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Abstract

We consider the stable approximation of sparse solutions to non-linear
operator equations by means of Tikhonov regularization with a subqua-
dratic penalty term. Imposing certain assumptions, which for a linear
operator are equivalent to the standard range condition, we derive the
usual convergence rate O(v/§) of the regularized solutions in dependence
of the noise level §. Particular emphasis lies on the case, where the true
solution is known to have a sparse representation in a given basis. In
this case, if the differential of the operator satisfies a certain injectivity
condition, we can show that the actual convergence rate improves up to

0(s).
MSC: 65J20; 65J22, 49N45.

1 Introduction

A widely used technique for the approximate solution of an ill-posed, possibly
non-linear operator equation

Flu)=v (1)

on a Hilbert space U is Tikhonov regularization, which can be formulated as
minimization of the functional

T(u) = ||F(u) — v|* + aR(u) .

The first term ensures that the minimizer u, will indeed approximately solve
the equation, while the second term stabilizes the process of inverting F' and
forces u,, to satisfy certain regularity properties incorporated into R. Originally,
Tikhonov applied this method to the stable solution of the Fredholm equation.
Requiring differentiability of u., he used the square of a higher order weighted
Sobolev norm as penalty term [26] 27].

Recently, the focus has shifted from the postulation of differentiability prop-
erties to sparsity constraints [10} [3, [7, 8, 9] 1T}, 14} [17) [18] 23, 28]. Here, one re-
quires the expansion of u, with respect to some given orthonormal basis (¢;)ien
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of U to be sparse in the sense that only finitely many coefficients are different
from zero. This can be achieved with regularization functionals

R(u)=> l{diu)|?, 0<qg<2. 2)
i€N

In fact, sparsity of the solution is not necessarily guaranteed for ¢ > 1. The
lack of convexity of R, however, makes a choice ¢ < 1 inconvenient both for
theoretical analysis and the actual computation of a minimizer. On the other
hand, the assumption ¢ < 2 is used to obtain coercivity of the regularization
functional, which in turn implies the existence of minimizers of 7. For these

reasons we only consider the case 1 < g < 2.

We concentrate our analysis on the well-posedness of the regularization
method and the derivation of convergence rates. For that purpose we assume
that only noisy data v° is given, which satisfies ||[v® — v|| < §. We denote by uS
the minimizer of the regularization functional with noisy data v® and regular-
ization parameter o, and by u' an R4-minimizing solution of F(u) = v. Then
the question is how the distance ||ud, — u'|| depends on the noise level § and the
regularization parameter o.

Dismissing for the moment the assumption of sparsity, we derive for a param-
eter choice a ~ § a convergence rate ||ud —u'|| = O(V/§) provided 1 < ¢ < 2 and
a source condition is satisfied (see Proposition[I2)). In the linear case this condi-
tion is the usual range condition OR(ul) Nrange(F*) # (), where F'* denotes the
adjoint of the operator F' (see Proposition[IT]). Similar results have been derived
recently [20,[22]. In the non-linear case we impose a different assumption, which
for sparsity regularization generalizes common source conditions involving the
Bregman distance [19, 24 [25].

If, furthermore, the solution u! of the operator equation is known to be
sparse, then the convergence rates of the regularized solutions to u can be
shown to be O(6'/7) where 1 < ¢ < 2 is the exponent in the regularization
term (2)) (see Theorems [[4] and [[5]). To that end we require the derivative of
F at u' to be invertible on certain finite dimensional subspaces, a condition
introduced in [4] for linear operators as ‘finite basis injectivity property’. This
improved convergence rate provides a theoretical justification for the usage of
subquadratic penalty terms for regularization with sparsity constraints.

Our results reveal a fundamental difference between quadratic and non-
quadratic Tikhonov regularization. Neubauer [21] has derived a saturation re-
sult for quadratic regularization in a Hilbert space setting with a linear operator
F. He has shown that, apart from the trivial case u' = 0, the convergence rates
cannot be better than O(6%/3). The present article shows that this rate can be
beaten by sparse regularization when applied to the recovery of sparse data.

