in the parameter space.

In order to make the notation less cumbersome, we omit the argument ¢ in (),
o(p) and similar expressions if the argument is clear from the context.

Lemma 3.4. For each k > 0, £ > 1 there exists a neighborhood V C C*++1(S1, R?)
of the constant speed parameterized circle of radius R > r/2 such that the following
hold:

1. For each v € V and ¢ € S' the circle B, (v(gp)) intersects the curve vy in

exactly two points, denoted by v(p,(¢)) and v(m(¢)). Here m,(p) denotes
the previous intersection parameter and p~(p) the next one (see Figure 1).
2. The mappings

m: CFHHL(S1 R?) — Diff*(Sh), p: CFHFL (S R?) — Diff*(S1),
Y My, Y Dy

are U-times continuously Fréchet differentiable. The first derivatives in direc-
tion o € C*+H1(S1:R?) are given by

o —apy) ) = (o) = (o —a(my),v(my) =)
(¥(py);7(py) =) ! ((my), y(my) =)
Here Diﬂk(Sl) denotes the group of C*-diffeomorphisms on the unit circle.

ph(0) =

Proof. Denote by ~9: S — R? the constant speed parameterized circle, that is,
Y0(p) = (Rcos(p), Rsin(y)). Then, for every ¢ € S, the circle B, (yo(y)) inter-
sects o precisely at the two points (R cos(¢ £ ¥), Rsin(p & 9)), where

2
Y= 1-—.
arccos ( 5R? )
Now define the mapping

F: CFHH(STR?) x Diff*(S1) — C*(SYR),
(v, d) = Iy(d) =" = B* .
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Obviously, the mappings p, and m., we are searching for satisfy F(vy,p,) = 0 and
F(v,m,) = 0. In particular, the equation F(yy,d) = 0 has the two solutions
Pro(p) == ¢ + U and m4, () := ¢ — . Now, Lemma 3.3 implies that the map-
ping Comp: C¥t¢+1(S1:R?) x Diff*(S') — C*(S';R?), and consequently also F,
is ¢-times continuously Fréchet differentiable. Moreover, it is easy to see that the
derivative of F' at (vg, p-,) in direction (0,7) € C*++1(S1;R?) x C*(S1; R) is given
as
FI(VOap’Yo)(Oa T) = 2<70(p70) - ’707;)/0(17’70»7_ = 2sin(J)7,

which is obviously an isomorphism of C*(S';R), as the assumption R > 7/2 > 0
implies that sin(¢) # 0. Thus the implicit function theorem on Banach spaces
(see [9, Sec. 1.5]) implies the existence of a neighborhood V C C*+¢+1(S1:R?) of
Yo and unique /-times continuously Fréchet differentiable mappings m, p: V —
Diff*(S?) satisfying the equations F(v,p,) = 0 = F(v,m,). The formula for the
directional derivative of p at v in direction ¢ now follows from the fact that

0=0,F(v,py)(0) = 2(v(py) —7,0(py) — ) + 20, (0) (Y (D) — 7, ¥(D4))

which is a simple application of the chain rule. The formula for m’W(U) can be

derived analogously. O
Theorem 3.5. For each k > 0 and ¢ > 1 there exists a neighborhood V C
CkHH1(S1R2) of the circle of radius R > r/2 such that the following hold:

1. For each v € V the circular integral invariant L[] can be written as
2

LN =5 [ 000 =730 1 + 5 arecos( DENZ00mIZA)

2
My r

2. The circular integral invariant
I.:V — CF(SYR),
v = L[],

is {-times continuously Fréchet differentiable. Its derivative in direction o €
CrHH1(S1:R?) is given by

21/ 1(0)
— 2 [ (o), A ) Y

— {0, v(py) T = (M) ) + (1(py) — 70 (py) ) = (v(my) — v, 0(my) )
(0 —apy):v(Py) — )
<"Y(p’y)a’Y(p'y) - ’Y>
J_> <J - J(m7)77(m7) - )
(F(ma),v(my) =)

+ (7(py) — 7,4 (py) )

= (y(my) —7,5(m,)

’f‘2

V= ((py) —v,7(my) —7)

_ (<0 —a(py):7(Py) =)
(Y(Py)s (DY) =)

+ (o(py) — 0,v(my) —7) + (v(py) — v, 0(m,) — o)

<U - cr(m,y),’y(m.y) - 'Y> _ (m
e e =13

S .