2 Notational Preliminaries

All along this paper we assume that V' is a reflexive Banach space and U is
a Hilbert space in which a frame (¢;);en C U is given. That is, there exist
0 < €1 < (5 < oo such that

Crllull> < (s, w)* < Caflul? for every u € U .
i€N
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The operator F': dom(F) C U — V is assumed to be weakly sequentially closed
and dom(F)Ndom(R,) # . Examples for weakly sequentially closed operators
are linear bounded operators restricted to convex domains, which naturally arise
for instance in image restoration problems or tomographic applications [15 [25].
Truly nonlinear operators arise in schlieren imaging [25] or simultaneous activity
and attenuation reconstruction in emission tomography [12]. See also [I} 23] for
the application of sparsity constraints to inverse problems.

We define the regularization functional R,: U — R U {co} by

Ro(u) =Y wil(pi,u)|,
i€EN

where 1 < ¢ < 2 and there exists wpyi, > 0 such that w; > wnyiy for all ¢ € N.
Note that R, is convex and weakly lower semi-continuous as the sum of non-
negative convex and weakly continuous functionals.

The subdifferential of Ry at u is denoted by OR4(u) C U. If ¢ > 1, then
OR4(u) is at most single valued and is identified with its single element.

For the approximate solution of the operator equation F'(u) = v we consider
the minimization of the regularization functional

T4 (u) || F(u) —va—l—aRq(u), if w € dom(F) Ndom(R,),
() :=
“r +00, if u & dom(F) Ndom(R,),

with some o« > 0 and p > 1.

In order to prove convergence rates results we impose an additional as-
sumption concerning the interaction of F' and R, in a neighborhood of an
R,-minimizing solution of F(u) = v. Here u' € U is called R,-minimizing
solution, if F(u') = v and

Ry(u') = min{Ry(u) : F(u) =v} .

Assumption 1. The equation F(u) = v has an Rq-minimizing solution ul and
there exist 31, B2 > 0,7 >0, 0 > 0, and p > R,(u') such that

Rq(u) = Rq(uh) = Biflu — uf||” = Ba| F(u) — F(ul)] 3)
for all u € dom(F) satisfying Ry(u) < p and ||F(u) — F(ul)|| < o.

In Section Ml below we show that Assumption [ with » = 2 follows from
the standard conditions stated in general convergence rates results in a Banach
space setting [Bl 19, 24], which in turn generalize the standard conditions in a
Hilbert space setting [I5] [I6]. Moreover, the assumption is equivalent to the
standard source condition R (u') Nrange(F*) # () in the particular case of a
linear and bounded operator F' (see Proposition [IT]).

3 Well-Posedness and Convergence Rates

In this section we prove the well-posedness of the regularization method. By
this we mean that minimizers u% of the regularization functional 7% exist for
every a > 0, continuously depend on the data v°, and converge to a solution
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of F(u) = v as the noise level approaches zero, provided the regularization
parameter « is chosen appropriately.

These results are analogous to results obtained for standard quadratic Ti-
khonov regularization in Hilbert spaces (see e.g. [15]). Also the mathematical
techniques employed in the proofs of existence, weak stability, and convergence
are similar. Some extra work is needed, however, for the passage from weak
stability and convergence to stability and convergence with respect to Ry.

Lemma 2. Let 1 < q <2. Assume that (ur)ken C U weakly converges touw € U
and that Ry(uk) converges to Rq(u). Then Ry(up —u) — 0.

Proof. The assumption Ry(ui) — R(u) implies that
lim sup Rq(up — )
k

= lim sup [2 (Ra(u) + Ry(u)) — 2(Ry(ur) + Ry(u)) + Ry (s — u)]

= AR, () — Timinf > w2 (i, wdl® + 2 (6, )| = (i, ux — w]?]
1€N

Using Fatou’s Lemma we obtain that
— limkianwi {2 [{(&i, ur)|? 4+ 2|{(Ps, u)|? — |[{Ps, e — u)|?
ieN

< - liminfw; [2 i, wi)] + 2 (i, u)|? — |, ug, — u>|q} .

ieN

Now, the weak convergence of (ug)reny shows that (¢;,ur) — (@i, u) for all
i € N. Therefore it follows that

=Y timinfw, [2 s, un)| T +2 (63, u)|? — | (b, un _u>|ﬂ = -4 wil(gi, )"

i€N ieN
Combining the above inequality and equalities we see that

limsup Rq(up — u) <4Rq4(u) — 4Zwi|<¢i,u>|q =0
k ieN

or, equivalently, that R, (ux — u) — 0. O

Remark 3. Convergence with respect to R, implies convergence with respect
to the norm, which is an easy consequence of the inequality

(Sl < (Sel) " = el (@
€N €N

for ¢ = (¢;)ieny € RN and 0 < s <t < co. The inequality (@) easily follows for
0 < |e|s < oo from the inequality

ZGinZG$Y:L

ieN i€N



http://www.ams.org/mathscinet-getitem?mr=1408680

In particular, this shows that

R (1) > Winin Y _|{hi, )]? > Wi (Z|<¢u u>|2>Q/2 > WininCY/?