<;Y(p'y)>7(m'y) -




8 MARTIN BAUER, THOMAS FIDLER AND MARKUS GRASMAIR

Proof. Under the given assumptions for R, r and V, Formula (1) can be easily de-
duced from Figure 1. A term by term investigation of Formula (1), using Lemma 3.3
and Lemma 3.4, shows that I, is of class C¢ on V.

v

FI1GURE 1. Sketch of the derivation of the analytical formula for
the circular integral invariant assuming two points of intersection.

To calculate the differential of I,. we treat the two terms of Formula (1) separately.
For the first term we obtain
Py

Oy [ (v(W) =7 A(W) ") dy
:/Mwwo—mwwlwwww—vﬁw%ww

+ (1) = 1A (2) ) (0) — (1) — 7, ) H Y (o)
=/”wwwwwwwm¢—/wamw#M¢

= (v(my) —v,0(m)
Py (o) = (y(my) =7, 5(my))ml (o)

= [ 2146 a8 — () = 2m))

*)

+(7(py) =7, 0(py) ") = (7(my) = 7, 0(m4) )
+ (7(0y) =7 () )P (0) = (3(my) = 7,5 (my)F)yml (o) -
A simple application of the chain rule yields for the second term

r2 <<7(pw) — %, 7(my) — 7>)

- 8v? arccos 2

_ ()P (9) +0(py) = 0,7(my) =) + (¥(P) — 7, F () (0) + o (my) — o)
2r=2/rt = (7(py) — 7, 7(m,) — )2
Using the formulas for the intersection parameters, we obtain the desired result. [
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In the special case where v equals the unit circle the lemma above reduces to:

Lemma 3.6. Let v € CFHF1(SY,R2), k>0, £ > 1, be the constant speed parame-
terized unit circle, that is,

() = (cos(¢), sin(p)) ,
and let v < 2. Then the derivative of I,.[y] in direction o € C*+¢+1(S1R?) with
a(e) = ale)i(e)* +b(9)i(v)

is given by

o0
'h)(0)(e) = / a() dp — 2sin(9)a(p) = (XL_o.0) * a) () — 2sin(@)a(y)

©—19
2
¥ := arccos ( — T) .
2

The proof of this lemma is postponed to the appendix.

with

4. Proof of the Main Theorem.

Proof. We have already shown in Section 3 that I,. is of class C*.

We now show the local injectivity of I.. Without loss of generality we may assume
that R = 1. Let V be the neighborhood of the unit circle defined in Theorem 3.5.
The formula for I’ implies that for every v € V c C*+#+1(S1;R?) the mapping
I'[7] is bounded as a mapping from C*(S';R?) to C¥(S';R). Thus, I.[y] has a
unique bounded extension J,.[y]: C*(S;R?) — C*(S';R). Moreover, the mapping
J, is continuous with respect to the C**t**1_topology seen as a mapping from V to
L(Ck(Sl; R2?), C*(S1; R)) In addition, we denote for v € V by J,.[y] the restriction
of J,[7] to T,Cy.

Denote now by v : S — R? the constant speed parameterized unit circle. Define
for given o € T.,,Cj, the function Ao: S — R by

Aa(p) = (a(9)%0(p) ™) -

Because 7y is a C™-curve, it follows that Ao is C*. Using Lemma 2.4 it follows
that Ao (0) =0 and 0,(Ao)(0) = 0. Define now the space

AF(SYR) := {a € C*(SY;R) : a(0) = a(0) = 0}.