€N 1€N

ul| " (5)

for every u € U. Therefore, Lemma [l implies [I0, Lemma 4.3], where the

authors show convergence of the sequence (ux)ren with respect to the norm.
Another immediate consequence of (@) is the weak coercivity of the func-

tional R,. ]

Lemma 4. Let (ug)ren C dom(F) and (vg)keny C V. Assume that the sequence
(vk)ken is bounded in V and that there exist « > 0 and M > 0 such that
TIP3 (ur) < M for all k € N. Then there exist u € dom(F) and a subsequence

(ur;)jen such that ug, — u and F(uy,) = F(u).

Proof. The coercivity of R, and the estimate 721 (ux) > aRq(uy) imply that
the sequence (uy)ken is bounded in U. Similarly, since (vk)gen is bounded, also
the sequence (F (uk)) wen is bounded in V. Therefore there exist a subsequence
(ur;)jen and u € U, y € V, such that (ug;)jen weakly converges to u and
(F(ukj))j en weakly converges to y. Since F' is weakly sequentially closed, it

follows that u € dom(F') and F(u) = y. O

The ideas of the following proofs are based on [I9, Section 3]. Still, we
provide short proofs, since our assumptions are slightly different from [19], where
weak continuity of the operator F' is assumed.

Proposition 5 (Existence). For everyv® € V the functional T'% has a min-
imizer in U.

Proof. Let (ug)ren satisty

kllngo Tjﬁé (ug) = inf{Toiﬁé (w):ueU}.
Lemma @] shows that there exists a subsequence (ug, ) en weakly converging to
some u € U such that F(ug;) — F(u). Therefore the weak sequential lower
semi-continuity of 7% implies that u is a minimizer of 7%. O

Proposition 6 (Stability). Let (vx)ren converge to v’ € V and let

uy, € argmin{ 72 (u) :ue U} .
Then there exists a subsequence (u;)jen and a minimizer ud of 7;;77,36 such
s

that Rq(ud, — uy,) — 0. If the minimizer ul,

6 .
to u?, with respect to Ry.

is unique, then (ug)ken converges

Proof. From Lemma [l we obtain the existence of a subsequence (ug; );jen weakly
converging to some u € dom(F) such that F(uy,) — F(u). Since vy — v°, it
follows that 7% (u) < liminf; 7P (ug,).
, kg
On the other hand, if & € dom(F'), then
TP (1) = liin 701 () > limkinf TP (uy) .

a,v’ a,vg
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Thus u = u?, is a minimizer of 7%

Now note that also 7% (uk]) — T%(u). Since both |-[|” and R, are
weakly sequentially lower semi-continuous, this implies that Ry (ux,;) — Rq(u).
Using Lemma [2, we therefore obtain the convergence of the sequence (u;);en
with respect to R,.

In case the minimizer u, is unique, the convergence of the original sequence
(uk)ken to ug follows from a subsequence argument. O

Proposition 7 (Convergence). Assume that the operator equation F(u) = v
attains a solution in dom(R4) and that a: Rso — R satisfies

) o §
a(d) =0 and W—)O as 6 — 0.

Let 6, — 0 and let v, € V satisfy ||vg — v|| < 0. Moreover, let ay, = a(dx) and
uy, € argmin{7% (u):ue U} .

A,V

Then there exist an R,-minimizing solution u' of F(u) = v and a sub-
sequence (uk;)jen with Ry(u' — wi,) — 0. If the Rq-minimizing solution is
unique, then (ug)ren converges to ul with respect to Ry.

Proof. Let & € dom(R,) be any solution of F(u) = v. The definition of ug
implies that

(1 F(ur) — vil|? + axRy(ug) < [|F (@) — vp||P + anRq (@) < 68 + apRy () -

In particular || F(ug) — vg|| — 0 and

5P
lim sup Rq(ur) < Rq(1) + lim sup a—k =Rq(a) . (6)
k k k

This shows that there exists M > 0 such that 729 (uy) < M for all k € N.
Thus Lemma [l yields a subsequence (uy, );jen weakly converging to some u' €
dom(F') such that F'(uy;) — F(u"). Since | F(ur;) — vl < [[F(ug;) — or, || +
luk, — v|| = 0, it follows that F(u') = v.

The weak sequential lower semi-continuity of R, implies that Rq(uT) <
liminf; R (ug, ). Since (@) holds for every @ € dom(R,) satisfying F'(@) = v, it
follows that ' is an R,-minimizing solution of F(u) = v and that R (uk,) —
Ry(u'). LemmaRnow shows that (uy,);jen converges to ul with respect to Ry.

Again, the convergence of the original sequence (u)ren to uf follows from
a subsequence argument, if the R,-minimizing solution u' is unique. (I

In the following we write o ~ 0® for a: (0,00) — (0,00) and s > 0, if there
exist constants C > ¢ > 0 and &g > 0, such that ¢é* < () < C§* for every
0 << dp.

For the next result on convergence rates recall the definition of the exponent
r in Assumption [

Proposition 8 (Convergence Rates). Let Assumption[d hold. Assume that
v € V satisfies ||[v° —v| <& and ul, € argmin{T"% (u): u € U}. For a and §
sufficiently small we obtain the following estimates:



If p=1 and afs < 1, then

(1 + aﬁg) 1)

(1 + 0462) 1)
af '

6_ T’I‘<
" < —

o IF@) =l <

If p>1, then

O + afad + (afB2)P* /p«
af ’
[F(ud) = v°||P < pud? + pucfBad + (afB2)P" .

Jud, — ul||” <

Here, p.. is the conjugate of p defined by 1/p. +1/p=1.
In particular, if o ~ 6P~ then ||ud — uf|| = O(6¥/7).
é

Proof. Since u,

minimizes 7%, the inequality
1F (ug,) = v°|I” + aRq(ug) < | F(uf) — 0[P + aRq(ul)
holds. Assumption [ and the fact that F(u') = v therefore imply that

07 = |[F(u) = ° 7 + (Rq(ug) — Ry(u'))

> [|F(ug) = 0[P + a By [ug — u'|[" = a Ba | F (ug,) — F(ul)]
> [|F(ug) = o°|I” + a By [lug — u'||" — a Bz [|F(ug) — 0°|| — apaé .

This shows the assertion in the case p = 1.
If p > 1, we apply Young’s inequality ab < aP/p+bP~ /p, with a = ||F(ul) —
v?|| and b = a32. Then again the assertion follows.

Remark 9. PropositionBshows that sparsity regularization is an exact method
for p = 1, that is, it yields exact solutions u' for noise free data and o < 1/83.m

4 Relations to Source Conditions

We now investigate Assumption [I] more closely and show that it is indeed a
generalization of commonly imposed source conditions involving the Bregman
distance defined by the functional R, (see e.g. [5,[19]). The basis of these results
is the following lemma, which relates the Bregman distance to the squared norm
on U in case ¢ > 1. This result is a consequence of a special case of |2 Lemma
2.7] (see also [6l Corollary 3.7]).

From now on we assume that (¢;);en is an orthonormal basis.

Lemma 10. Let 1 < g < 2. There exists a constant c; > 0 only depending on
q such that

) B ~ . cq l|u — ul?
Dp(i,u) := Rq(tt) — Ry(u) — (0R¢(u), & — u) > 3Wmin + 2Rq(u) + Ry(a)

for all 4, u € dom(Ry) for which OR4(u) # 0, which is equivalent to the as-
sumption that >, w? [(¢i, u) >4 < oo.
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Proof. There exists d, > 0 such that
dyla = b2 < (|al~" + la = b[~1) [[o|" = |a]’ — qla|* " sgn(a) o — )] (7)

for all a, b € R [13| §5, Eq. 1].
Let @ # u € dom(R4). Then

u) = Z qw; |(¢i, u)| 7™ sgn((¢s, u)) ¢
iEN
provided that OR4(u) # (. Applying (7)), we see that
Rq(1) = Rq(u) = (ORq, & — u)
= 3w [l 1 = ) — )1 s, ) (1,7~ )