Then it follows that A is a bounded linear mapping from 7,,Cj, to A*(S*; R).
In addition, it follows from Lemma 2.4 that A is boundedly invertible with A~!
given by
A™la = a¥y + bo
with

. ® . 1 [27
b(p) = b(0)y +/ a(t)dr and b(0) = —/ a(t)dr .
0 2 Jo
The expression for b(O) is due to the periodicity of b, which implies that
27
0 = b(0) = b(27) = 27h(0) + / a(r) dr
0

Therefore A is in fact an isomorphism between T,,Cy and A*(S%; R).
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According to Lemma 3.6, the mapping J. [yo] evaluated at o = a4y +by € Th,Ch
can be written as

Je[v0l(0) = X(—9,0) * @ — 2sin(P)a .
Thus J,.[y] can be decomposed into
J.[vo] =BoioA,
R)

where the operator B: C*(S';R) — C*(S';R) is given by

Ba = x[—g,9) ¥ a — 2sin(d)a

and 7 is the embedding from A*(S*;R) into C*¥(S1;R). Lemma 6.1 (see Appendix)
implies that the mapping o — x|_g 9] * a is compact and thus B is a compact per-
turbation of the identity. Therefore the Riesz—Schauder theory (see [17, Chap. X.5])
implies that B has a closed range.

Next we compute the kernel of B. To that end we consider the mapping in the
Fourier basis. A short calculation shows that in this basis the operator B is the
diagonal operator that maps a sequence of (complex) Fourier coefficients (¢;) ez to
the sequence (d;c;);ez, where

2(1 — sin()) if j=0,
d; =10 if j = +1,
[2511127719) - 2sin(19)} else.

Because sin(9) # 1 and sin(j9) # jsin(9) whenever j € Z\ {—1,0,1} (see Lemma
6.2 in the Appendix), it follows that the kernel of B consists of the functions a of
the form a(y) = c_1 exp(—iyp) + ¢1 exp(ip) for some c_1, ¢; € C.

In the next step we show that the kernel of J,.[yo] = Bovo A is trivial. Therefore
assume that a = c_j exp(—i-) + ¢; exp(i-) € A¥(S1;R) N Ker B. Because a(0) = 0,
it follows that c_; + ¢; = 0; because a(0) = 0, it follows that —c_; +¢; = 0.
Together, this shows that c_; = ¢; = 0, implying that the intersection of Ker B
with A*(S1;R) is trivial. Since A is an isomorphism this proves the injectivity of
Jr[v0]- ~

We have thus shown that J.[yo] = B oo A is strongly closed and injective.
Now note that the set of strongly closed and injective, bounded linear functionals
between two Banach spaces X and Y is open with respect to the norm topology on
L(X,Y). Because of the continuity of J, and therefore .J,, this proves the existence
of a neighborhood ~g € U C Cjyo such that J,.[y] is injective for every v € U. In
particular, this proves the injectivity of I’ [v] for every v € U.

For proving the local injectivity, let v, ¥ € Cxyrg N U. Because the mapping
I.:V C CF3(SHR2) — CF(SY;R) is of class C2, it has a Taylor expansion of the
form

I3 = LY+ LG —7) +/0 A=t [y +t(F =] =7 —7)dt.

Thus

1
IL6] - L0l > 110G -l - H/ (L= L1y + 13 = DG =37 = de]|

> |11 1(Y - ’Y)Hk—

L'y +t(y = IF H
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Because I,.: C¥*3 — CF is of class C2, it follows that I//: Ck*3 — L2(C*+3,C*) is
continuous. Thus there exists a convex neighborhood V; of the circle with respect
to the C*"¥-norm and a constant ¢; such that |[I}/[§]||p2(cr+s,cry < e for every
7 € V. Consequently,

11,13 = Ll > 150G =)l — elld = All7s (2)
for every v, ¥ € V1.