€N

>qu| ¢Z,u_u>|2

e q+|<¢ @)

d wm]l’l ~
Y o e o PR DO

dq Wmin

= max{2| (¢, u)|2=9 + [(¢s, W)|2~9 : i € N} EZNK(Z%@

d wmm ~
2 3 + max{2|(¢p;, u)|7 + |(ps, @)|7 : i € N} ieZNKéf’z‘,u

dg w?
> mll’l
 3Wmin + 2R4( Z' (i, 0

Here, the third and second to last estimates follow from the inequalities (a +
b)2_q < 214 p2a and a?"2 <14 a? for a, b > 0. Thus the assertion follows
by setting ¢ == dg w2, O

Proposition 11. Let F' be a bounded linear operator on U, 1 < q < 2, and
ul an Ry-minimizing solution of F(u) = v. Then Assumption [ with r = 2 is
equivalent to the source condition

ORy(u') € range(F*) . (9)
In particular, if a ~ 6P~ then ||ul, — ut|| = O(V5).

Proof. First assume that (@) holds. The condition R, (u') € range(F*) implies
the existence of a constant C' > 0 such that

[(OR,(u"),u—ul)] < || F(u—ul)| (10)
for all u € U. Together with Lemma [I0 this yields the inequality

Cq
= BwWmin + 2Ry (ut) + Ry (u)
Cq

- 3wmm+2R (ut) + Ry(u)

Rq(u) = Ry(u') > lu— || + (ORq (u), u — ul)

lu—uf|? = ClF@u—uh)] .
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Thus, Assumption [Ilis satisfied if we choose r = 2, p = R, (u) + wmin, B1 =
Cq/ (AWmin + 3R, (ul)), and B2 = C.

In order to show the converse implication, let Assumption [I] be satisfied for
r = 2, that is, there exist 31, B2 > 0 such that

Bullu = ul|* < Ry(u) = R(ul) + o F(u— ul)|

in a neighborhood of uf. Both sides of this inequality are convex functions in
the variable u that agree for v = uf. This implies that the subgradient at u! of
the left hand side, which equals zero, is contained in the subgradient at u' of
the right hand side. In other words,

0 € IRG(ul) + B2 F*O(||F(u—ul)|) .
Consequently the source condition (@) holds. g

The following result states that the condition proposed in [I9] for obtaining
convergence rates in the non-linear, non-smooth case also follows from Assump-
tion [Il with exponent r = 2.

Proposition 12. Let 1 < ¢ < 2 and u' an R,-minimizing solution of F(u) =
v. Assume that there exist 0 < vy <1, v9 >0, and p > ’Rq(uT) such that

(0Rq(u"),uf —u) <7 Dp(u,ul) + 72 | F(u) - Fuh)] (11)

for all w € dom(F) with Ry(u) < p. Then Assumption[dl holds with r = 2. In
particular, if o ~ 6P~ then |[ud, — uf| = O(V9).

Proof. Using () and Lemma [I0 we obtain that
M (Ry(u) = Ry(uh)) = —(1 = 71)(IRq(ul),u —ul) =72 || F(u) — F(ul)]]
> Bllu—ul|* =72 [|F(u) = Fuh)[| = (1= 31)(Rg(u) = Ry(u)),

where 3 := (1 — 1) ¢q/ (3Wmin + 2Ry (ul) + p). Thus Assumption [ follows with
B =B/(1+27) and B2 = y2/(1 + 271). U

5 Convergence Rates for Sparse Solutions

We have seen above that appropriate source conditions imply convergence rates
of type V8. These rates in fact can be improved considerably, if the Rq-
minimizing solution u! is sparse with respect to (¢;)ien in the sense that the
set

J:={ieN:(ul,¢;) #0}
is finite.

Assumption 13. Assume that the following hold:

1. The operator equation F(u) = v has an Rq-minimizing solution u' that is
sparse with respect to (¢;)ien-
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2. The operator F is Gateaux differentiable at u', and for every finite set
J C N the restriction of its derivative F'(u') to span{¢; : j € J} is
injective.

3. There exist v1, 72 >0, 0 >0, and p > ’Rq(uT) such that
Rq(u) =Rq(ul) = m||F(u) = F(uh) = F'(u) (u— ") | = 22| F(u) - 1{)@

12

for all w € dom(F) satisfying Ry(u) < p and ||F(u) — F(u")|| < o.

We first derive a convergence rates result of order §'/¢ for ¢ > 1.

Theorem 14 (g > 1). Let 1 < g < 2 and assume that Assumption [I3 holds.
Then for a parameter choice strategy oo ~ P! we obtain the convergence rate

lug, — || = O(6"/9) .

Proof. We verify Assumption[[lwith r = ¢ and appropriate constants 31, G2 > 0.
Then the assertion follows from Proposition [Bl

Let therefore u € U satisfy Ry(u) < p and ||[F(u) — F(ul)| < 0.

Define J := {i € N : (ul, ¢;) # 0} and W := span{¢; : j € J}. Since u is
sparse, the set .J is finite. Therefore, the restriction of F'(u') to W is injective,
which implies the existence of a constant C' > 0 such that

C||F'(u") w]|| > |jw]| for all w e W .

Now denote by mywy, w‘}v: U — U the projections

TWU = Z<¢j,u>¢j, 7T11/1_/U = Z<¢juu>¢j :

jeJ J¢J

Note that by assumption (¢;,uf) = 0 for every j ¢ J, which implies that
ul = mwul and 7 u’ = 0. By means of the inequality

(a4 b)? <277 (a9 +b9) < 2(a? + b?) for every a, b >0
it therefore follows that
Ju—uf||? < 2]|mw (u— uT)Hq + 2H7Tﬁ,u||q

< ZC"IHF’(UT)(WW(U—UT))H(I—|—2||7T¢Vu||q (13)
< 4OqHF’(uT)(u - uT)Hq +2(1+ 2Cq||F/(uT)||q) Hmfvuuq .

We now derive an estimate for |9, Using (@) we see that

Il = (o) < Slign it < wgh Ywiligewls . (14)

ig¢J iZgJ g J
Since g > 1, the inequality

(s, )| ” = (i, uh)|? — al (s, u") |7 sgn(|{ds, ul)]) (1,0 — ul) > 0

10



holds for all ¢ € N. Consequently,

ZWK@,U

iZJ
= > wi [ w17 — (5, uh) |7 — gl (5, uh) |7 sgn(I{gi, ul) (65, — uh)]
iZJ
< > wif i w)l? = (5, uh)7 = gl (5, uh)|* sgn(l{gr, ul) (65, u — uh)]
ieN

=Rq(u) — Ry(ul) — (OR,(ul),u — uT> .
(15)

From (IZ) we obtain by considering v = u' + ti, dividing by ¢, and passing
to the limit ¢ — 0 that

(ORG(ul), @) > —o| F' (ul) | forallaueU. (16)

Together with (IZ) this implies the inequality

Rq(u) — Rq(uT) - <3Rq(uT),u —uf)
< Ry(u) = Ry(u) + 72 F' (uh) (u — )|
< Rg(u) = Ry(u') + 72l F(u) — F(u')]]
+ el F(u) = F(u?) = F'(ul) (u — u)|
< (14 72/71) (Rg(u) — Ry(u )) +72(1 4+ 72/ ) [ F(u) = Fuh)]]
Combination of estimates (I4)—([IT) yields
win [ [ < (1 72/70) (R () = Ry (") +72(1+ 72/ 1)1 F () - F(M()ln8 |

It remains to find an estimate for ||F’(u®)(u — u)||9. Since by assumption
Rq(ul), Ry(u) < p, and |[F(u) — F(u')|| < o, it follows from (I2) that

\_/\_/

17 () = )]
< 207 Pu) = F(ul) = F'(u)(u = uh)|[* 4+ 207 F(w) = F(ul)|7
q-1 q
< S (Rafw) = Ryfuh) 432[~ P ) 42072 | Plw) — P

Pt o) (Ry(w) = Ry(u))

71
2q—1 + qg—1
+ (2q_10q_1 + (o quo) 72) HF(u) - F(uT)H )
1

(19)

Combining the inequalities ([I3]), (I8), and ([IJ), we obtain the assertion. O
The argumentation in the proof of Theorem [I4] cannot be applied directly

to the case ¢ = 1. The main difficulty is that here the estimate (I6) does not
follow from (I2]), since the subgradient of R; is not single valued. Therefore it

is necessary to postulate the existence of a subgradient element & € OR4 (u') for
which such an inequality holds.