Since I’ can be extended to a continuous mapping J,.: V — L(C*, C*), for every
€ > 0 there exists a neighbourhood V. of the constant speed parameterized unit
circle g such that ||J.[v] — J.[0]|| < € for every v € V.. In particular, we have for
yEVe

1L =DMk = 1T NE =k
2 1ol (7 = Mk — €l = Ik (3)
= 11:[0] (3 = DIk = ellF = Vllx-

Since Cj is a smooth submanifold of C*(S';R2), there exists a neighborhood
Vo C Ck(SY;R?) of vy and a smooth diffeomorphism ®: Vy — ®(Vy) € C¥(S1;R?)
such that

CI)[’Y()] =0, q)(VQ N Ck) C TVOC;@, and (I)I[’Yo] =1d.

In order to show that such a map exists, let ¥: V, C CF(S1;R?) — Ck(S!;R?)
be any submanifold chart centered at 9. That is, there exists a closed linear
subspace & C C¥(S1;R?) such that W(V, N Cx) = ¥(V2) NE. Then the mapping
® := U'[y0] ! o ¥ has the desired properties.

Thus the continuous invertibility of I/[yo] on T;,C), seen as a mapping from C*
to C* implies that there exists ¢ > 0 such that for every v, 4 € Vo N C;, we have

111903 = Ve = 112 19](@(F) = @)k = 1120l (7 = v = (F) + 2()llx
Z | ®(3) = (V)le — esll¥ =7 — 2(3) + (V)

with ¢z == |1 [0]l/k+3,k-
Developing ®(%) in a Taylor expansion at 7, we obtain after possibly choosing a
smaller neighbourhood

®(§) = ®(v) + '[Y](¥ =) + R(7,7)

(4)

with
IRCy, Dl < cally = A
for some ¢4 > 0 independent of v. Inserting this Taylor expansion into (4) yields
10l (7 = Mk = 2| G = Ve = esl|Ad =2 [Y)(F = ) l&
— (c2 + e3)[R(7, V)l
> c2ll7 = Yk = (e2 + e3) | Ad =@ [Y) (7 = )l
—ca(ez +e3)lly = A7
> (2 — cs||Td =@ [ [lk,k — colly = Allw) Iy = Allx-

Because ® is smooth and ®'[yg] = Id, it follows that there exists a neighbourhood
V3 of ¢ such that

I 19] (7 = Mlle = erlly = Al (5)
for every v, ¥ € V3 N Cy.
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Collecting the inequalities (2), (3), and (5), we obtain

1113 = LIk > (er = )lly = Ak — eally = Al 45 (6)
for every v, ¥ € V1 NV N Vo N Cly3.

In order to obtain the desired result, we use the interpolation inequality (see [6,
Theorem 2.2.1, p. 143])

1y = Al 4s < eslly = Fllslly = i+

Choosing € > 0 in (6) sufficiently small, we obtain the estimate

- [3] = I []lle = (co = eslly = Allere) v — &

for every v, ¥ € V1 N V. N Vo N Cry6. Thus there exists a neighbourhood Uc Ck+6
of the circle vy and a constant C' > 0 such that

1215 = L[l = Clly = Ak
for every v, 7 € U. O

5. Conclusion. In this article, we have shown an injectivity result for the circular
integral invariant on a C**6 neighborhood U of the circle. Note, however, that the
derived result does not prove the continuous invertibility of the invariant on .

The classical approach for proving such a result would be the usage of the inverse
function theorem. To that end, however, we would require that the mapping I,
was continuously Fréchet differentiable and its derivative I, an isomorphism of the
corresponding tangent spaces. Although our results prove that I can be extended
to an isomorphism .J, of T,,Ck, we cannot use the inverse function theorem, as the
mapping I, is not Fréchet differentiable (and not even Gateaux differentiable) from
C* to C* — in fact, our results do not even prove that I,, maps C* curves into C*
integral invariants. Conversely, seen as a mapping from C**2 to C*, the tangent
mapping, though injective, cannot be a surjection near the circle.

Another issue are the rather stringent smoothness assumptions. We believe that
it is possible to relax these assumptions, as it seems probable that I, is twice
weakly differentiable as a mapping from C**2 to C*, which would indicate a possible
uniqueness result on a C**4-neighborhood of the circle.

Acknowledgment. The authors want to thank Peter Michor and Giinther Hor-
mann for their comments and suggestions, which helped to improve the article. We
thank the referee for the careful reading of the article and for pointing out a mistake
in the proof of the original main theorem.

6. Appendix.

Lemma 6.1. For every k > 0, the mapping a — Kya := x[_y 9] * a s compact as
a mapping from C*(S*;R) to C*(S';R).

Proof. Denoting by B; the unit ball in C*(S*;R), we have to show that the image
of By under Ky is precompact in C*(S';R). Applying the Arzela—Ascoli Theorem
(see [17, Chap. IIL.3]), we have to show that Ky(B;) is bounded and the first k
derivatives of the functions in Ky(B;) are equicontinuous. The boundedness of
Ky(Bs) is obvious, Ky being a bounded linear mapping (of norm 2¢). Now assume
that a € By. Then 9%(Kga)(p) = a¥=D(p+0)—al =D (p—10). Because [a\)||o < 1
for all 1 < j < k, it follows that 0,(Kya) is Lipschitz continuous with Lipschitz
constant at most 2. Hence Ky(B;) is a precompact set. O
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Lemma 6.2. Let 0 <9 < and j € Z\ {—1,0,1}. Then sin(j9) # jsin(9).

Proof. Assume first that 0 < ¢ < 7/2. We show that in this case the equation
sin(s) = ssin(¥)/9Y has the only solutions s = 0 and s = +1J. First note that the
strict concavity of the sine function on the interval [0, 7r] implies that on this interval
we only have two solutions, namely 0 and 9. Moreover, the concavity of the sine
implies that sin(d)/9 > sin(w/2)/(n/2) = 2/m, and therefore wsin(¢)/9 > 2. This,
however, implies that the equation sin(s) = ssin(¥) /9 cannot have any solutions for
s > m, as the right hand side is strictly larger than 2. The fact that —¢ is the only
negative solution follows by symmetry. In particular, setting s = 71, this proves
the assertion in the case 0 < ¥ < 7/2.
Now assume that 7/2 < ¢ < 7 and let ¢ := 7 — ). Then

sin(¢) = sin(m — ¢) = sin(y) .
Now, if j is odd, then
sin(j9) = sin(jr — ji) = sin(r — ji) = sin(jy) .
Thus jsin(d) = sin(j4), if and only if jsin(¢)) = sin(jv). Because 0 < ¢ < 7/2,
the first part of the proof can be applied, showing that jsin(¢) # sin(j¢) unless

j==+l1.
On the other hand, if j is even, we have

sin(j) = sin(jm — jy) = sin(—jyp) = —sin(jy) .
Thus, jsin(¥) = sin(j9), if and only if jsin(¥) = —sin(j). Now note that
the equation —sin(s) = ssin(t)/¢ has only the trivial solution s = 0, because
sin(¢)/¢ > 2/m and the left hand side is negative for 0 < s < m. As a conse-

quence, the equation jsin(¢) = —sin(jt) only holds for j = 0, which concludes the
proof. O

6.1. Proof of Lemma 3.6.

Proof. Let v € C**2(S';R?) be the constant speed parameterized unit circle. Then

Y(p) = (= sin(p), cos(v))
= (cos(),sin(e))

Y(p) = (cos(p),sin(p))
Y(p)™ = (sin(p), — cos(yp)) Y(p

Because « is the unit circle, there exists ¥ € S! such that
py(p) = +7, my(p) =¢—1.