11



Theorem 15 (¢ = 1). Let ¢ = 1 and assume that Assumption [I3 holds. In
addition we assume the evistence of ¢ € ORy(u') and y3 > 0 such that

Ri(u) — ’Rl(uT) > —73<§,u — uT> — '}/QHF(U) — F(uT)H (20)

for all u € dom(F) with Ri(u) < p and |[F(u) — F(ul)|| < o.
Then it follows for a parameter choice strategy o ~ 6P~1 that

lug, = u'|| = O(3) .

Proof. We show that Assumption [1l holds with » = 1. Then the result follows
from Proposition Bl

Define J := {i € N : [{(¢i,&)]| > Wmin} and W := span{¢; : j € J}. Since
& e U, it follows that J is a finite set. Therefore there exists C' > 0 such that
C||F'(uMw]|| > |Jw| for all w € W.

By assumption we have that (¢;,u’) = 0 for every i & J. Proceeding as in
the proof of Theorem [I4] we obtain that

=t < CIF () — ub)| + (1+ CF @) il

Denote now m := max{|(¢;,&)| : i ¢ J}, which is well-defined, as (<¢i’§>)i€N €
12 and therefore converges to zero. Using the inequalities 0 < m < Wi, and
(¢i, &) < m, the assumption & € OR4(u'), and 20), we can therefore estimate

gl = (Ll ) < Slgnul

igJ igJ

< S )6,

< S il ] ~ (606 w)

< LS )] = ()] = (61,6 =)

= e (R~ R — (g )

< o () (Ra) — Ra(u) + 38l 0) —~ P

Here, the third to last line follows from the definition of the subgradient and
the fact that (¢;,u’) =0 fori & J.
For ||F'(u")(u — u')|| we obtain from (IZ)) the estimate

HF/(’U,T)(’U, - uT)H < ||F(u) - F(u') — F'(u")(u — uT)H + || F(u) - F(uT)H
<1 (Ra(w) = Ra(uh)) + (14 92/3)[| Fu) = Fuh)]| .
Again, the assertion follows by collecting the above inequalities. O

Remark 16. Note that in fact for the convergence rates to hold the injectivity
of F’(u') is only required on the subspace W defined in the proofs of Theo-
rems [I4] and |

12



Remark 17. Consider now the special case, where F': U — V is linear and
bounded. Then ([I2)) with 1 < ¢ < 2 is equivalent to the source condition

OR,(u") Nrange(F*) # () .

Indeed, in this case the operator F equals its differential and therefore (I2))
reads as
Rq(u) = Ry(u') > =l F(u -l (21)

which is equivalent to the existence of some w € IR, (u') satisfying
(w,u— u') > —’yQHF(u — uT)H .

This last inequality is in turn equivalent to the condition R, (ul) Nrange(F*) #
(), which shows the assertion.

In the case ¢ = 1 the inequality (20) with v3 = 1/2 follows from (21), since
1 1
Ri(u) — Ri(ul) + §<§,u —ul) > i(Rl(u) - Ri(uh)) > —%HF(U - uT)H .

As a consequence, the convergence rate O(5'/7) follows from the range condi-
tion OR,(u') Nrange(F*) # () and the finite basis injectivity property, which
postulates the injectivity of the restriction of F' to every subspace of U spanned
by a finite number of basis elements ¢;. n

6 Conclusion

We have studied the application of Tikhonov regularization with [9 type penalty
term for 1 < g < 2 to sparse regularization. In general, quadratic and 9
regularization enjoy the same basic properties concerning existence, stability,
and convergence of the corresponding approximate solutions. If additionally ¢
is strictly greater than one, then also the same convergence rates can be obtained
provided a source condition holds.

For linear operators F' this condition requires the subgradient of the penalty
term to be contained in the range of the adjoint of F'. This assumption implies
convergence rates with respect to the Bregman distance, which for non-quadratic
functionals in general cannot be compared with the norm on the Hilbert space.
In the [? case, however, such a comparison is possible and leads to convergence
rates of order /9 in the norm.

Even better results hold if the true solution u' of the considered problem
is known to have a sparse representation in the chosen basis. Then the [? reg-
ularization method yields rates of order 6'/9, as long as the derivative of the
operator F at u' is injective on the subspace spanned by the non-zero compo-
nents of uf. For ¢ = 1 and an additional assumption concerning the subgradient
of the penalty term, this implies linear convergence of the regularized solutions
to ul.
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