Obviously, all assumptions of Lemma 3.5 are satisfied. It remains to calculate all
the terms that appear in the expression of the Fréchet derivative in Lemma 3.5 for
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the special case of the unit circle. In particular, we obtain

= ||w<p7> 7? = 2(1 = cos(9)).

v(py) = v, v(my) — ) = =2 Cos(ﬁ)(l — cos(l?))
{(¥(p ) v(my) =) = sin(¥) (1 — 2cos(v)) ,
¥(p ) Y (py) =) =1 —cos(d),
(¥(py),7(py) — ) =sin(¥),
< V(py) =) =sin(¥),
(3", 7(py) — ) = cos(¥) — 1
(¥ (py) ", v(my) — ) = cos® (1) — cos(d)) — sin’ (1))
< ,Y(my) =) = cos(¥) — 1,
(K(m ), (py) =) =— 3111(19) (1 -2 cos(19))
(F(my) " 7(my) =) = 1= cos(¥)
(Y(my),y(my) =) = = Sln(ﬁ) ;
(1, 7(my) — ) = —sin(d),
(F(ma) ™, v(py) — ) = cos*(¥) — cos(¥) — sin? ()
(1, 7(py) = 7(my)) = 2sin(?) .

In the following we treat the derivative in direction ay+ and b% separately. For the
derivative in normal direction ayt we get

21 l(ei) =2 [ " a@)dd — it Ap) — yim)h)

—a(py) (Y (Py) = 7, 7(py)) + almy)(v(m

+ (v(py) = 7, %(py) ><CW _<aip7;7§(i

) a0 —alm m< , xy(mn ")

r2

=0y — 1 my) =2
(lavt = alpy)y(p) " (0y) =) .
o), <

Y(py), v (my) — )

Yy ) v(Py) —7)
+(a (p Vi(py) " = ad ™, v(ma) =) + (v(py) — 7, almy) i (my) = ay™)
(a3 = a(my)y(my) =, y(my) =) —~ A,
e ey T ) 13
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Inserting the expressions for v equal to the unit circle that have been calculated
previously, we obtain

217 [y (a™)
o+

=2 a(y)dy

e—1

— sin(9) (a(p,) + 2a + a(m,)) — (a(py) + 2a + a(m,))

_ sinl(ﬁ) ((a + a(py)) (cos(¥) — 1) (1 — 2cos(¥)) — 2a(cos(V) — 1)
+ (a(py) + a(m,)) (cos® () — cos(¥) — sin*(¥))
+ (a+ a(my)) (cos(¥) — 1) (1 -2 cos(ﬁ)))
@+
=2 a(y)di
p—1
+ Cozi(f()19; ! (2a(py) + 4a + 2a(m,) — 2a(p,) + 4 cos(V)a — 2a(m.,))
e (cos(¥9) — 1)(cos(V) + 1)
= 2/@_19 a(Y)dy + 4a wE)

p+0
= 2/ a(y)dy — 4asin(¥) .
%)
Inserting the formulas above in the expression for I'.[v](b5) yields

(W) (@), () ") dyp

2y =2 [ b

— (b7, 7(p) " = v(my) ") + (v(py) — 7, b(py) ¥ (py) )

by = b(py)7(Py)s Y (Py) =)
(Y (Py),7(Py) =)

= (7(my) = 7,b(ms )i (my) 5 + (v(py) = 7, 5(p4) ")

Ly (by — b(my )y (my),v(my) — )
(Y(my),v(my) =)

- <’Y(m’v) - ’Ya”.Y(m’y)

r2

V= {(py) — 7,7 (my) — )
) <<b'7 - b(pw)ﬁ(pv)a 'V(p"/) -) (
<"Y(p7),7(pfy) -)
+ (b)Y (Py) — bF, v (my) =) + (v(py) — 7, by ) (my) — )
(b3 = b(my )y (my), v(my) —7) :
e L LTS ERR M)
=0—0+ (1—cos(?))(b(py) — b(my) + b — b(py) — b+ b(m,))

- ((1 — 2¢08(0)) (b — b(py) + b(py) — b(msy) + b(my) — b) + (b— b))
=0.

5 .

Y(py),v(my) =)

Therefore,
LI (av +b9) = X[—o,0] * a — 2sin(d)a . O
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